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ABSTRACT

The paper introduces a refined formulation, based on higher-order theories, for the thermo-electro-elastic
analysis of laminated shell structures made of smart materials. The formulation employs a generalized higher-
order model to describe the configuration variables, following the Equivalent Single Layer and Equivalent-
Layer-Wise approaches. After presenting an effective homogenization procedure for thermo-electro-elastic
smart composites, the fundamental equations are derived in curvilinear principal coordinates, taking into ac-
count the coupling effects among mechanical elasticity, electricity, and heat conduction. A semi-analytical so-
lution is then obtained using Navier’s method. Furthermore, the three-dimensional response of the panel is
determined through a recovery procedure that applies the Generalized Differential Quadrature (GDQ) numerical
method.

Numerical examples are provided, where the formulation is applied to both straight and curved panels sub-
jected to various surface actions. These examples point out the coupling effect between different physical phe-
nomena on the multifield three-dimensional response. Furthermore, the numerical results based on the proposed
formulation are verified to be consistent with predictions from finite-element-based models, despite the reduced

computational cost.

The manuscript enables in a simple way the study of physical couplings between different fields that are not
considered in most commercial software. As a result, this formulation offers a valuable tool for designing doubly-
curved laminated panels made of innovative smart materials for novel engineering applications.

1. Introduction

In recent years, there has been a growing interest on smart structures
[1,2] made of advanced innovative materials. Novel applications in
manufacturing industry, aerospace, structural monitoring, medical de-
vices and other fields have increasingly relied on structural components
that are sensitive not only to mechanical forces, but also to environ-
mental conditions [3,4]. In this context, new engineering challenges
have been studied, including sensors, actuators, and energy harvesting
problems [5-7]. In addition, the structural design requires the devel-
opment of elements with a reduced weight and size, while ensuring an
adequate structural response under various multifield actions, including
mechanical forces, electric and magnetic field, as well as hygro-thermal
environmental variations.

In this context, advanced modelling strategies are required to accu-
rately predict the multifield response of these structures. Various works
have been presented in literature to model the coupling effects between
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different physical phenomena to account for their mutual interactions.
The introduction of additional Degrees of Freedom (DOFs) yields a high
computational cost, with the necessity of developing advanced model-
ling strategies. A milestone in this research area is the development of
two-dimensional theories for analyzing straight and curved panels
extensively used in common engineering applications [8-13]. These
theories are based on pre-determined axiomatic assumptions for
describing the unknown variables along the thickness direction. The
Classical Plate Theory (CPT) accounts for a linear distribution of in-
plane displacement field components and a uniform vertical deflection
[14], while the First-order Shear Deformation Theory (FSDT) introduces
an angular quantity among the DOFs, and the Third-order Shear
Deformation Theory (TSDT) provides a third-order expansion of the
unknown field variables [15,16]. However, it has been shown that only
higher-order kinematic models can accurately predict the response of
moderately thick shell structures, while classical approaches are not
sufficiently accurate [17]. Thus, a generalized formulation has been
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developed, which adopts the governing equations for laminated struc-
tures based on an arbitrary expansion of the unknown field variables
along the thickness direction with generalized thickness functions
[18,19]. As a result, several structural theories can be easily obtained by
adopting specific expressions for these functions. On the other hand, in
the case of laminated structures with softer layers within the lamination
scheme, it has been shown that a Layer-Wise (LW) approach is appro-
priate [20,21]. Following the LW framework, the kinematic model is
assigned to each layer, and the assembly of the equations through
interlaminar compatibility conditions allows one to obtain the funda-
mental governing equations for the entire structure. In a previous work
[22], it has been shown that various polynomials can be adopted to this
end. On the other hand, when the thickness functions set is directly
assigned to the entire laminate, an Equivalent Single Layer (ESL) model
is obtained. Several formulations accounting for polynomial thickness
functions can be found in the literature [23,24]. However, in some cases,
trigonometric functions have been demonstrated to be a valid alterna-
tive [25-28]. In this context, the interlaminar deformation is well
described if the so-called zigzag functions are adopted within the kine-
matic model, as shown in the work by Murakami [29,30]. More spe-
cifically, a general zigzag function is usually adopted, accounting for a
slope variation in the vertical deflection. In Refs. [31,32], a refined
zigzag theory has been presented, where the thickness functions set is
derived from the mechanical shear properties of the laminate under
consideration. Furthermore, in Ref. [33], analytical expressions for
thickness functions are provided, derived from the geometric properties
of the structure itself. A hybrid approach, named Equivalent Layer-Wise
(ELW), has been also introduced, where the functions usually adopted in
LW theories are applied to the ESL formulation [34-37]. In this way, it is
possible to derive a model with three-dimensional Dirichlet boundary
conditions, where a prescribed value of the unknown field variable is
specified in a particular region of the solid. Some possible applications of
this approach include displacement-imposed mechanical problems,
hygro-thermal simulations with prescribed temperature and humidity,
and electric problems with prescribed electric voltage.

