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Abstract

We consider the Anti-de Sitter space ]I-]I? equipped with Berger-like metrics, that deform the
standard metric of H? in the direction of the hyperbolic Hopf vector field. Helix surfaces are
the ones forming a constant angle with such vector field. After proving that these surfaces
have (any) constant Gaussian curvature, we achieve their explicit local description in terms
of a one-parameter family of isometries of the space and some suitable curves. These curves
turn out to be general helices, which meet at a constant angle the fibers of the hyperbolic
Hopf fibration.

Keywords Helix surfaces - Constant angle surfaces - Anti-de Sitter Space

Mathematics Subject Classification 53B25 - 53C50

The second and the fourth authors were supported by a grant of Fondazione di Sardegna (Project GoAct). The
second author was also supported by the Thematic Project: Topologia Algebrica, Geométrica e Diferencial,
Fapesp process number 2016/24707-4. The third author was supported by a scolarship of INdAAM (Istituto
Nazionale di Alta Matematica “Francesco Severi”) reserved for master students in Mathematics.

B Giovanni Calvaruso
giovanni.calvaruso@unisalento.it

Irene I. Onnis
irene.onnis @unica.it

Lorenzo Pellegrino
lorenzo.pellegrino @unisalento.it

Daria Uccheddu

daria.uccheddu@unica.it

Dipartimento di Matematica e Fisica “E. De Giorgi”, Universita del Salento, Prov. Lecce-Arnesano,
73100 Lecce, Italy

Dipartimento di Matematica e Informatica, Universita degli Studi di Cagliari, Via Ospedale 72, 09124
Cagliari, Italy

Published online: 29 January 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-024-01550-x&domain=pdf
http://orcid.org/0000-0003-1668-7057

54  Page2of29 G. Calvaruso et al.

1 Introduction

A helix surface (or constant angle surface) is an oriented surface, whose normal vector field
forms a constant angle with a fixed field of directions in the ambient space. In recent years,
many authors investigated helix surfaces in different ambient spaces. Several examples of
the study of helix surfaces in Riemannian settings may be found in [3-6, 9, 10, 13-15] and
references therein.

The investigation of helix surfaces also extended to other settings. On the one hand, higher
codimensional Riemannian helix surfaces were studied (see for example [7, 8, 19]). On the
other hand, Lorentzian ambient spaces were considered. Lorentzian settings allow to more
possibilities, as both spacelike and timelike surfaces can be studied. Some examples of the
study of the geometry of helix surfaces in Lorentzian spaces are given in [11, 12, 16, 17].
In particular, helix surfaces of the anti-de Sitter space H? were studied in [12]. Equipping
H% with its canonical metric of constant curvature, all left-invariant vector fields are Killing
(see also [2]), so no special directions emerge. Moreover, all helix surfaces turn out to be flat
[12].

In [2], the first author and D. Perrone introduced and studied a new family of metrics g;,,»
on H? (k/4). These metrics were induced in a natural way by corresponding metrics defined
on the tangent sphere bundle 71 H? (), after describing the covering map F from H% (k/4)
to T1H?(«) in terms of paraquaternions. A crucial role in this construction is played by the
hyperbolic Hopf map and the hyperbolic Hopfvector field, that is, the hyperbolic counterparts
of the Hopf map and vector field on S?, respectively.

In [13, 14, 16, 17], the second author et al. gave an explicit local classification of helix
surfaces by means a one-parameter family of isometries of the ambient space and a suitable
curve. A similar appproach will be used in this paper in order to find the explicit charac-
terization of the helix surfaces in the anti-de Sitter space. We shall equip the anti-de Sitter
space H% (k/4) with a special type of the Lorentzian metrics introduced in [2], that is, the
ones that deform the standard metric of ]HI? (k/4) only in the direction of the hyperbolic Hopf
vector field, which is then a Killing vector field. Because of their analogies with the Berger
metrics on S3, we shall refer to these metrics as Berger-like metrics. We shall consider the
anti-de Sitter space ]HI? (x/4) equipped with Berger-like metrics and completely describe their
surfaces, whose normal vector field forms a constant angle with the hyperbolic Hopf vector
field.

The paper is organized in the following way. In Sect. 2 we provide some needed information
on the anti-de Sitter space H? (k/4). In Sect.3 we describe the Levi-Civita connection and
the curvature of Berger-like metrics g; on ]HI? (x/4). The general equations for a surface of
(H? (k/4), g.) are given in Sect. 4 and then are applied in Sect. 5 to the case of helix surfaces.
Three different cases occur, according to the sign of some constant B, which depends on the
parameter 7 of the Berger-like metric, the causal character of the surface and the constant
angle. These three cases are completely described and characterized in Sect. 6, in terms of a
1-parameter family of isometries on H?’r and some suitable curves. As we prove in Sect. 7,
these curves are general helices, which meet at a constant angle the fibers of the hyperbolic
Hopf fibration.
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2 Preliminaries

Let ]R‘z‘ = (R*, go) denote the 4-dimensional pseudo-Euclidean space, of neutral signature
(2, 2), equipped with the flat pseudo-Riemannian metric

g0 = dx12 + dx% — dx% - dxf.
For any real constant k > 0, the anti-de Sitter (three)-space ]HI? (r) is the hypersurface of ]R‘z‘
defined by
H?(K) = {(x1, X2, X3, X4) € ]R‘z1 : )cl2 +x% —x% —xf = —1/k}.

We denote by (, ) the Lorentzian metric induced from go on H3 1 (). This metric, known as
the canonical metric of H?, has constant sectional curvature —« < 0.

Consider now the algebra B of paraquaternionic numbers over R generated by {1, i, j, k},
where k = ij, —i*> = j> = 1 and ij = —ji. This is an associative, non-commutative and
unitary algebra over R. An arbitrary paraquaternonic number is given by ¢ = x1 + x2i +
x3J + xak. The conjugate of g is ¢ = x1 — x2i — x3j — x4k and the norm of ¢ is given by

2 = 2 2 2 2
llgll® = qq = x{ + x5 — x5 — xj.

The scalar product induced by such norm on R4 is exactly go,and {1, i, j, k} is an orthonormal
basis with 1, i spacelike and j, k timelike. In terms of paraquaternionic numbers, we have

H3 (k) = {g € B: |lglI> = —1/k}.

The above presentation was used in [2] to describe a covering map from the anti-de Sitter
space H% (1 /4) to the unit tangent sphere bundle of the (Riemannian) hyperbolic two-space
H? (), which is embedded in R} as

H? (k) = {(x1, %2, %3) € R} : x7 + x5 — x3 = —1/k, x3 > 0}.

Now consider each paraquaternonic number ¢ as a pair of complex number in the following
way q := (z, w) = (x1 + ix2, x3 + ix4), we obtain the covering map

F:H3(k/4) — TiH?(x)
(2 w) (4 (2zi, 2% + |w[?) . —% (2 + %), 2Re(zw)) ).

The composition of F with the canonical projection

7 TTH? (k) — H2(k),
(x,u) +—x

yields the hyperbolic Hopf map h = m o F, that is,
b H3 (c/4) — H2(k)

(z, w) > g(zm, 1z + [w?). @b

In particular, 4 is a submersion with geodesic fibers, which can be defined as orbits of the
S!-action (e”, (z, w)) — (e”z, e'"w) on the anti-de Sitter space ]HI? (x/4). The vector field

Vi K

X1(q) = *lt]— *( X2, X1, —X4, X3)
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is tangent to fibers of & and satisfies (X1, X1) = —1 and is called the hyperbolic Hopf vector
field, in analogy with the case of the Hopf vector field and the Hopf fibration. We also consider

K K K K
X2(q) = %]q = g(xs, —X4, X1, —X2), X3(q) = %kq = %(x4,x3,x2,x1).

