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representations. We study in particular the large k limit for the symmetric case and the regime
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Wilson lines in symmetric/antisymmetric representations admit a description in terms of D3, and
D5, brane probes representing a collection of k fundamental strings. In this picture, giant graviton
corrections come from fluctuations of brane probes in the presence of a wrapped D3 brane giant
graviton. In the antisymmetric case, our leading correction matches the half-index of the 4d N = 4
Maxwell theory living on the disk which is a part of the giant graviton divided out by the D5,
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1. Introduction and results

The superconformal index [1-3] of 4d N =4 U(N) SYM at large N and fixed charge is the generating function of BPS single
trace states and has finite N corrections associated with U (N trace relations in multi-trace states.! In the dual IIB superstring theory
in AdS5 x S, the large N limit reproduces the contributions to the index from BPS supergravity states. Finite N corrections are
encoded in so-called giant graviton expansions [6,7] and in many instances take the schematic form

In(@)=1(a) [1 + q"Nf,,(q)], 1.1
nx=1
where Iy (g) is the superconformal index and g is its universal fugacity (coupled to the Hamiltonian and other charges). Other
fugacities may be present but are omitted for the purpose of illustration. A key property of the functions f,,(q) is that they do not
depend on N at generic points in fugacity space. The gravity origin of the terms in (1.1) has been elucidated in [8] in the case
of N'=4 U(N) SYM and associated with D3 branes in the dual string theory on Ad S5 X S° wrapped on contractible cycles in S°
with charge of order N. The prefactor g™V is the classical Euclidean action of such a brane configuration with total winding n. The
remaining factor f,,(q) represents the superconformal index of fluctuations of the brane. The brane expansion (1.1) is usually called
a giant graviton expansion being a generalization of the configurations studied in [9,10].? Apart from its string interpretation, the
expansion (1.1) may be addressed at the level of the gauge theory where it requires to deal with a non-trivial matrix integral which
is the main subject of this paper.
The Schur specialization [13-15] of the superconformal index is defined as the following trace®

1VM(y; q) = Trgps[(=DF ¢+ pR]. (1.2)

It depends on two fugacities coupled to Cartan generators of the superconformal symmetry group P.SU(2,2|4) commuting with the
supercharges entering the BPS condition. In more details, g is the fugacity coupled to the Hamiltonian H and the two left and right
spins J,J, while 7 is a flavor fugacity coupled to an R-charge generator. The Schur index has an explicit expression as the singlet
projection of many-particle contributions built out of the Schur single-particle index f(#;q) by usual plethystic*

-1 _9,2
1M q) = / DU PELf (i) TeU TeU™Y,  flpsqy= IF1 04220 L3)
1-¢? .
U(N)

This matrix integral was computed exactly at finite N in [17-19] for # =0 and in [20] for 5 # 0, and for other gauge groups in [21].
The structure of its large and finite N corrections was first studied in [6,7] (and later developed in [22] as a double sum over D3
brane windings) and takes the form, cf. (1.1),

1My q) =1V (3 9) [1 + <,1Nf+(,1; 9+ n"NT‘(n;q)> "+ O(qZN)] . (1.4)

where IV(®)(y7; ¢) is the large N supergravity contribution, while terms T*(7; ¢) come from wrapped S! x % D3 branes in Ad S5 x S3
with S' c AdS5 and S3 ¢ §°.° They may be given by analytic continuation of the N =4 U(n) SYM index [22], following the
approach in [29-35] and were computed exactly in [36].

We remark that (1.4) is a specific choice where 7 is kept fixed and one expands at small gq. Other limits may be considered (like
expansions in x = #q or y = 5! ¢) whose physical meaning was elucidated in [6,7]. A motivation for our choice is the analysis in [25]
where the index was computed by D3 brane fluctuations in a twisted Ad.Ss x S° background. In that case 1 was related to a fixed
rotation angle mixing Ad.S time and two angles in S C .S°.

1 For the relation between large N limit of the full index and black hole physics, see [4,5].

2 Alternatively, giant graviton contributions can also be examined in terms of supergravity bubbling solutions [11,12].

3 Superconformal indices do not depend on the Yang-Mills gauge coupling because of supersymmetry. Indeed, they may be regarded as the Witten index [16] in
radial quantization supplemented by suitable chemical potential coupled to charges commuting with the supercharge used to define the index.

4 For a set of fugacities, group matrices, etc., collectively denoted by x one has PE[F(x)] = exp Z@I ']:F(x”).

5 For a direct D3 brane fluctuation analysis reproducing the leading correction in (1.4), see for instance [23-26]. Higher giant-graviton contributions for the
index were analyzed by localization on the brane world volume [27,28].

-BPS

o1—
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Schur line correlators and string fluctuations The Schur index is a supersymmetric partition function on .S' x S and it is possible to
consider additional defect ’t Hooft or Wilson lines along S! and at positions on a great circle of S3 [37-40]. The resulting correlation
functions are actually topological, i.e. do not depend on the line positions. Wilson lines in general representations R|,R,, ... correspond
to the following generalization of (1.3)°

L% o= / DU [ Trg, (U) PELf(; @) Tr U TrU™'], (1.5)
n=1

U(N)

and exact results were obtained in [41,39,42-46] at fixed or infinite N.
The giant graviton expansion of Schur line correlators (1.5) was recently considered in [47-49]. In the simplest case of the defect
2-point function with one line in the fundamental and one in the antifundamental ILFJ(N)(n; q) = Ig(g )(r]; q), the large N limit has the

simple factorized form [38]

0 9) =1p1 010 1V ), (1.6)

where the additional factor I, (#; q) reads

Iena)=1— : =PE[/p ;@) fr@)=—a"+Un+n""q. 1.7

fn:q)
Its gravity interpretation is expected to involve fluctuations of a fundamental string stretched along Ad.S, inside Ad.S5 [50,51]. They
fill a short multiplet of OSp(4*|4) with 8 + 8 states and the three terms in fp, agree with the contributions to the single particle
index from three BPS modes [38]. At finite N, the leading single giant graviton correction to Ig (N)(n;q) is due to fluctuations of a
world-sheet bounded by two semi-infinite strings attached to the Wilson lines and ending on the giant graviton, i.e. a wrapped D3
brane [47]. Explicitly, at leading order, one has’