In multifield problems [38], higher-order theories have been adop-
ted to predict the piezoelectric response of smart laminated sensors.
More specifically, power series expansions are extensively used to derive
the electric voltage induced by the deflection of a panel. As shown in
Ref. [5], the piezoelectric problem can be addressed using both power
series [39-41] and trigonometric series expansions [42-44]. Various
formulations have been provided for laminated structures with a
piecewise variation of the material properties and for Functionally
Graded Materials (FGM), which are characterized by a continuous
smooth variation of material properties along the thickness direction
[45,46]. In all these models, it is essential to develop a strategy to obtain
the homogenized properties of an equivalent continuum material.
Models of different complexities have been proposed. Each methodology
is based on the definition of a proper reference volume element, and the
equivalent multifield properties are derived through proper multifield
reference load cases [47-49]. In this way, some analytical expressions
have been derived, which can be grouped into series and parallel con-
figurations. Another classification separates homogenization techniques
that consider the geometric properties of each phase within the unit cell
from those that adopt only their multifield properties, while the influ-
ence of the geometric configuration is neglected [50]. The latter
approach provides accurate results only when the concentration of in-
clusions is relatively low compared to the whole size of the unit cell. An
alternative approach, based on a volume deformation, is the well-known
Mori-Tanaka’s theory [51], which has been largely used to derive the
homogenized properties of multiphase materials with dispersed short
fibers [52,53]. This methodology can be also used for higher values of
the volume fractions of inclusions. For multifield problems, the Mori-
Tanaka’s theory has been successfully adopted in Ref. [54] to obtain the
analytical expression of the homogenized properties of a magneto-
electro-elastic two-phase composite material consisting of cylindrical
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fibers embedded in an isotropic matrix. As cited in Ref. [54], materials
simultaneously exhibiting piezoelectric and piezomagnetic properties
are adopted in various applications, including energy harvesting, logical
memory, miniature antennas, sensors and actuators, and thermal im-
aging, among others. It should be noted that for practical applications
these materials should be characterized by large magneto-electric effect
at a given temperature, therefore two- or three-phase materials are
preferred to single phase materials with magnetic and electric polari-
zation. To model these smart materials in numerical simulations,
advanced modeling strategies are required which consider multiphysic
phenomena. Among literature, two-dimensional approaches are exten-
sively adopted which can be seen as an enhancement of plate and shell
theories for mechanical elasticity.

The solution of the two-dimensional model can be used to obtain the
dispersion of configuration variables such as displacement field com-
ponents, temperature increment, and electric voltage [55-59]. For a
mechanical elasticity problem, a post-processing correction of stress and
strain profiles is necessary to obtain an accurate distribution of these
quantities [60,61]. Indeed, the reconstruction of the actual response of a
panel from the higher-order two-dimensional solution does not ensure a-
priori the correct loading conditions at the top and bottom of the
laminate. For this reason, a correction of stress and strain profiles
derived from higher-order definition equations and constitutive re-
lations is mandatory. Since the obtained profile depends on various
factors including geometry, lamination scheme, loading conditions, and
material variations, a numerical algorithm is adopted in this procedure
rather than analytical expressions. The numerical procedure must be
both accurate and computationally efficient.