Then, {X1, X2, X3} parallelize H (k- /4) and
(X2, Xp) = (X3, X3) = 1, (X1, Xpm) = 0, forl 7& m.

3 Levi-Civita connection and curvature

In [2], the covering map F described by (2) was used to introduce a family of Lorentzian
metrics on the anti-de Sitter space H% (k/4). These metrics were referred to as metrics of
Kaluza-Klein type, because they correspond in a natural way to metrics defined on the unit
tangent sphere bundle 7;H? (k). Their general description is given by

g=—p0'®60' +u6*06%+v0°26°,

where p, 1, v are positive real numbers and {67} denotes the basis of 1-forms dual to {X;}.

Here we shall focus our attention on a special type of metrics of Kaluza-Klein type,
requiring to have a deformation only in the direction of the hyperbolic Hopf vector field X1,
which in this case is a Killing vector field [2]. Up to homotheties, we may restrict to the case
where i = v = 1 and p = 72 and consider the one-parameter family of metrics

ge=-120'Q60'+60°®02+60°x6%, ©>0. (3.1)

These metrics can be clearly considered an hyperbolic analogue of Berger metrics on the
sphere S and so we refer to them as Berger-like metrics on H% (k/4). Observe that with
respect to the standard metric (, ) on ]HI? («x/4), these metrics can be described as

(X, V) = (X,7) + (1 — )X, X1 )(Y, X))

and {E1 = 1~ !'X1, E» = X5, E3 = X3} is an orthonormal basis for g;, with E| timelike
and E», E3 spacelike. Computing the Lie brackets [E;, E ], we find

K K
[El,Ez]=—§E3, [E2, E3] = t/k Ey, [El,E3]=§E2.

Then, by the Koszul formula, we obtain the description of the Levi-Civita connection of
H%,T = (]HI? (k/4), gr) with respect to {E1, E», E3}. Explicitly, we get

Vi (T2 =2) Vi (t2 =2)
Vg, E1 =0, Vi, E2 = B —Y Vi Es = B — 23
/K /K
Vi, Bl = ——E3 Vi,E2=0, Vi, B3 = ——E1, (3.2)
/KK /KK
VE}Elz—TEz, Vi, Ea= - S En, Vi, E3=0.

Observe that E7 is an unit timelike vector field tangent to the fibers of /2 and the Levi-Civita
connection satisfies the following geometric relation

VYE| = —T?X A Eq, 3.3)
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for any tangent vector field X, where E1 A Ep = E3, Ex AEz = —E1e E3NE| = E»
completely determine the wedge product U A V (see [18]). We now consider the curvature
tensor, taken with the sign convention

R*(X.Y) =[V%. Vi1 = Viy y)-

Using (3.2) we have that the non vanishing components of the Riemannian curvature tensor
RT are

R*(E1, E2)E;

~1%Ey, RU(E\ E3)E) = —-1°Es,
4 4
T K 2
R*(E3, Ep)E3 = 1(4 =31k (3.4)
and we can prove the following result.

Proposition 3.1 The curvature tensor ofH?’T is given by

R*(X,Y)Z = §(3r2 —Dlg:(Y,2)X — g (X, 2)Y]

+i(t? = Dige (Y, ENge(Z. ENX — go (X, Enge(Z, En)Y G
+8g:(Y,2)g: (X, ENE| — g:(X, Z2)g: (Y, E1)Eq],
for all tangent vector fields X, Y, Z.

Proof Consider three arbitrary vector fields X, Y, Z on ]HI?J and their decompositions as
X=X+xE|, Y=Y+yE|,, Z=Z+zE,

with X, Y, Z orthogonal to E1 and x = g, (X, E1) and so on. Observe that using (3.4) we
have that all terms of g, (R*(X, Y)Z, W) where E;| occurs either one, three or four times
necessarily vanish. Therefore, we have

g (R* (X, Y)Z, W) = g:(R"(X. Y)Z. W)
+ y28: (R* (X, E)E1, W) + xzg-(R*(E1, Y)E1, W)
+wxg: (RY(E, )Z, E) + wyg: (R"(X, ENZ, E1).
From the decompositions of X, Y, Z and W follows that
g(RT (X, V)Z, W) = %(372 — D) (g (X, W)ge (Y, Z) — go (X, 2)g: (Y, W)).
Moreover, we have
%Y.

R*(X,ENE; = —1t*X, RY(E|,Y)E| = —

NI

Thus, we conclude that
& (R*(X,)Z, W) = 2(31'2 —4) (g (X, W)ge (Y, Z) — go(X, Z)g- (Y, W))
+ %rz(yzgr()_(, W) —xzg:(Y, W) + wxg: (Y, Z) — ywg. (X, Z))
= 5 (767 = Dlg (7. )X - g0 (X, 2)F)
+ 57 Mge (Y ENge(Z ENX — g0(X. ENge(Z, EnY

@ Springer



54  Page6o0f29 G. Calvaruso et al.

+ g0 (X, ENge (7, D)E) = go(¥, ENge(X, DE1L, W)

= 5 (567 = g (V. )X — ge(X. 2)Y)
+k(t® = Dlge (Y, ENge(Z, ENX — go (X, E1gc(Z, EN)Y
+ 80 (X. ENg: (Y. 2)Ey = go(Y. ENge (X, 2)E1L. W),

which ends the proof since W is arbitrary. O

We end this section describing the isometries of Hit. Following the idea used in [14] and

3
1,7

[17], we observe that the isometry group of H
group Uj(2), that can be identified with

is the four-dimensional pseudo-unitary

U1(2) ={A € 02(4)|AJ1 = £1A},

where J; is the complex structure of R* corresponding to i, i.e., defined by

0 -1 0 0
1 0 0 0

=10 o o -1 (3-6)
0 0 1 0

while
_ t_ —1 (I 0 _ (1 0
0,4)={A e GLA&,R)|A" =€ A7 €}, €= (0 _1> , I = (0 1) ,

is the pseudo-orthogonal group, i.e., the group of 4 x 4 real matrices preserving the semi-
definite inner product of R‘z‘.