IU(N) — Iy v

F — — — —

— et (G;m;q)nN +Gr(m)n N) N+, G =Gt 'iq). (1.8)

The functions G* factorize and read [48,47] (see Appendix A for special function conventions)
3

3

2 4y’
0. D)

+ 1 +
Ge(n;9) = ps PE[fr(1:9)) GE,(mq),  G(m9)=—n"q (1.9

where GE—'B(n; q) is the leading giant graviton contribution to the Schur index without insertions computed from wrapped D3 branes
in [22,36], and

fema)=2n""q-24", (1.10)

is the single particle index of fluctuations of the system of two semi-infinite strings. Up to a factor 2 accounting for the two strings,
it selects two terms out of the three in f}, since one BPS state is missing due to the boundary condition that they should end on the
giant graviton [47]. At the moment, the meaning of the prefactor 1/(5¢) in (1.9) is unclear. Similar prefactors appear also in higher
order giant graviton contributions and in more general Schur correlations functions [47,48].

New results for large representations In this paper, we study the Schur 2-point function when the two Wilson lines are in the rank-k
symmetric (k) or antisymmetric [k] representation. Although the BPS Wilson line in fundamental representation may be represented
in terms of a fundamental string, an alternative description is by a D3 brane carrying electric flux and pinching off at the boundary
of AdS5 along the Wilson line [53,54,50,55].

This D-brane probe picture is convenient when the fundamental representation is replaced by large higher representations. In
particular, a Wilson line in rank-k symmetric representation corresponds to k fundamental strings emerging as spikes on an extra
D3-brane wrapping Ad S, x S? C AdSs, denoted D3, [55-59]. The case of rank-k antisymmetric representation corresponds instead
to k fundamental strings attached to a D5-brane wrapping Ad.S, X S* C Ad S5 x S, denoted D5, [60,56-58,61].8

For the 2-point function in the symmetric or antisymmetric cases, we examine the leading giant graviton correction to line indices,

cf. (1.5),

U(N) U(N) U(N) U(N)
1 ) =1"_"_(n;q), I ) =1"_"_(n:q). 1.11
5, 9 (k),(k)(r’ q) 4, 19 [kaJ(n 9 (1.11)
% In a basis where U = diag(e’*, ..., e/*), the trace Tr U is the character of the fundamental representation Tr U = X(z) and Trg U stands similarly for yg(z).

7 Notice that the giant graviton expansion of the finite N index suffers ambiguities at higher orders in the ¢"¥ expansion. This may be interpreted as an operator
mixing issue in the gauge theory, see [28] and [52]. This problem does not affect the leading correction discussed which is isolated in large N limit.
8 More general representations and their D-brane probe description are discussed in [56].
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We find that the ratios®

lg(m(n; q)
1 p:q)

may be written at large N and fixed k as

RN 1:q) = R =S Ay (1.12)

UWN) oy N o+ (- =N = (- N
Ry @) =1+n"Gg (ma)+n " Gg g™ +-,

(1.13)
Ry Mg =1+0"* G} )+ NP G, mlg" T+

where again G (1;q) = G;{r(n’1 ;¢q) and, at small g, ng (1:9) = 0O(1) and sz (1;9) = O(q). Dots in (1.13) include in both cases higher

giant graviton contributions of the form g2V +% where § is a k-dependent integer. These are beyond our scope and will not be discussed.
Here, we present explicit formulas for the functions G;{—'(n; Q).

From the finite k results, we may examine the structure of the correction for large k. In the symmetric case, when the functions
G:—; (1; q) are expanded in powers of g, k-dependent corrections appear taking the form of powers ¢~ with positive ». This implies
that when k> 1, and irrespectively of its possible scaling with N, one has a definite kK — oo limit of the form

lim REV )= R{V () =1+ 1" G+ Gyl g™ + - (1.14)

We prove that the asymptotic functions Gﬁ(n; q) are given by the exact residue formula

. 1 | @D Senihy
Gt(:q)= — Res | ———— " | G (1:9), (1.15)
SUED= 0 8 [53 (g D2 e d) ] o3 (1)
that evaluates to
1 2 1 2 1 2 5 2 3
G*(n;q)=[—+1+—+—+<—+———>q+< ————— >qz+~~-]G+ (9. (1.16)
S nq "ot \nS P o gt 2 D3

Expression (1.15) is the main result of our analysis and has been purposely written with explicit factorization of the undecorated
index, similar to (1.9). About its physical interpretation, it is expected to represent fluctuations of the probe D3, brane in the presence
of the D3 giant graviton in the same spirit as [47] for the case of a pair of semi-infinite fundamental strings. This statement clearly
deserves explicit brane fluctuation calculations that are unavailable at the moment. It would be very interesting to compare our
result (1.15) with finite N effects from fluctuations of the D3, probe in the presence of the giant graviton also to clarify the puzzling
different structure of fluctuations even at infinite N for the D3, and D5, probes [62,63], despite equality of the symmetric and
antisymmetric Schur 2-point functions in this limit.

In the antisymmetric case, Gik (11; q) has again powers of g and k-dependent corrections as well. The latter takes now the form

g~ **" with positive n, and are dominant in the strict regime 1 < k < N. They determine the correction

l<k<N

R, M n:0) RIMug) =1+ G+ NP G gV + 1.17)

where the functions Gj(n; q) are k-independent. Our methods show that they are given exactly by

+ g G
Gyn=—1_———— (1.18)
—nq (—ZQE)OO
2’ n
that we may write like in (1.16) as
(ng; %)
1 n’® 1 2 2 3 2 3 +
Gty = —— ——— G (img) = [1 +-q+ <— - 1) g+ (— - —> @+ | GE(ng). (1.19)
A L=ng (b, P n n? oo D3

The exact result (1.18) agrees with the recent analysis by Imamura and Inoue who conjectured a quadruple-sum giant graviton
expansion of the form [49]
U(N)
L")
A _ o !
= ()N (g g N (1:), (1.20)
IAoo (VI;Q) m,m’ .n,n’ >0

9 Notice that in (1.12), one has same k in numerator and denominator. So RRU(N)(W; q) — 1 for N — oo with corrections vanishing for fixed k and large N. A different
ratio was considered in [49] where k was taken infinite in the denominator. In this case, the associated ratio admitted a quadruple sum expansion with summation
indices coupled to two independent charges k and N — k.
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where some of the functions F are computed in analytic form and other are extracted from the g-series of the ratio in the Lh.s. For
the leading term in 1 < k < N regime, their analysis implies the relation and physical interpretation

. E—n_lq
G,(n;q)=PE | ———], (1.21)
1—-n7lq

where the plethystic exponential in the r.h.s. is the analytic continuation of the half-index [37] of 4d N =4 U(1) Maxwell theory
living on a disk which is a part of the giant graviton separated out by the probe D5, brane. It is readily seen that (1.21) agrees with
(1.18), that we obtained by an independent matrix model analysis of the Schur correlation function. This confirms the construction
in [49].

Plan of the paper In Section 2, we present the explicit definitions of the Schur 2-point functions in symmetric and antisymmetric
representation and discuss explicit finite N, k data from their matrix model representation. In Sections 2.2, we discuss their N — oo
limit and the form it takes when £ is also large. Section 2.3 uses the Hubbard-Stratonovich transformation to give a representation of
the 2-point functions suitable for the analysis of their finite N corrections. This is worked out in Section 3 in the case of the symmetric
representation. In particular, in Section 3.2, we discuss the large k form of the leading giant graviton correction (1.14). Section 4
treats the antisymmetric case. The detailed derivations are presented in technical Appendices.

2. Schur line correlators in S, or A; representation

The matrix integral (1.5) can be expressed as a contour integral over holonomies z = (zy,...,zy)

' )= f - DNz [ xr, () PELf (13 9) 25(2) (2],

nx=1

2.1)
DNz= 1=
2m z, H < )
For the symmetric representation (k) and antisymmetric [k], the characters are
Xo(2) = 2 Zj Ziy " 2y X (2) = Z Zj Ziy  Zg, - (2.2)

1<i ip << KN 1<iy<ip<-+<ix KN

In the following we will make extensive use of Young tableaux expansions. To set notation, we recall that a partition 4 of the positive
integer k, denoted 4 I k, can be represented as a Young tableau with A, blocks in its n-th row, i.e. A= (4y,4,,...) with 4; > 4, > ---
or in frequency representation 1712”2 -... The number of parts of the partition 4 is £(4) = ), r,, (the number of non-zero 4;) and is
the number of rows in the associated Young tableau. The weight of the partition 4 is |A| =}, 4, = Y, nr,,, the number of blocks in
the Young tableau, and 4 - k is same as | A| = k. With this notation, we also define

0

piznrn!nrﬂ. (2.3)

n=1

The characters (2.2) may be given as sums over partitions 4 - k

1 l)k £(A)
f@=Y L@t ae=Y @ 2.4)
ik Pa e
where we denoted, for a generic function F(z)
Fy =[] F@Eh).,  2"=@, ... (2.5)

n=1

Given the set A= (A, A,,...), the relation between plethystic exponentiation and Young tableau expansion is

PE[A] = exp 2 “A, = 2 Aﬂ A = HA’;". (2.6)

n>l nx1
It follows from this relation that
_1)yfW
PE[—-A]=PE[A]"! = Z CEDT7 44, 2.7)
Py
A

Comparing with (2.4) gives the well-known generating functions of symmetric and antisymmetric characters in the form
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o
Sesz)= Y 3 g () = PE @] = [ [ 7=

k=0 n=1 n

(2.8)
N
A(x;2)= ) (=D* x*y9(2) = PE[=x (@)1 = [ [ = xz,).

k=0 n=1
2.1. Finite N matrix integral data

Explicit expressions for ratios (1.12) with fixed N and increasing k are obtained by evaluation of (2.1). For U(2) gauge group we
get

U — — - _. _
RGPy =1= A+ +m) ¢ =20 +n7 + 040 =" =517 =8=50" +1*)¢* + -,

RGPy =1= (40740 =207+~ +n+1)¢° =20~ =307 =5 = 30" + 2% g 4 -, 2
and same for S, with k> 3 at this order in ¢. For U(3) gauge group
RV =1- +n7 +n+0) =207 +17> 42417 +1") 4"
—n =3 =8y =8y =3+ ) — (O =3 =52 =5 =50 = 3" + 1) g + -,
RO =1-0 +n7" +n+0) @ =207 +n77 +24+0° +1")¢* 210
—n = —dn A= +27) ¢ — (= A =8P = 13 =807 —dnt +10) O + -,
R =1=0 +n~ +n+0) @ =207 +n77 + 2407 +1')¢*
O = —ay T A= P2 P =2 =t = 22— A= 2P — 1) g 4 e
and same for .S with k > 4 at this order in ¢. Continuing at higher N shows that there is a well-defined limit
RZ(N) (n:q) = lim RZ:N)(n;q)- (2.11)

The same analysis for the antisymmetric representation makes no sense since we cannot take k large at fixed N. In this case the first
correction is ~ ¢V ~¥*1, For instance taking N =5 and k =2,3,4,5 one finds
Ry =1=" +n? + 140 +19¢" = = =0 =01 = = 140"+ -, (2.12)
ROy =1- +n7 40+ @ = + 140 ¢ = =0 =0+ )¢’ (2.13)
AR I I B AR D VAR RN
Ry =1- + 141 =7 +0) @’ =t =0 = 1=r” + 1) ¢* (2.14)
I R R S VAR C R Bt AR A VA St
Ry =10 +ma=07 =14 @+ 0™ +m @ +¢ + 0+ =+ + - (2.15)

* where higher order giant graviton

In the following, we will derive exact expressions for these expansions, up to terms of order g2V
effects are to be taken into account.