We now consider a 1-parameter family A(v), v € (a, b) C R, consisting of 4 x 4 pseudo-
orthogonal matrices commuting (anticommuting, respectively) with J;. In order to describe
explicitly the family A(v), we consider the two product structures J> and J3 of R* corre-
sponding to j and k respectively, that is,

0o 0 1 0 00 0 1
0 0 0 —1 00 1 0
=11 0 0o o BTlo 1 0 o0
0 -1 0 0 100 0

Since A(v) is a pseudo-orthogonal matrix, the first row must be a unit vector ry (v) of ]Rg for
all v € (a, b). Thus, without loss of generality, we can take

ri(v) = (cosh & (v) cos &2 (v), —cosh & (v) sin > (v),

sinh & (v) cos §3(v), — sinh & (v) sin&3(v)),
for some real functions &1, & and &3 defined in (a, b). Since A(v) commutes (anticommutes,
respectively) with J; the second row of A(v) must be rr(v) = £Jir;(v). Now, the four
vectors {ry, Jiry, Jory, Jar;} form an orthonormal basis of R‘z‘, thus the third row r3(v) of

A(v) must be a linear combination of them. Since r3(v) is unit and it is orthogonal to both
ri(v) and Jir(v), there exists a function £(v) such that

r3(v) = sin§(v) Jar; (v) 4 cos £(v) J3r1 (v).
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Finally, the fourth row of A(v) isr4(v) = £J1r3(v) = Fsin&(v)Jor;(v) £ cos&(v) Jar (v).
This means that any 1-parameter family A (v) of 4 x4 pseudo-orthogonal matrices commuting
(anticommuting, respectively) with J; can be described by four functions &1, &>, £3 and € as

ri(v)
+Jir1(v)
sin§(v)Jary (v) + cos&(v) J3r1 (v)
Fsin&(v)Jory (v) £ cos&(v)J3ri(v)

A€, 81,86,5)(v) = 3.7

4 Structure equations for surfaces in H? 1

Consider a pseudo-Riemannian oriented surface M immersed in H? .- Let N denote the unit

vector field normal to M in Hir. We set A := g (N, N), so that M is spacelike if . = —1
and timelike if A = 1.

In the following, we compute the Gauss and Codazzi equations for M, using the metric
induced by g, on M, the shape operator A, the tangent projection of £ on M and the angle
Sfunctionv := g (N, E1)g:(N, N) = Lg: (N, E1). The vector field E; decomposes as

Ei =T+ vN,
where T is tangent to M, whence,
g (T, T) = —(1 +a?). 4.1)
Denoting by X and Y two vector fields tangent to M we have,
VyY =VxY +a(X,Y), VN = —A(X),

where V is the Levi-Civita connection of M and « the second fundamental form with respect
to the immersion in ]HIT .- Thus, we conclude that

a(X,Y)=xgr((X,Y),N)N = A g (VxY,N)N
=—Ag:(Y,VEN)N = A g (Y, A(X))N.
Observe that
VYEI =ViT + X(v)N + vV N
=VxT +a(X,T)+ X(w)N —vA(X) 4.2)
=VxT +Arg:(T,AX))N + X(v)N —vA(X).

On the other hand, by (3.3) we have
JK JK

v;El = — TTX/\EI = —TTX/\ (T+VN)
VA - Y A
2 2 (4.3)
JK JK
= — TA.ng(X A T, N)N + TU'E(N A X)

e

- %M’g,(JX, T)N + TKU‘C JX,
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where JX := N A X satisfies
& (JX,JY)=-ag(X,Y), J*X=21X. (4.4)
Comparing the above expressions for V§ E1, we find

VxT = v <A(X) + %rJX) ,

4.5)
X(v) = —hge <A(X) + TKTJX, T

We now prove the following.

Proposition 4.1 Denoting by X and Y two vector fields tangent to M, with K the Gaussian
curvature of M and with K the sectional curvature in H? . Of the plane tangent to M, we
have

K:k+xdetA:—§r2+x[dem+xv2(1—r2)] (4.6)
and
VxA(Y)—VyA(X) — A[X, Y] = —«kiv(l — rz) [g- (X, T)Y — g (Y, T)X]. (4.7)
Proof Recall that for a pseudo-Riemannian surface, one has

K=K+ gr(AX), X)g: (A(Y), Y) — g (A(X), ¥)?
gr(X, X)g: (Y, Y) — g.(X, Y)2

Consider a local orthonormal basis {X, Y} on M, i.e., g (X, X) = 1, g, (X,Y) = 0 and
g: (Y, Y) = —A. Then, by Proposition 3.1, we have

R (X, Y)Y = %(3# — )[g (Y, Y)X — g (X, V)Y]

+ 1 (2 = DIge (Y, ENg: (Y, ENX — go(X, E1)g (Y, E))Y
+8: (Y, V)ge(X, ENEy — g:(X, V)gc (Y, EN)E|]

and so,
T __ Kk 2 2 2 2
ge(R*(X, V)Y, X) = = 24G3e% = 4) +x(c> = Dlge(V, E)’ = hge (X, E1)’]
=506 -4 2 DIg (Y, T)? — rgo (X, T)?
=— 4207 - )+ x(@ = Dlg: (Y, T)” — Ag (X, T)7].
Taking into account g; (X, T)?> — Ag. (Y, T)? = g (T, T) = —(1 + Av?), we have
RY(X,Y,Y,X)= —%A(312 —4) + kA2 = D1+ 12
that gives
K = —ART(X,Y.Y,X) = %(312 ) k@11 + ) = —%rz ot — ),

whence Eq. (4.6) follows.
Consider the Codazzi equation

g (RY(X,Y)Z,N) = g:(VxA(Y) — Vy A(X) — A[X, Y], Z).
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From Proposition 3.1, we have

R*(X,Y)N =k (t* = Dav[gc (Y, ENX — g:(X, EDY]
= khv (22 = Dg: (Y, T)X — g (X, T)Y],

that leads to Eq. (4.7) by the arbitrarity of Z.

5 Basic properties of helix surfaces in H?,T

We start with the following.

Definition 5.1 Let M be an oriented pseudo-Riemannian surface immersed in ]I-]I?’r and N
the unit vector field normal to M, with g (N, N) = A. The surface M is called a helix surface
(or a constant angle surface) if the angle function v = A g; (N, E1) is constant on M.

Remark 5.1 If M is spacelike (respectively, timelike), then T is spacelike (respectively, time-

like) and J T is spacelike. From (4.1) and (4.4) we get
g(T,T)=—(1+1v?), gUT,JT)=xr+1">0,

(T, JT) =0.

Observe that in the case A = 1, if v = 0 then E| is tangent to M at each point. Therefore, M

is a Hopf tube. On the other hand, if . = —1, then |v| > 1 and so v # O.

Taking into account Remark 5.1 from now on we assume v # 0.

Proposition 5.1 Let M be a helix surface in ]HI? . and N the unit vector field normal to M.

Then the following hold:
(1) with respect to the tangent basis {T, JT}, the matrix of the shape operator is given by
0 - g)ht
A= JK ,
-—1
3 128

for some smooth function . on M;
(ii) the Levi-Civita connection V of M is described by

VrT =vt /e JT, VT =uvJT,
VrJT =t/ T, VyrJT = Auv T;
(iii) the Gaussian curvature of M is given by
K = acv?(1 —12);
(iv) the function u satisfies equation
T(n) 4+ v +kvB =0,

where B := v2(t2 — 1) — A.

Proof Taking into account Remark 5.1 for the tangent basis {T', JT'} we have

g (A(T), T) = —%Tgr(JT, T)—rT()=0;

(5.1)
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g (AUT), T) = -2 JT(v) — %rgr(ﬂ'ﬁ T) = —%xrgf(t 7),

which, by the symmetry of the shape operator, yields (i).
For the Levi-Civita connection V of M, using (4.5), we have

VT = v(A(T) " */TET JT) = kvt JT:

V1T = u(A(JT) + %r J2T) —vuJT,
and using the compatibility of V with the metric g, follows
g(VrJT,T) = —g:(JT,VrT), g (VyrJT,T)=—g(JT,VyrT).
So,
V7JT = kit T, VypJT =xrvuT.
From (4.6) we have that Gaussian curvature is given by
K= —%zz + 2 [detA + kv*(1 — 72)]

= amcv? (1 —12).