In particular, we will examine the dependence on the rank k. At single giant graviton level, k-dependent corrections in symmetric
case will contribute terms g™ *¥* (dots being fixed numerical integers) and will thus be neglibile if k is large, consistent with the
limit (1.14). Instead, in antisymmetric case, k-dependent terms will be of the form ¢ =%+ and will mix with ¢¥+" terms. They are

disentangled in the limit 1 < k < N and will be shown to be captured by (1.17).
2.2. N — oo limit at fixed k

Let us begin with the Schur 2-point function in the symmetric representation. According to (2.1), we need

UNY (. oy N
I, (n,q)—}{ D7z

1@ 20 PEL (1 @) 2 (2) 20z~ (2.16)
£ Ak PaPu

In the limit N — oo, it has been conjectured in [43] that only diagonal terms survive in the sum over 4, 1’. We will assume this
property without proof and exploit it to derive a novel representation of the index which will turn out to be useful in the following.
Diagonal terms give

o 1
D Y3 ACH (2.17)
Ak Py

with
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L) = lim DNz 3 (2)* x5z PELf (1: @) 1y (2) 25 (2~ )] (2.18)
N— |z|=1
Same is obtained starting from the antisymmetric representation because [(D¥ZDPR =1, ie.
I3 0a) =1, (r:q). (2.19)

To compute (2.18) it is convenient to introduce a multi-coupling unitary matrix integral [64] with g =(g;,&5,...)

Zn(g) = / du exp( z lg,,Tr U"Tr U‘") =7§ DNz PE[g y(2) x5(z™))]. (2.20)
=1 " |z|=1
UN) n=1

It reduces to the Schur index by identification

=f"q". (2.21)
For N — oo, one has [64]

[+

Z.@=]] 1_1g , (2.22)

n=1

and thus the multi-coupling version of (2.18) reads

P P .
L@®=A— ey =||mma," = ). (2.23)
‘ Log;, 08y, H =[] = 1-g, -1 (1-g, )’ Zes

n>1 &n m>1 n=1 n=1

Hence, the multi-coupling version of (2.17), denoted Z, fok (g), obeys

Z k(g 1 nnr,!
Wi(g)= Pk —r
ANE ) ;cp,l }:[1 ¢! —gn)n %nl:[l(r N2n2n (1= g,)n
Y =exp[ml a ] 2.24)
Ak ns1 n'”" (=g, il g e
This gives the following expression for the ratio at N = oo
I3 (r;q) ®
Sk ’ 1 e’ 3
W,(n;q9) = —— =exp [ - =PE [7 (2.25)
g U (n; q) ,; nl=fn";q" [lex 1- f(n;

By working out its small g expansion, we checked at very high order that the result (2.25) agrees with the conjectured formula
Eq. (5.13) in [43], i.e.

k=1
1 1

= O(nq N9, a1 gy ,12:‘) gD, G0 gy

o)

1
PE[an—f(n iq

It could be worth to prove rigorously the non-trivial identity (2.26).

(2.26)

2.2.1. Taking k — oo
When g, = f(¢") with f(q) = O(qg) it is interesting to look at the large k limit of (2.25) within the g-expansion. To this aim, we

start from
el =7§L | pg | S0 | @.27)
1= fm:q) e 2zightl 1-¢ 1= f(n:9)
If k > oo at some order in g expansion, the only pole that is relevant is € = 1 because other poles give suppressed contributions
~ gkt Thus, cf. (2.25),

(2.28)

15 o) :
W = Jim Wit = Jim 2t —pp | L0

k—»oo IU(‘X’)(n q)
and we remind that same is obtained using A,. The expression (2.28) agrees with the probe D3 brane computed in Eq. (6.12) of [38]
since

f:9) nq n'q L
- + = + . 2.29
I—frg 1-nq - E“ T 229

This also gives
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lim 1V (r: ) = PE fn;q) ]°° 1
Jlim Ig ™ (n:q) - f1;9) 1:[1—f(n";q”)

_ _ = 1 —g?n
=[] PE (" + 17" — " + (" + 17" = , (2.30)
g [ g (1 =n"g"*(1 —n="g")?

in agreement with Eq. (5.14) of [43].

2.2.2. Special limits
In the following we will consider two special limits. The first is simply the unrefined case

unrefined limit: n=1. (2.31)

The second is the %—BPS limit

2-BPS limit:  ng=t, g—0. (2.32)
For the key quantity W(y; q) we get
W(1;q) = PE [2_‘1] :HPE[zq"H]:H; -1 (2.33)
l-q n=0 n>1 (1- qn)2 (Q)?,o
. t 1 1
W) =limW(t/q,q)=PE | — | = =— (2.34)
() = lim Wit/ q:0) [1—:] nl;lll—’" e

2.3. Finite N Schur line correlators from the HS functional

At finite N, we need to keep non-diagonal terms in the double tableaux sum in (2.16), i.e. include contributions from A’ # A. It is
convenient to use the Hubbard-Stratonovich functional considered in [64]

Zyat )= / dUu exp(Z S TeU" +1, Tr U™ ")> (2.35)
U(N)
For a function f(t*,t), we define
> dt +dl N P + 4~ 14
<f>g / Qﬂng gy Tt Fat ), / dlzndgt Pt Y (Y- =nlg" Byt e - (2.36)

Differentiating, we get

Aty i gl e 5 (610 (2.37)
Hlﬂng " o TN T '

P
Z (g )—
Ak APy

The previous result (2.24) for N — oo is easily recovered as a special case. To see this, we use

0
= _ 1,
Z (T ) =exp < > ;z;rn ) , (2.38)

n=1

and relation (B.7) with X =1/n gives

S, 1 diydt, _ - R, r r 1, \7
Z kg = / e " "yl +rnen " (t+)rn(t Y™™ Y pl " n ) =tft . (2.39)
Z PPy g 2z ng, " Z p/\p/\n""