Remark 5.2 It is worthwhile to remark that the Gaussian curvature K is a constant, which
depends on the causal character of the surface and on the sign of (1 — t2) and it can assume
any real value. In the special case of T = 1 the Gaussian curvature vanishes and helix surfaces
for the standard metric on the anti-de Sitter space are flat, coherently with the results obtained
in [12] for surfaces forming a constant angle with an unit Killing vector field.

Finally, we calculate

Vi AJT) = —gkrzv JT +T(uw) JT + Jertuw T,
V7 A(T) = %Arvu T,

AlT,JT) = A(V7JT —V;7T) = gum T—u>vIJT + gxzzv JT.
By Proposition 4.1, we get
VrA(JT) - V,;7A(T) — A[T, JT] :/c('r2 — Dav(g (T, T)JT)
=— k(> = D +0>)JT
and so, by comparing,
T(w) + uzv —kAv[1l — )\1)2(t2 —1]=0

which ends the proof. O
We recall that E is a timelike vector field and g, (E;, N) = vA. Thus, there exists a
smooth function ¢ on M, such that

N=—-vAE+VA+1vZcosp Ey ++vA+v2sing E3,
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whence,
T=E —vN=(1 +v2k) E| — vmcosgoEz - vmsimp E3
and we can calculate
JT=NAT=NA(E;—VvN)=NAE :m(sin¢E2—cos¢E3).

Moreover, we have

V;El :—ﬁtT/\El = ﬁl)‘CJT,
2 2
2 2
-2 A
ViEp =§(1 + vz)\)ti Ez 4+ vt €O+ sing Eq,
T
2 ) A 2
V}E3=—£(1+vzk)t Ey—v a2 +v)1'sin(pE1.
2 T 2
Therefore,
A(T) = — VEN
=VAVLE| — VA + v [—sing T () E2 + cos ¢ VHE
+cosp T (¢) E3 +sing VI E3]
2-2
= %szr JT +T (@) JT + %(1 oy 2T
T
But A(T) = %tJT and so, we conclude that
2
-2
Vit T(p) + VG T2 e
2 2 T 2
that is,
Kk
r@ =g
AT
Moreover,
/i (h 2
VirEi =vVi+ vz(singonEzEl — cos<pr53E1) = wr(sinw E3 +cosg Ep),

ey 2
VigEry=—VA+ vzcosgoVE}Ez = %r cosg Eq,
Vi(h +1v2)

VirEs =vVA+v2rsingVy E3 = — T sing Eq
and so,
AUJT) = -V N
= VAV El —VA+ v [—sing JT(p)Es + cos oV En
+cos JT (p) E3 + singVj; E3]

JK

— JT(p)JT — TKM: T.
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VK .
But A(JT) = —TT)» T + u JT, so that we obtain
JT(p) = u.
In this way, we determined the following system
JK
T(p)=—-—B8,
AT
JT (@) = n,

whose compatibility condition is given by
[T,JT1=V7JT —Vy7T = JkvitT —uv JT.
Recalling that
[T, JT)(p) =T (w),
by comparison we obtain
T(u)+ u?v+xvB =0,

that is, Eq. (5.1), which we already established, so that the system is compatible.
We can choose a system of local coordinates (x, y) on M, such that

o =T,
(5.2)
dy=aT +bJT,

for some smooth functions a = a(x, y), b = b(x, y) on M. Requiring that [0y, d,] = 0, we
get

ay = — Ak vTh,
[ by =buv.
So, Eq. (5.1) can be rewritten as follows:
iy = —v(k B + u?). (5.3)
In order to integrate equation (5.3), we need to consider separately the following cases
(i) If B > 0, we find
w(x,y) = Vi Btan(n(y) — vWi B x).
(i) If B =0, we have

1

n(x,y) = m

(iii) If B < 0, we get
w(x,y) = v/ —kBtanh(n(y) + vv/—« B x).

In all the above cases, 1(y) is an arbitrary smooth function.
As we are interested in only one coordinate system (x, y) on the surface M, we only need
one admissible solution for a and b in each case.
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CaseB>0

Since b, = buv, we deduce
by = bvrkBtan(n(y) —vvVkBx) v,
which admits as solution b = cos(n(y) — vv/k B x). Then, we have

ay = —MJ/kth = —/k vt cos(n(y) — vk B x)

AT
and so, we can take a = — sin(n(y) — vv/k B x). Now, from
NZ R

VK
= —7B,
Px T
a/k
=— B+bu =0,
Py T M
K
we get p(x, y) = —;LLBx + ¢, for some real constant c.
T
CaseB=0
From b, = buv, we now have
1
=b——v
vx +1(y)

and a solution is given by b = vx + n(y). Moreover, we have:
ay = —+Jk AvTh = —ﬁkvzrx +n(),

which holds for a = —v% Atx(vx + 2n(y)). Then,

o= Y¥p 0,
AT
a.\/k
=— B+bu=1,
¥y AT +

whence, ¢(x, y) = y + c¢ for some real constant c.

CaseB<0

Recalling that b, = buv, we have
by = b/ —k Btanh(n(y) + vV —«kBx) v,
which is satisfied by b = cosh(n(y) + v+/—« B x). Moreover, we find:

ay = —Av/k Th = —Av/k T cosh(n(y) + va/—k B x)
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AT
and so, we take a = — sinh + v+/—k B x). Finally,
Ny () +vv ) y
N
= — 7B,
¥x e
a/x
, = — B+bu =0,
Py T +oun
. VK
and we obtain ¢(x, y) = —TBx + ¢, for some real constant c.

Using the above results, we have the following.

Proposition 5.2 Let M be a helix surface in ]HIT . with constant angle function v. With respect

to the local coordinates (x, y) defined above, the position vector F of M in ]R‘z‘ satisfies the
Jollowing equation:

(a) if B=0,
?F
52 =0 (5.4
(b) if B#0,
BF ., F
S 2o +EF =0, (5.5
where

Proof Let M be a helix surface and let

F(x,y) = (Fi(x,y), Fa(x, y), F3(x, y), Fa(x, y)).

denote the position vector of M in R%, described with respect to the local coordinates (x, y)
defined before. By definition of position vector, we get

O F = (0xF1,0:F2,0:F3,0x Fy) =T

=VA+2 [)L\/)L—}-sz”F —vcosy Eyp — vsin<pE3|F]. (5.6)

Then, if we consider the expressions of E1, E; and E3 with respect to the coordinates of R4,
we can express the above equation as

0 F ZK(%M _—%sz—vcoswﬁ—vsin(pF‘;],
8XF2:K(%+UZ) _%mﬂ—l—vcoswﬂ—vsin(ﬂ&],

s 5.7
BxF3=K(k;_vz)_—};mﬂ—vcosq)ﬂ—vsinq)@], 7
3xF4=%+v2) —%m&—i—vcostz—vSinwFl].

Therefore, if B = 0 taking the derivative of (5.7) with respect to x, we get (5.4).
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If we suppose B # 0, we obtain
(F)xx = —a Fi = b (Fa)x,
(F2)xx = —a Fa + b (F)x,

~ . (5.9)
(F3)xx = —a F3 — b (Fy)y,
(Fa)ex = —a Fy + b (F3)s,
where
. kB 5 ~ B
=——=( , b=—Vk—.
4= ‘52( 9 ﬁkr
In conclusion, taking twice the derivative of (5.8) with respect to x and using the previous
relations we find (5.5). m]
Remark 5.3 From (F, F) = —4/k and relations (5.7), (5.8), we get:
4 4
(F,F):—*, (FXan>=7a7 <F7FX>=07
K K 4
(Fx7 Fxx) :0, (Fva Fxx) =D, (F7 Fxx>:_;&, (59)

(ny Fxxx> =-D, (FXX7 Fxxx) = O, (F, Fxxx> = 0,
<FXXX7FXXX> =E,

where

4 . g 4
D = —(abh* +3a%, E=(b*+2a)D— —a°.
K K

6 Characterization theorems for helix surfaces in H? 1

In order to give conditions under which an immersion defines a helix surface in ]HI? . e
observe that, if F' is a position vector of a helix surface in H? . we have that:

2 2
NF = ﬁxum,w = fﬁEum,w

and, using the (5.9), we have the following identities:

20 (A +v?)
(JIF, FX):_T’ (JIF, Fxx):(),
f2a(+0vy) 4. 6.1
(J]FXX,F)C>: [7_*b =1L, <J1Fx,Fxxx>:0,
N3 K
(‘IIF)C! Fxx) + <J1F7 Fxxx> =0, <J1Fxm Fxxx) + (JIF)C! Fxxxx> =0.

We now use these relations to prove the following key result.

Proposition 6.1 Let F : 2 — H? . C Rg be an immersion from an open set @ C R2, with

local coordinates (x, y) such that the projection of E1 = g‘h Fis Fy. Then F(2) C Hir

defines a helix surface of constant angle function v if and only if

gr(Fy, Fy) = gr(E1, Fy) = —A(h +1?) (6.2)
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and
gr(FXsFy)_gr(Fy,El):Q (6.3)

Proof Suppose that F(2) is a helix surface in ]HI? . of constant angle function v, then we
have:

gwa,ﬂ)zumfn+wl—ﬁxan&ﬁszna>+a—r%§wahFﬂ

201 +v?)

2
LMLV 2
s > =—A(A + 7).

4. 2
=—-a+(1—-19
K
In a similar way we find:

8:(Fx, E1) = % [(Fr. X1) = (1 = T°)(Fy, X1)]
= t(F, X1) = =A(A +17),
that leads to the equation (6.2). In addition, we have
g:(Fy, E1) = g (Fy, Fx + VN) = g, (Fy, Fx)

that is equation (6.3).
To prove the converse, as vector fields Fy, Fy are tangent to F'(£2) (and so, orthogonal to
normal vector field N), we consider

T F _gr(Fvax)Fx

Y ge(Fy Fo)

and we get the orthogonal basis {Fy, T, N} for the tangent space to ]HI?J along F(€2).
Moreover, from (6.2) and (6.3) we have:

g (Fy, Fy)
8c(Fy, Fy)

This leads to E| = ¢ Fy + caN. Next, from (6.2) we have ¢ = 1 that means (E;)” = F,
and also

g (E1, T) = g:(E1, Fy) — g-(E1, Fy)

—1=ge(E1, E1) = —(1 4+ 2% + c3h

whence, g; (E1, N) = A|v]| is constant and so, F(£2) is a helix surface. ]

In order to get explicit solutions of Egs. (5.5) and (5.4) we consider three different cases,
depending on the different possibilities for B.

6.1 Helix surfaces of Hi’ ginthecaseB >0

Integrating (5.5) we prove the following.
Proposition 6.2 Let M be a helix surface in H?’T with constant angle function v such that
B > 0. Then, with respect to the local coordinates (x, y) defined above, the position vector
FofMin Rg is explicitly given by
F(x,y) = cos(@in)w' (y) + sin(@0)w?(y)
+ cos(azx)w3(y) + sin(azx)w4(y),
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where
(5 8) mE(E-2)

are real constants and wi(y), i = 1,2,3,4, are mutually orthogonal vector fields in R‘Z‘,
depending only on y, such that, setting w;; = (w'(y), w’ (y)) for all indices i, j, we have

4t 4T
Wi = wyp = 30, W33 = Wiy = ——5—af. (6.4)
k2B k2B

Proof 1f B > 0, then b> + 2a > 0 and b> + 4a > 0. Integrating Eq. (5.5), we then obtain

F(x,y) = cos(arx)w' (y) + sin(arx)w?(y)
+ cos(aax)w’ () + sin(ezx)w? ()

where

b2 +2a &/ b2(b? + 4a)

2

o112 =

are two real constants and w' (y),i =1,2,3,4, are vector fields in Rg, depending only on y.
Using the expressions of a and b, we have

arn = %(M\/ﬁi g)

Setting w;; = (w'(y), w/ (y)) and evaluating relations (5.9) at (0, y), we get

wii + 2wz + w3z = —;, (6.5)
atwy + 201wy + arway = %&, (6.6)
w2 + oawis + ajwez + arwsze = 0, (6.7)
afwlz + ozzoszm + (¥10{ng3 + a§w34 =0, (6.8)
o/l‘wu + 2a12cx§w13 +o¢‘2‘w33 =D, (6.9)
alwiy + (@ +a3)wiz + 0wz = %a, (6.10)
a?wzg + (ozfozz + ala%)wm + a§w44 =D, (6.11)
oszlz + a%a%wm + a?a%w% + a§w34 =0, (6.12)
a%wlz—l—a%wm—i—afwﬁ +a3w34 =0, (6.13)
a?wzz + 20:%05%1024 + agw44 =E. (6.14)

From (6.7), (6.8), (6.12) and (6.13), it follows that
wi2 = wig4 = w23 = w34 =0.
Moreover, (6.5), (6.9) and (6.10) yield
4t 4t

—oz, wi3=0, wiz=-——
k2B k2B

w1 = a].
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Next, by (6.6), (6.11) and (6.14) we get

wpy =wi >0, wyu=0 wy=wsy3<O0.

We now prove the following result.

Theorem 6.1 (Of characterization for B > 0) Let M be a helix surface in H?’T - Rg with

constant angle function v so that B > 0. Then, locally, the position vector of M in Rg, with
respect to the local coordinates (u, v) on M defined in (5.2), is

F(x,y) = A(y) y(x),

where

y(x) = (Vwi1 cos(ag x), —A/wi sin(ag x), v/ —w33 cos(an x), A/ —w33 sin(ag x)),

is a twisted geodesic of the Lorentzian torus S (Vwir) % S'(/=w33) C ]H[? o Wi, W33,
«y, ap are the four constants given in Proposition 6.2, and A(y) = A(&, &1, 5’2, E)(y)isa
1-parameter family of 4 x 4 pseudo-orthogonal matrices commuting with Jy, as described
in (3.6), where & is a constant and

cosh2(£1(y)) & (y) + sinh? (&, (v)) €;(y) = 0. (6.15)

Conversely, a parametrization F(x,y) = A(y) y(x), with y(x) and A(y) as above,
defines a helix surface in Hir with constant angle function v.

Proof With respect to the local coordinates (x, y) on M defined in (5.2), Proposition 6.2
implies that the position vector of the helix surface in Rg is given by

F(x,y) = cos(e1x)w' (y) + sin(e1 x)w? () + cos(eax)w?(y) + sin(ex)w*(y),
4

where the vector fields {w’(y)}
llw' (I = w2 (W] = /@11 = constant,
w1 = [lw* ()] = v/=w33 = constant.