Ak

Integrating over t*, we get a nonzero result if 1= A’ so

derdt; ,l—gn oy
Sk (g) / 2 ngp Tnln 2 lep! <rn> (r">(t:t;)r"—p
AHc RS nng,, 50 P/ \p
=P
r &n
=78 ), 51" p( )(")(rn—p)!< >
};( Pi p>20 p l_g"

=Z.(® Z—nnr (l-g)"=Z (g)ZHnr”r ,m, (2.40)

-k Py Ak n21

where we applied (2.36) with coupling g =ng,/(1 — g,). This is same as (2.24).
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3. Single giant graviton correction: symmetric representation

The leading giant graviton correction to (2.37) follows from the correction to Z N (@1,t7) computed in [64]. The main result is a
determinantal expansion with first term

Zy@tr) . . S
A oKy ) 4, Ky@t,t7)= 2 K(r,r;t",t7), 3.1)
Z (@t t7) N<r

rEZ+%

where
~ J(z;t,t~ zw
Z K@, s;tt,t7) 27w = M s lw| <z|,
J(w;tt,t7) z—

1
r,sEZ+§

(3.2)
< |
J(z;tT,t7) =exp < Z —(rrz" - t‘z‘"))
n=1 n
Thus, the correction to (2.37) reads
S, S, 1 '
Z(g)=Z)(g) - SZi () + .
Ak PAPY 33
drtde; _ L+ :
5ZA/1 — ,,gnnnr+raa Z t+tK t+t 4.
“/Hzmg,, [Zo (1)K (£, 17)]
As we fully discuss in Appendix C, one can prove the following result for the leading correction to the ratio RU(N )(g)
1
Rg™M@=1+ D (g:0)G( ;c>‘ 4o, 3.4)
s W (&) * & & ¢-N
with
G(g: )= m PE[—L(I—C)U—C_])], (3.5)
(1-¢)? l-g
1 1- [ 1- Z:e_ g 1
P (g:0) = PE|—2—(e,e_+e_ (1-0)—e, (1 - 4 3.6
2 (&:0) [1_5+5—1—5—1—C‘16+ -2 epe_te (1-0)—-€e,(1-07) . (3.6)
At fixed k, we get a sum of terms where the dependence on ¢ is in simple powers. Each power ¢” in
1 s
—— D (&0), (3.7)
Wi(®

simply replaces G (g) — GN_p(g) in (3.4), where Gy (g) = G(g; §)|57N .

U()

3.1. Explicit ratios R """ at fixed k and special limits

Evaluation of (3.4) at fixed low k is straightforward and reproduces the associated terms in the expansions of RZ‘EN) presented in
Section 2.1. To give explicit examples, for the rank-2, 3, 4 representations one finds, cf. (1.13),

w20 +nY)  2-3nt —an®+n® 5 2407 =30t =300~ —29'0 4+ "

Gt 5q) = + + + 3+“"
Sz(n q) 1_772 n(1 _’12) q ’14(1 _'12) q 7(1 — 2) q

Gt (n;9)= n? 2(1+n4)q 24—t =36 4248 N 24207 — it — 610 — 248 — 3410 4 412 P -
SR L A G n* (1= n?) (- : :

Gt (g = n? +2(1+114) +2+n2—n4_3n6+2n8 5 2(L+n2 =210 =510 4 412) -
Sg b 1—=n% n(1-n? (1= n2) 70— ) ,

where the above series are from exact expression obtained by (3.4)-(3.6) and we just wrote the first terms. Plugging the above into
(1.13) reproduces the expansions (2.9), (2.10). In particular, the first two terms in G;k do not depend on k and give

RUM _ g _ [n M =D 2+ aheN - a7
St 1—n? n(1=n?)

g+ | gV 4 (3.9)
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It is also possible to consider the generalization of the subtracted ratio in (1.8) corresponding to k = 1, i.e. we can introduce
UN) _ U(N)
I = w1

ek (ng maon™ + ng(r/;q)n"v> g+ (3.10)

From the leading correction to the undecorated Schur index,

LoD [V6y i)+ 17 0] 0¥ + 06Y)
13 ) B P ’
\ TN ) S ik i e
Go, ) =G (™ 59)=—n q&(n2 ﬂ)= [ - ]
'
we can write
G+
+ _ v+ ot + Sk
Gy, = X5, Ghse XSk_Wk<G—+—1>. (3.12)
D3

In analogy with the k =1 case, the quantity X ;k represents the contributions from fluctuations of the probe D3 brane that is used to
represent the k coinciding fundamental strings building .S, , and attached to the giant graviton. For k = 1, cf. (1.9) and (1.10), it was
[48]
1= 252

Xt = ;—qﬁ = - PELfy(ria)]. (3.13)
For k > 1 exact expressions are unwieldy and little instructive. For instance, for k =2 we get

Xt _rHA+n)g—nGé+n)@ -1 -2)¢  +n(1 -nD)g* +q° (1-¢ . (3.14)

2 ntq (1 =ng)(1 —n~'g)*(1 —n~2¢%)?
The second line may be written as a simple plethystic exponential, but we also have a non trivial sum of monomials in the first line.
A similar result was found in [48] for the symmetric 2-power of the fundamental representation.
The result in %-BPS limit (2.32) is much simpler and one finds the following pattern, valid for all k,

k—1
1 1 1
Xt == [ — 3.15
St 1—[1 1=t7 t(t:1),, 1)

U(N)

3.2. Large k limit and R g

Taking into account that g, ~ ¢”, it will be convenient to organize expressions in powers of the auxiliary counting variable x with
g, — k"g,. The explicit form of <I>/f (g;¢) turns out to be

D) =¢—¢
=3P 2 gk
HE + PG+ — )+ 38O - )+ 2+ )+ 387 g +g)
+§_k(4gf+g2)]1<2+ . (3.16)
Alternatively, after specializing g, = f(#";4"), we can organize the expansion in powers of g. Defining

O (n::0) = Y, (:0) s (3.17)
p=0

we have
DY (1) =T = ¢+,
DY (10 =+ Q=30+ + D,
D) =7+ 2401+ =3 =T+ PG + 54 30) (3.18)
+EGn 445 =8 K + 1+ ),