Thus, if we put ¢; (y) = wi )/l w |, i € {1, ..., 4}, we can write:

F(x,y) = J/wi (cos(arx)er (y) + sin(1x)ez(y)) + ~/—w33 (cos(azx)es(y)
+ sin(opx)es(y)). (6.16)

The identities (6.1), evaluated in (0, y), yield:

aj wii{Jier, e2) —axwsz(Jies, eq) + —wiiwsz (@1 (Jie3, e2) +az(Jieq, e4))

| are mutually orthogonal and

2040 (6.17)
N
(Jie1, e3) =0, (6.18)
wiies (Jier, e2) + v/ —wiiwas(@faa(Jier, es) + ajay(Jies, e2)) 6.19)
— w3303 (J1e3, es) = —L, .
(J1e2,e4) =0, (6.20)
ai{Jiez, e3) + azx(Jier, eq) =0, (6.21)
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az(Jiez, e3) +ai(Jier, e4) = 0. (6.22)

We point out that to obtain the previous identities we have divided by a% —a% =xt VB3,

which, by the assumption on v, is always different from zero. From (6.21) and (6.22), taking
into account oz% — oc% # 0, we find

(Jiez, e2) =0, (Jie1, es) = 0. (6.23)
Therefore,
[(Jier, e2)| =1 = [{Jie3, e4)].
Substituting (6.23) in (6.17) and (6.19), we obtain the system

210 4+ v?)
ek

ol wii(Jier, e2) — @3 waz(Jies, es) = —L,

aywi{Jrer, e2) —ax wiz(Jies, eq) =

a solution of which is given by

203(1 + %) — 1Lk

2 2y’
Tk wip o (o) —a3)

203 (1 +a?) + Lk
T/ K W33 0 (ocl2 — a%)

(Jie1, e2) = (J1e3, e4) =

Consequently, (Jiey, e2) = (J1e3,e4) = —X and Jie; = —Xrea, Jie3 = ley. Then, if we fix
the orthonormal basis of R‘z‘ given by

E;=(1,0,0,0), E,=(0,—1,0,0), Ez=(0,0,1,0), E4s=(0,0,0,%),

there must exists a 1-parameter family of 4 x 4 pseudo-orthogonal matrices A(y) € O2(4),
with J1A(y) = A(WJ1, such that ¢; (y) = A(y)E; for all indicesi = 1, ..., 4.. Replacing
ei(y) = A(y)E; in (6.16) we obtain

F(x,y) =A()yx),
where
y(x) = (Vw1 cos(ag x), —A/wi sin(ag x), v/ —w33 cos(a x), A/ —w33 sin(ag x)),

is a twisted geodesic of the Lorentzian torus S' (,/wi7) x S!(y/—w33) C H%,r'

Let now examine the 1-parameter family A(y) that, according to (3.7), depends on four
functions &1 (y), &(¥), §3(y) and £(y). From (5.2), it follows that (Fy, Fy) = (A + v?) =
constant. The latter implies that

0
a(Fy’ Fy)lx:O =0. (6.24)
Now, if we denote by ¢y, ¢2, €3, ¢4 the four colons of A(y), (6.24) implies that
/ ’ — 0
(€2, e3") 625)
(e, ¢eq') =0,

where by we mean the derivative with respect to y. Replacing in (6.25) the expressions of
the ¢;’s as functions of &1 (y), & (y), &3(y) and £(y), we obtain
:E/ hi(y) =0

2
g ki(y) =0, (020
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where i1 (y) and k{(y) are two functions such that

1Y+ K} = 4G + sinh® (281) (<& + & + €17
From (6.26) we have two possibilities:
(i) & = constant;

or
(i) 4(£)? + sinh?(2&) (=& + & +&5)* = 0.

We will show that case (ii) cannot occurs. Indeed, if (ii) occurs, then the parametrization
F(x,y) = A(y)y(x) defines a Hopf tube, that is, the hyperbolic Hopf vector field E| is tan-
gent to the surface. To this end, we write the unit normal vector field N to the parametrization
F(x,y)as

_ NIE1 + NEy + N3E3

N = ,
JI= N2+ N3+ W)

where

N1 = g (Fx, E3)gr(Fy7 E>) — g (Fx, EZ)gr(F_w E3),
Ny = g (Fx, E1)g: (Fy, E3) — g (Fx, E3)g:(Fy, E1),
N3 = gr (Fx, E2)g: (Fy, E1) — gr(Fx, E1)g:(Fy, E?).

A long computation then gives

Ni = 1/2(a1 + a2)J/wiiv/—w33 [<2€] cos(aix + aax + & — &)
+ sinh(2&1) sin(a1x + anx + & — &) (&' + & + &)1
Now, case (ii) occurs if and only if either £, = constant = 0 or & = constant # 0 and
—&' + &) 4 & = 0. In both cases, we conclude that Ny = 0 and this implies that
27
JK
i.e. the Hopf vector field is tangent to the surface.

Thus, we are left with the case where & = constant. In this case, (6.3) is equivalent to

cosh?(£1 () &(y) + sinh? (&, (»)) £ (y) = 0

whence we conclude that condition (6.15) is satisfied.

The converse of the theorem follows immediately from Proposition 6.1, since a direct
calculation shows that g, (Fy, Fy) = g:(E1, Fx) = —A(A + v?2) (and so, (6.2) holds), while
(6.15) is equivalent to (6.3). O

8N, T F) = —=g:(N, E1) =0,

Corollary 6.1 Let M be a helix spacelike (respectively, timelike) surface in H? . C ]R‘z1 with
constant angle function v such that B > 0. Then, there exist local coordinates on M such
that the position vector of M in Rg is given by

F(s,y) = A) v (),

where
y(s) = %\/%(cos <§ds), —Asin (%ds),d cos (%2),}\d sin (%2))
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. . .. . 1(2 1 1(2 d 3
is a twisted geodesic in the Lorentzian torus S (ﬁm) xS («/?Jﬁ) C ]HILr
parametrized by arc length, whose slope is given by
VB+1 [v]

N/

In addition, A(y) = A&, &1, &, &) (y) is a 1-parameter family of 4 x 4 pseudo-orthogonal
matrices commuting with Jy, as described in (3.7), with & = constant and

cosh? (&1 ())&} (v) + sinh (& (y))&} () = 0.

Conversely, a parametrization F(s,y) = A(y) y (s), with y(s) and A(y) as above, defines
a helix surface in ]HI?J

d=

4
Proof We consider the curve y (x) given in the Theorem 6.1. Since (y/(x), y'(x)) = foc 100,

considering
PR T VB + 1y
. o N/
from Eq. (6.4) and taking into account the equation (6.5) with w3 = 0, we get
4 1 4 d?
wy=—-——, w3y =———F—.
S BT ka1

Observe that d > 1. Therefore, we can consider the arc length reparametrization of the curve
y given by

2 1
7o) = —= e (cos (YL ds), —sin (L ds).d eos (LE2) rd sin (L2Y),
Vi Jd2 =1 2 2 2.d 2 d
Finally, we observe that d represents the slope of the geodesic y . O

6.2 Helix surfaces of H? cinthecaseB =0

Integrating (5.4) and taking into account 9, F = T, we prove at once the following.

Proposition 6.3 Let M be a helix surface in H3 - ]R4 with constant angle function v such
that B = 0. Then, with respect to the local coordmates (x, y) defined in (5.2), the position
vector F of M in R4 is given by

Fx,y) =Ty)x +w(y),
where w(y) is a timelike unit vector field in R3, depending only on y.
We are now ready to prove the following result.