10
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The above coefficients are valid for large enough k. In more details, we need k > p in <I>f p(n; {). We can now take the k — oo limit
at fixed N. We can drop from CDf , powers of ¢ with exponent dependent on k since these are of the form ¢+ and give terms

suppressed at large k. Special large k scaling relations like k ~ N or k ~ N2 are equivalent from this point of view.
To isolate powers of ¢ with exponent independent on k, we start from

de de_ 1 I—¢e, 1-Ce_ g _
S (g; :f{ + }{ + PE ee_+e_(1-0—e,(1-¢"NH)|. 3.19
2 (&0 20t P 2miek i Toeyel 1= 1--1e, T_g\+ A--e, (-7 (3.19)

We integrate over £_ by taking minus the residues at e_ =1, ejr]. The first pole leaves a k dependence. So, taking the residue at the
second pole, we define

S (g:0)=¢ ?{ de_ pp [i (1 +el(1-0) —e(l —cﬂ)] : (3.20)
2rie l1-g

One checks that indeed it is correct, i.e. generates all terms in (3.16) that are k-independent

BS (g =C+Eg +gh+O8 + 30+l 4 3.21)

Each power ¢? simply shifts Gy (1;q) = G y_,(11; q) where, cf. (3.11),

O nq)?
Gr(miq)=— |V LT N2 e | N (3.22)
N 8. 9) 30 2.nq)
This gives
RYMu) =1+ GEm )+ NG5 lgY ++.  Girg) =G '1g). (3.23)
with
Gin9)
S —PE [— L] L de pg [L (1 +e ' —nlgH -1 —nq))]
G2 9) 1—f|nq J 2xie 1-f
-1 d—‘cfPE S (1 1—i —e(l-ng))]|. (3.24)
nq 2rie 1-f\e nq
The plethystic exponential may be expressed in terms of g-Pochhammer symbols
2 _ 2
PE[ f (1(1 B L) el —nq)>] :PE[_ (1 +nge*)(1 = 2nq +n°)
1-f\¢ nq en*(1-n~lq)
<. 1 1 2q qe
=PE[Y\(—= +2¢%c - — + = — = —qne)(n~')"]
frr ent en
_ T e € T ) (en” g 9 (engi 9 (3.25)
(eq®n~ 12 (eIt
The general ratio is thus
G5 i}l{ de (€750 Do €20 Qo (7' @i Do (ena:n™ ' Do (3.26)
G mq) nqJ 2nie (eq®n~ g2 (e g g% ' '
This may be written in a more compact form by using g-theta functions, cf. (A.3),
L 4y\2 .4 2.4
G ) :L% de (f,n)oo 19(8,n)19(5ﬂ ,”) .27
Gry(n:q)  ng® J° 2mie (eq* 1%, 9els 1)

From (A.4), we have
8<5ﬁ;z> =—(q/17)_1/2819<£;€), (3.28)
q n n

and thus we get'®

10 1t would be interesting to see if methods of [19] may deal with the contour integral (3.27) to give an explicit # dependent g-series, although this is not essential
for our applications.

11
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Gima) 1 de 1 @DL Sen’
PR AT R TR (3.29)
Gry(ma)  nPq ) 2mie € (eq® 15 97

The explicit expansion in powers of ¢ is straightforward and reads

2 200 +4% 2477 =0t =300 + 218
G = —— gy g
L—n* n(l-n% n*(1—n*)
+Qr 7 4 4 =2 ¢
+ 0+ dy B T O =3 =32 + 1= 2 ¢

+Qr B +dp N w8y —6n + 2 = 200) P+ - (3.30)

3.2.1. Unflavored limit
In unflavored limit # — 1, the plethystic exponential (3.25) simplifies to

2 _ 2
PE[_M :PE[—g—qu]:<l—l> (1 - qe)?, (3.31)
e(1-¢q) I3 3

and thus

G§(1:9) :
1mf—.=1;1§2d—?<1—1) (1-gel=q"+4+q. (3.32)
n—1 GD3(;1,q) q Tie I3

The first correction in # — 1 can be computed as follows

1 f (1 1
— PE|X—(=[1-=)-e1-
nq [1—f<6< rlq> “ nq)>]
2.2
<1—(;1—1)+-~>PE[—%—2qe+M(n—l)+u-]

e(l—q)
1-— 2(1_ )271_,_ _1+i ﬁ_,_ﬂ B=1D+-
* . im0 \E—¢" 1—54'“'2) !

2 I s non
=1<1—1> (1 - qe)? 1+<—1+2 > <"—q—p +£q"+2(£q"+2)">>(n—1)+~--]
q € | e gP
1+<

n,p=0
2
= 1(1— 1) (1-qe)?
q £

(o)
2(5—1—1) + 81+pq2+2p)
—1+§ e =1+ | (3.33)
The coefficient of £° receives contributions from a finite number of terms in the sum over p, and this gives
Gn,9) g 4 dtg— 14841042+ 84> +¢*
G ) a(l-¢?)

Using the near unflavored expansion [36]

Q=

Q|-
oM | =

=D +0O(n-17%). (3.34)

1 1 5
Gr.(nq)=—=q —— — 2g+0O((n — 1)?), 3.35
D31 9) 29,1 19T ((n=1)7) (3.35)

gives the total correction

1 —10¢% — 16¢° - 34*

1-q% '
Extra powers of N in the unrefined limit are commonly referred to as a wall-crossing effect [6,7,65]. In similar contexts, it was shown
that they arise on gravity side from zero mode of fluctuations [24,25,66]. In this case, it would be important to clarify whether they
arise by the same mechanisms and determine the details of the physics, in particular what symmetries are responsible for zero modes.
This would require a detailed analysis of the boundary conditions for the brane probe attached to the giant.

_ _ n—1
NG )+ N Gyn:9) = —N(1+49+ ¢ - (3.36)

3.2.2. 1-BPS limit
In %—BPS limit (2.32), the plethystic exponential (3.25) is

21 _ 2
pp | - (L ngend 2’7‘””)]=PE[—1—15]=<1—1>(1—ze), (3.37)
en*(1—n1q) £ €

and thus

12
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Gt
£ =1j§_2"‘j <1—1>(1—ze)=—+t. (3.38)
G, 1 i £ t
Using
N |
G, = iyt (3.39)
gives
1+1
Gtity=——. 3.40
1o = (3.40)
This is consistent with (3.15). Indeed, for large k
G+
+_ Gs  \_ (14t 11 |
XS_WOO<G+ 1>_< . 1>H1_tn_zH1_tn_k1L“;XSk' (3.41)
D3 nl w1

4. Single giant graviton correction: antisymmetric representation

For the antisymmetric representation, cf. (2.4), we can repeat the derivation in Appendix C.1 by taking into account relation (2.7).
This readily gives, cf. (3.4),

UN) oy _ 1 Ay .

RAk (g=1+ AT D (g,ﬁ)G(g,O‘ciN +, 4.1
with

Ao 1 l—e_1-¢7le, g [ N o

OO = T Toe, Toge. | T Tog\ e e imOmadlney ehek @

In fact, this expression implies the very simple relation between the @ functions for symmetric and antisymmetric representations

D& =0 (gD, (4.3)
Expanding in ¢ after specialization to the Schur index gives then, cf. (3.18),'!
1 _
L) = 7 -k,
ENE! _ _ (4.4
Op ) =(+n 1)[2 +¢F 2 -3 agk|,

and so on. Now, due to (4.3), exponents of { include cases k —n with a non-negative integer n. These replace G — Gy _;.,. It makes
sense to consider k> 1 only with k < N. We may select here all powers of { with an exponent of that form. In the contour integral

(I)A( (:)_% d5+ % dE_ (4 5)
k(&6)= 2miekt! ) 2might] :

l—e_1-¢7!
! A PE[— g

& (- A _ el
l—e,e_1-€e, 1—-Ce_ 1—g< ee_+e (1-0)-e,(1-¢ ))]

we pick now minus the pole at £, =1 and then the pole at e_ = 1/{. This defines

5’{3(g;c>=c"”(c—1>PE[ﬁ<z—é)]. (4.6)
In conclusion, we can write (up to subleading corrections ~ gN*% with & being a fixed k-independent integer)
Ry ™M)= 1+ "G ) + 1N Gl gN T 4 4.7)
with
G (n;9)
ZATT _pg [— L] (1-nq) PE [L@ - nq)]
GL5m9) I=f 1-f
.4
f 1 14 )
=1 -nq) PE[—U—W)] = (4.8)
1-f 1-nq (%)oo

11 See comments after (3.18) for the validity of these relations.

13
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Notice also the expression

+ nq (%)w
Gng=——"——"—. (4.9)
1-nqL,q
,72 4 n’®
4.1. Special limits
Unrefined limit We start with
aq;q)y n
(909 bq Do _ exp Y llog(1 - ag™") ~log(1 = '™ H] =1+ (b= Da—1) ¥, —— +O((@—1)?). (4.10)
(@°4: @) =0 Sil-4
Using (4.9), we get
q 1 939-5 ¢ q"
Grn )=~ — +— +0(n -1, (4.11)
A 2(l-=g)n—=1" 401 —¢g)? 1—q,§11—q"
and this gives the total correction
_ _ _ -1 2 " 2—
NG + G i) "2 (N -+ 3 4 4G9 (4.12)
l-g¢ l-g&5tl-¢" (-9
To give an example, for N =5 and k =3 we get
1+412)xgVN % =1-4¢> -3¢" +0x ¢° +3¢° + -, (4.13)

where we wrote only terms that are not affected by higher giant graviton contributions. This is in agreement with the # =1 limit of
(2.13).

%-BPS limit In this limit, we have simply

1-f
that implies GX(I) = Gg3(t) =—t/(1 —1), cf. (3.39), see also Section 2.4 of [49].

(1-ng9) PE [L(l —nq)] ={1-9PE[t]=1, (4.14)
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Appendix A. Conventions for g-functions

We collect in this appendix the definition of special g-functions appearing in the text.

q-Pochhammer symbol

@9e=[J0-2d". (@F:9e=@ "9, (A1)
k=0
@ = @90 =] J1-5- (A.2)
k=1
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g-theta function The g-theta function is defined as

1
9(x,9) = =X 2(0) oo (X1 D)oo (aX "1 @)e » (A.3)
with
2
Ix;9)=—-9(x"1;9), " x:q)=(=1)"q" T x"I(x;q). (A.4)

Appendix B. A useful differentiation identity
In our analysis it is useful to give an explicit formula for the double multiple derivative
Xab
970,'e” ™. (B.1)
It may be obtained by introducing two auxiliary Gaussian variables to have linear dependence on a, b in the exponent:

oo eXab = azazni / d Ad Be-A>—B>+aVX(A+iB)+b\/X(A-iB)
T
—xel 1 /dAdB(A+zB)"(A—1B)"’ —A2— B2 +a\/X(A+iB)+b\/X (A—iB)
T

=Xy L / dAdB(A+iB+bVXY'(A—iB+aVX)ye AP
T
— XX " (A+iB+bVX)(A—iB+aVX)"), (B.2)
with
1
(A%)=—=T(p+3). (B.3)
Vr
Introducing complex combinations
z=A+IiB, z=A-iB, (B.4)
with the non-zero average
1 w 1 1
((z29) == Y T(g+ 3T (p—gq+ p(") =p!, (B.5)
V4 -0 q
-

gives

(E+0)"GE+y"y=) <n> < >(2"Z”>X" Wb =x"y" Y p! < ) (m>(xy)"’, (B.6)
a,b a p=0 p p
and thus
a‘r;a]r?ne)(ab = gXabmpn xyntm Zp! <n> <m) (Xab)™?. (B.7)
750 p p
If additional sources linear in a, b are present, the same procedure leads to
a(rltalr)ne)(abJr\/?(anrﬁb) — eXab+ﬁ(tta+ﬂb)x# (a+ b\/})"(ﬂ + a\/})m ZP' <Z> (ZZ) [(a + b\/})(ﬂ + a\/})]’l’ s (B.8)
p=0

reducing to (B.7) when a = =0.
Appendix C. Full details of the main calculation

In this Appendix we present the detailed derivation of (3.3), (3.5), (3.6). Following [64], we begin by introducing

v= Y Zuw(]] ’n+’na "o [Z A ) K(rsitt ),

r,s€Z+— n>1
\/zw dtde; _¢+ 1
(AR r,,+r n +— T — " — 1t (77" — "
/H T 9o exp <1ntn+tn(z W =" — w )). €1