Theorem 6.2 (Of characterization for B = 0) Let M be a helix surface in ]I-]Iir - R‘z‘ with
constant angle function v such that B = 0. Then, with respect to the local coordinates (x, y)
defined in (5.2), the position vector F of M in Rg is given by

F(x,y) =A(y)yx),
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where

2
y(x) = <vzrx, 0, —, v2TAx
JK
is a straight line of H?,I (contained in the plane x, = x3 — % = 0) and A(y) =

A&, &1, &, £3) () is a 1-parameter family of 4 x 4 pseudo-orthogonal matrices commuting
with Ji as described in (3.7), with

[£5(y) + E}(y) — &' ()] sin(E2(y) — £(y)) sinh(2&1(y))
—21(&'(y) — &(»)) cosh? £ (y) (6.27)
+ 2[5 () cos(E2(y) — E(»)) + A E}(y) sinh? & ()] = 0.

Conversely, a parametrization

2 2 5
F(x,y)=A(y) v Tx,0, —, v°TAx |,

Jk

with A(y) as above, defines a helix surface in the anti-De Sitter space H? ; With constant
angle function v.

Proof From Proposition 6.3 we say that
Flx,y) =T)x +w(y), (6.28)

where w(y) is a vector field in R‘z‘, depending only on y. Using (6.28) and evaluating the
first three equations of (5.9) and the second equation of (6.1) at (0, y), we get the following
identities:
4
(F,F) =(w),w(y) = 0 (Fx, Fe) =(T(»), T(y)) =0,
(F,Fy) =(w»,. T(») =0, (/w,T)=—-——F——.
/K

Moreover, evaluating (5.6) in (0, y), setting
G(0,y) = —vcose Ear,y) — vsing E3jp,y)-
and using (6.29), we have
(Jiw, G(0, y)) = 0, (G(0, y), G(0, y)) = v*.

In particular, setting

1
g =—6G0,y), &= Ve

V] TW()’),

we have that {g! (), J1g' (y), £ (), J1g>(y)} is an orthonormal basis of R‘z‘. Consequently,

4

if we fix the orthonormal basis { E; }i_; of ]R‘z‘ given by

Ey=(1,0,0,0, E>=1(0,1,0,0), E3=1(0,0,1,0), E4=1(0,0,0,1),

there exists a 1-parameter family of matrices A(y) € 0z(4), with J1A(y) = A(y)Jj such
that

g =AWME,  Ng' ) =AWE:, £ =AWEs, D18} (y) = A(y)Ea.
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Then, (6.28) becomes

_i 3 2 1 3 2 2
F(x,y) = —=g* () +vtx (8' () + 1187 (») = A) (vi7x, 0, Nk Thx ).

Jk

Finally, according to (3.7), the 1-parameter family A(y) depends on four functions & (y),
&(y), &(y) and &(y) and, in this case, condition (6.3) reduces to (F,, F,,) = 0 which is
equivalent to (6.27).

In order to prove the converse, let

2
F(x,y) = A(y) (v 7x,0, ﬁ v r)»x)

be a parametrization, where A(y) = A(&(y), §1(3), &2(y), &3(y)) is a 1-parameter family of
pseudo-orthogonal matrices with functions £(y), &1 (y), &2(y), &3(y) satisfying (6.27). Since
A(y) satisfies (6.27), F satisfies (6.3). Thus, in virtue of Proposition 6.1, we only have to
show that (6.2) is satisfied. We put

2 2 5
y(x) = (v Tx, 0, \—E, v Tkx) .
Now, using (3.1) and taking into account the fact that A(y) commutes with Ji, we get
ge(Fr, Fo) = (1= )vie? = —(1 +307)
and similarly,
ge(Er, Fo) = t(X1, Fy) = =0°t? = —(1 + 102,

which ends the proof. O

6.3 Helix surfaces of H? z inthecaseB< 0

In this case, we start from (5.5) and prove the following result.

Proposition 6.4 Let M be a helix surface in ]HI3 with constant angle function v such that
B < 0. Then, with respect to the local coordmates (x, y) defined above, the position vector
F of M in R4 is given by

F(x,y) = cos(x x) [cosh(B x) wl(y) + sinh(B x) w3(y)]
+ sin(ax) [cosh(B x) w?(y) + sinh(B x) w* ()],

where

f B v/—kB
v
2 AT

i . . . N . 4
are real constants and w'(y), i 1,2,3,4, are linearly independent vector fields in R,

depending only on y, such that:
4rlv|T
/—B

Wi =W = W33 = —Wag = o, Wig = —wy = (6.30)
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Proof As B < 0, we have b2 + 4a < 0. Integrating Eq. (5.5), we obtain

F(x,y) = cos(a x)[cosh(B x) w' (y) + sinh( x) w* (y)]
+ sin(a x)[cosh(B x) w?(y) + sinh(B x) w* ()],

where

o =

| S

are real constants and w’ (y), i = 1,2,3,4, are vector fields in R‘z‘, depending only on y.
Moreover, using the definition of a and l;, we get
Jk B v/ —kB

(XZ—Tﬁy B = )

Defining w;; = (w! (), w’ ()), forallindices i, j and evaluating the relations (5.9) in (0, y),
we find:

4
wi] = ——, (6.31)
K

2 2 4.
a”wyn + B w3+ 2a fwy = P (6.32)
awp+pwis =0, (6.33)
o (B2 = o) wio + 20 2 wse + 26 P + (B2 — o) wi =0, (6.34)

2
(82— a?) wi +428% was +40 (62 —0? ) wiy = D, (6.35)
4
(/32 - 012) wi +2a Bwig = —;51, (6.36)
o? (352 — az) woy + ,32 (ﬁ2 — 30(2) w33z +4a B (,32 — az) wyy = —D,

o (3/32 - a2> (,32 _ 012) wis + 2a (52 - 3a2) Wi (6.37)
+8 (/32 - 3a2) (ﬁ2 _ az)w13 +202 8 (3,32 - az) was = 0, (6.38)
« (3;92 — az) wiz + B (/32 - 3a2) w3 =0, (6.39)

2 2
o? (352 - az) wa + B2 (,32 — 3a2> w33 + 2a B (3;32 - az) (52 - 3a2) wys = E.
(6.40)
From (6.31), (6.35) and (6.36), it follows that
- _ i _ ﬂ _ 4|t
Wi = W = w14—Ka—7Kﬁ-

Also, from (6.33) and (6.39), we obtain
w2 = w3 =0
and, therefore, from (6.34) and (6.38),

wo4 = w34 =0.
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Moreover, using (6.32), (6.37) and (6.40), we get

4 48 4rlv|T
w22:_w33:_;, wy =——=——"

Ko k/—B'

We now prove the following.