We use (B.8) with
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M. Beccaria
1 1 1 - | _ 1
X=-, a=—E"-wh=—T, f=——EZ"-—w ) =——TF, (C.2)
n N7 V" N N
and obtain
Vzw derde; r\ [ ,
U= “ Ppl( ") )@t =T Y + T )P
/HZﬂngn an<l’><1’>(" R ")
p>0
1—
exp & ( R A i z;T;f). €3)
n 8n
To integrate over t¥, it is convenient to first translate ¢*, ¢~ according to
g - g -
e Sl I -t +——T, . C.4
n -, n -1, 1 -, n ( )
This gives
\/zw dt+dt_ / =P a=p 1—
/H p!(r”> (r"> (t:—;T:> (t;+ : Tn‘> expl<— En t:t;—g—"T:Trl_).
27rng,, >0 14 p 1- &n 1- &n n &n I- &n
(C.5)

We need the diagonal terms in

’_ _
anp! ) (" z+—;T+ " o+ ! T " (C.6)
pJ\pJ\" 1-g, " "ol-g, " |

p=0

where we will replace

m
n
&n > . €7
1- &n

Let us compute the quantity

r r 1 P 1 fn=P
D, = n”p!<"><”><t+— T+> (t_+ T—>
el ;, p)\pJ\" 1-g, " "ol-g, "

Y 1 nerma s ry=p—b
- 2 () e (-5m) T (Hem)
p.a,b=0 p p 1- &n 1- 8n

a —p—a
() (2 n> () () (7)) () (- )
l-g, 1-g, o p a a 1-g, (1-g,)?

() () B () ) () () () oo
l_gn " l_gn pa>0 p a a l_gn n(l_gn)2 nen ' )

The product over » has a factor

+4—\ym
@) —>m!<

[ yma;y-. (C.9)
n=1
The sums of + indices are ), r;n =|A'| and Y, r,n = |4|, respectively. Consider now
o B O
TS p)\p a a
=3 ap r! ! (r—p)! " =P yayp
o0 pl(r—p)! p!(r' = p) al(r—p—a)! al(r' —p—a)!
11
=¥ o e [ XYP. (C.10)
S atp! r=p—a)!(' —-p-—a)
Changing summation variable p + a = g, we get
1 rir’!
fr,r’ = Z Xty
S d = r=l" — !
—Z ( >< >(X+Y)q=2F0( r—r, X +Y). (C.11)
q=0
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Setting w = { z, the object we need to evaluate is thus

d)f(g;{): Z L HDr r

n'n
Adk PAPX p3)

1 1 " n(1 —gn))”
= - T+ -], C.12
A,%—k PPy g < l-g, " > < ) ‘;)p < > ( ) < T, T; €12

which is a function of ¢ because, after taking the product over n, only terms of the form

+ + “en - T e
TnTTn; T"l_ Tn; (C.13)
with
n‘l"+n‘2"+...=nl_+n;+...’ (C.19

survive, and thus all dependence on z, w is through the ratio ¢ = w/z. The leading giant graviton correction in (3.3) is then'?

1 Az s ¢
62 (8)=Z(8)P (&) —
LAk PiPy & & & é: ( C)Z

PE |- —£--oa —c“>]| : (C.15)
1- I4 é’—N
and this proves (3.4). It remains to put in a more explicit form the quantity <I>f (g;¢) which was defined in (C.12).

C.1. Plethystic representation of d)f (g:0)

We start with the following straightforward manipulations

1 NN ATEU:
o3e- (-=2) (22) 2 GG (-5=)
g A;‘—kmpﬂ’ g I-s -8/ 5 b

T
HZ_( ”(l_gn))pap+ T_< l—gn> <1 ngn>

Ak PPy n=1 p=0

SIDETRIER RS | [, )

w21 p=0 P Ak PAPY 5

T- 1 +
‘HZ_( n(l—g,) )pa;+a;_exp2 < n > xpzn< +1_g > (C.16)
nx1 p= 0 n>1 8n / ek n>1 n
This may be written
S (o — = _ p YN 4 1 ngp— _ _np+
D (g:0) = HZ ( n(l—-g,) 0T+0T_e pi(1 s )(e_Tn erT) >] ‘L
L1 p=0 n ek
en en p 1
= —( n(l—g,))P <— + — > exp <£ZT_ —e"T+>]
g; " n(l—g,) n(l—g,) n(l-g,) T T ek ex
= H p <e e" +&" T —€ T+>] (C.17)
L n>1 gf_,s’f
Adding and subtracting # = lf"g s and finally rescaling £, — z*le,,
we get "
1 1 _5+ - g,, P
O (g:0) = [ xp e 4" " T —e" " TT
k l—e,e_l—¢€_ 1£+ E l-g)\* ! * ! ek ek
1 1 — &4 1-Ce_ &n non n _
_ +e"(1 =)= (1=¢" , C.18
[1_£+5_1_5_1_ =P ]:[l W g\ A== )| (C.18)

+

which is formula (3.6) used in the text. Notice that in free limit g =0 one has

<|

1 From B,cy. 1 £ H, = O we et Bycpucps H= Dnepiczat FAEET SO = FdL7© T2 050 = [ aeed 1 )= %f(c) and an extra
comes from \/E/(z —w) in (C.1).
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1 1—¢e, 1-Ce_ _ 1 1
l—ee_l—e_1-¢le, ek ek gk gkt

D (0:0) = +¢, (C.19)

where we did contour integration, cf. the first line in (3.18).
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