Theorem 6.3 (Of characterization for B < 0) Let M be a helix surface in H?J with constant

angle function v so that B < 0. Then, locally, the position vector of M in Rg, with respect to
the local coordinates (x, y) on M defined in (5.2), is given by

F(x,y) = A(y) y(x),

where the curve vy (x) = (y1(x), y2(x), y3(x), y4(x)) has components

/ 2
yi(x) = % cos(ax) sinh(8 x),
/ 2
ya(x) = % sin(ax) sinh(B x),
@) = —= cos(ex) cosh(Bx) — 2L Gin(x) sinh(B x)
y0) = = — ,
x) = i sin(ax) cosh(B x) + 2Alv] cos(ax) sinh(B x)
vl = —= — :
with
Jk B /—kB
a = —777 B =yl ,
T 2

and A(y) = A, &1, &, &) (y) is a 1-parameter family of 4 x 4 pseudo-orthogonal matrices
commuting with Jy, as described in (3.6), where & is a constant and

IV + 02 [2c0s(E2(y) — &) E1(0) + (E2(0) +E5(0) sin(E2(y) — £3(y)) sinh(281 ()]
+ 2270 [cosh® (€1 (1)) £ () + sinh® (&1 (y)) £ ()] = 0. (6.41)

Conversely, a parametrization F(x,y) = A(y) y (x), with y (x) and A(y) as above, defines
a helix surface in Hir with constant angle function v # 0.

Proof From (6.30), we can define the following orthonormal basis in R‘z‘:

K 3 >
e1(y) = wa_Bw ) — At w? ()],
er(y) = LN—B wt(y) + rtiviw' ()]

2/ A + V2 ’
e3(y) = ?uﬂ(y),
es(y) = ?wzm,
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with (eg, e1) = 1 = (e2, e2) and (e3, e3) = —1 = (eq, e4). Evaluating the identities (6.1) in
(0, y), and taking into account that:
F(0,y) =w'(),

Fe(0.y) = aw?(y) + Bw’(y),

Fu(0,) = (82 = a?) w' () + 2a pur(v),

Feax©0,9) = a (362 = o?) w?() + 8 (62 = 307) wi(y),
Feon(0,3) = (B* = 607 B2 +a* ) w' () + 40 B (B2 — o) w (),

we conclude that

4
(hw', w? = —(w’, wh) = -

(1w, w?) = (Jiw', wh) =0,
4AT V|
/B
We point out that to obtain the previous identities, we divided by
Kk B
a2

which is always different from zero. Then,

3y =

(hw? vty = (Jiw', w

o — B? A +1%)

(Jie1, e2) = —(Jie3, e4) = 1,
(Jie1, eq) = (Jiey, e3) = (Jiea, e3) = (Jiea, e4) = 0.

Therefore, we have
Jier = e, Jie3 = ey.
Consequently, if we consider the orthonormal basis (E; }?zl of R‘z‘ given by
Ey=(1,0,0,0), E»=(0,1,0,0), E3=(0,0,1,0), Es=(0,0,0,1),

there must exists a 1-parameter family of matrices A(y) € O2(4), with J1A(y) = A(y)Jq,
such that ¢; (y) = A(y)E; for all indicesi = 1,...,4. As

F=(F,e1)e;1 +(F,ex)er — (F,e3)e3 — (F, eq) ey,

computing (F, ¢;) and substituting e; (y) = A(y)]g"l-, we obtain that F(x, y) = A(y) y(x),
where y (x) is the curve of H?‘T described in the statement. Proceeding as in the proof of
Theorem 6.1, we now examine the 1-parameter family A(y) that, according to (3.7), depends
on four functions &1 (y), £&2(y), &3(y) and &(y). from (Fy, Fy) = A+ v2 = constant we have

d
B*(Fyv Fy>|x=0 =0. (6.42)
X
If we denote by ¢y, ¢3, €3, ¢4 the four columns of A(y), Eq. (6.42) implies that
(e, e3') =0,

(6.43)
27 v (€2, e3') + AVA +v2 [(e2, &) + (3, e3)] = 0,
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where / denotes the derivative with respect to y. Replacing in (6.43) the expressions of the
¢;’s as functions of &1 (y), & (y), £&3(y) and £(y), we obtain

£ ha(y) =0,

£ ky(y) =0, (649

where h5(y) and k2 (y) are given by

ha(y) = 2sin(& — &3) &) + (8’ — &) — &) cos(&2 — &3) sinh(2§)),
ka(y) = T || [(§' — & — &3) sin(§2 — &3) sinh(2&)) — 2 cos(& — £3) &1
+ A (A +v?) [2cosh?(£))E) + 2sinh(&)) & — & cosh(2))].

From (6.44) we have two possibilities:

(i) & = constant;
or
@ii) hy =ky =0.

As
Ny = g (Fx, E3)g:(Fy, E3) — g (Fx, E2)g: (Fy, E3)

[v2 (A 412 . A sinh(2bx) k
= w[cosh(ﬂm)hz(y)—wrr

it results that if the case (ii) happens than the parametrization F(x, y) = A(y)y (x) defines
a Hopf tube. Thus, we can assume that & = constant and in this case (6.3) is equivalent to
(6.41).

The converse easily follows from Proposition 6.1, since a direct calculation shows that
gr(Fx, Fy) = g (Eq, Fy) = —A(A + v?2) (and so, (6.2) holds), while (6.41) is equivalent to
(6.3). O

7 Characterization of the helix surfaces of H-:‘ . by general helices

As a consequence of Proposition 6.1 and the characterization Theorems 6.1, 6.2 and 6.3, in
the next result we will prove that the curves used to describe helix surfaces in H? .»are general
helices with axis the infinitesimal generator of the Hopf fibers. We recall that a general helix
is a non-null curve « in a Lorentzian manifold (N, &), admitting a Killing vector field V of
constant length along «, such that the function angle between V and o is a non-zero constant
(for the concept of general helix in a Lorentzian ambient space, we may also refer to [1]).

We say that V is an axis of the general helix ««. We now prove the following.

Proposition 7.1 The curvesy : R — Hir used in the Theorems 6.1, 6.2 and 6.3 to character-
ize a constant angle spacelike (respectively, timelike) surface M, are spacelike (respectively,
timelike) general helices in H?  With axis Ey, so that they meet at constant angle the fibers
of the Hopf fibration. This angie is the same in all the three cases.

Proof We first observe that in the three cases the position vector of M has been expressed as

F(x,y) =A®Qy)yx),
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where A(y) = A(§, &1, &, &3)(y) isa 1-parameter family of 4 x4 pseudo-orthogonal matrices
commuting with J; and y (x) is a curve on ]HI? .- Therefore, as Fy = A(y)y’, from (6.2) we
get

(V' y) = g (Fy, Fy) = —(1 + av?),

thus we conclude that if M is a spacelike (respectively, timelike) surface, then y is a spacelike
(respectively, timelike) curve. In both cases, the above equation yields

Iyl = VA + 2.

Moreover, as J1A(y) = A(y)J1, we have

JVk vk
Enp=_——hF=—Ay
2T 2T

and then, from (6.2), we obtain

vk vk
g (v, Evy) =g (V/, §J1V> =g | A(y)Y/, EA(y)JI)/

= ge(Fy, E1jp) = =2 (0 + 7).

Therefore, the angle function that y forms with the hyperbolic Hopf vector field is given by

/
,E
M = —AVA 412,

Iyl

that is, in the three cases described in Theorems 6.1, 6.2 and 6.3, y is a general helix, forming
the same constant angle with its axis Ej. O

Remark 7.1 As we observed in Remark 5.2, when t = 1 we get flat helix surfaces in H% (k/4)
equipped with its standard metric. The results we obtained are consistent with the ones
deduced in [12], under the requirement of constant angle between N and Ej. In this case,
B = —X and so:

e the case B > ( corresponds to Lorentzian helix surfaces considered in [12], as A = —1;
e the case B = 0 cannot occur;
e the case B < 0 corresponds to Riemannian helix surfaces considered in [12], as A = 1.
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