One important issue in developing very complex structural theories
is the validation of the model, as results from existing literature can be
very scarce, and commercial codes often do not account for all aspects of
the theory like pyroelectricity when developing a validation model
[62-64]. For this reason, closed-form analytical solutions are usually
derived under some specific assumptions, including geometry, material
models, and boundary conditions [65-68]. In this context, the well-
known Navier method allows one to derive a solution for simply-
supported spherical panels with cross-ply lamination schemes.
Furthermore, other mathematical strategies are available to derive
proper analytical solutions for various boundary conditions, including
cylindrical bending [69,70] and fully-clamped boundary conditions
[71-73]. On the other hand, approximate solutions can be derived for a
general configuration of panels. For instance, in Refs. [74,75] a solid
shell element model is developed for curved structures with distributed
piezoelectric sensors and actuators which account for pyroelectric effect.
Here, it is shown that the stress distribution is rarely affected by pyro-
electric effect, while electric potential and electric displacements are
influenced by the presence of temperature variations within the solid.
Mechanical and multifield problems are frequently addressed using the
Finite Element Method (FEM), which involves the use of pre-determined
shape functions within the computational domain, obtained from a
proper discretization of the physical domain into regions called finite
elements [76,77]. The main issue related to FEM is the local interpola-
tion of the unknown variable, where the higher-order compatibility is
not guaranteed a priori among adjacent elements. Therefore, accurate
solutions can be only derived with refined meshes, with a high
computational cost. This problem has been overcome by spectral
collocation methods [78], which interpolate the unknown variables
throughout the entire physical domain. In this way, the governing
equations are solved by using a limited number of sampling points, with
a significant reduction of the computational cost [79]. Among these
methods, the Generalized Differential Quadrature (GDQ) has been
extensively applied in structural mechanics problems due to its
simplicity and accuracy [80,81]. Based on a higher-order interpolation
of variables, the GDQ method approximates the derivatives with a
weighted sum of the functional values and proper weighting coefficients
that depend on the specific interpolation technique. Another important
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aspect is that the GDQ allows to solve the fundamental equations of a
given problem directly in the strong form without using shape functions.
This makes the numerical implementation relatively simple compared to
other numerical techniques [82]. The GDQ method has been success-
fully applied to various engineering problems, including the free vi-
bration analysis [83,84], transient simulations [85], and fracture
mechanics problems [86,87]. Furthermore, general formulations have
been developed for multi-domain simulations. Moving from GDQ, an
efficient numerical technique called Generalized Integral Quadrature
(GIQ) has been developed for the numerical computation of integrals
[88]. Moreover, the Taylor-Based Generalized Integral Quadrature (T-
GIQ) and the Harmonic Differential Quadrature (HDQ) are alternative
versions of GIQ, using Taylor series and Fourier series expansions,
respectively [89].

Referring to multifield problems, few works have been produced that
fully couple thermal and electric fields with the mechanical elasticity in
two-dimensional higher-order theories and solve the coupled multifield
problem, accounting for all possible effects among these phenomena. As
a consequence, the main purpose of this work is to investigate the
multifield response of curved laminated structures under thermal and
electric loading conditions, employing higher-order theories and a
generalized formulation. More specifically, an arbitrary kinematic
model is adopted in the formulation according to the ESL and ELW
frameworks, allowing for the prescription of arbitrary values of multi-
field unknown variables at the top and bottom surfaces. The funda-
mental equations, derived in curvilinear principal coordinates, consider
not only piezoelectric and thermal expansion effects but also the influ-
ence of temperature variations on the electric field distribution within
the three-dimensional solid. A closed-form Navier solution is derived,
and a recovery procedure, based on multifield balance equations and
GDQ numerical technique, is adopted to derive the actual response of
the three-dimensional solid. A systematic investigation is conducted in
selected case studies, where the present higher-order formulation is used
to study the multifield behavior of various laminated structures made of
smart materials, treated with a continuum homogenization model. For
each example, the model is successfully validated against 3D FEM,
demonstrating the accuracy and computational convenience of higher-
order two-dimensional theories compared to three-dimensional formu-
lations. With many coupled numerical examples, otherwise not
addressed by commercial packages, the paper explores new insights in
multifield analysis of laminated shell structures, thus enabling the pos-
sibility to adopt smart materials for thermo-electro-mechanical novel
engineering devices.

2. Higher-order thermo-electro-elastic theory for doubly-curved
shells

This section introduces a generalized ESL and ELW thermo-electro-
elastic theory for doubly-curved laminated panels, following the ESL
approach. The fundamental equations are derived in curvilinear prin-
cipal coordinates based on the Master Balance principle, and a semi-
analytical Navier solution is derived under specific geometric, mate-
rial, and mechanical assumptions. Within the ESL framework, a refer-
ence surface is defined, such that the position vector R of an arbitrary
point is expressed as follows [38]:

h(al,(lz)

R(ai,a2,{) =r(a1,a2)+ 2

zn(ag,as) (@D)]
Here, r denotes the position vector of the reference surface, which is
described using the curvilinear principal coordinates a; = a1, 2, while
h(a1,a2) represents the total thickness of the shell. A rectangular
physical domain [a9,a}] x [a%,a}] is defined, where a% < o} withi =
1, 2. Furthermore, the parameter z = 2{/h is a dimensionless variable
that depends on the thickness coordinate {. As shown in Eqn. (1), this
coordinate is oriented along the outward normal unit vector n(a 1, a2) of
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the reference surface, which is defined at each point of the physical
domain as follows:

riAr
n(a,az) = m 2)

In the previous equation, r; = dr/da; represents the partial derivative of
the reference surface position vector r with respect to a; =a1,a>
principal coordinates. Moreover, the first-order in-plane derivatives of r
are used to derive the Lamé parameters of the reference surface, denoted
by A; = A1,A, as defined by:

Aj(ay,az) = JTiT; 3

Similarly, the principal radii of curvature of an arbitrary parametric line
on the shell are introduced. If r; = d°r/(dada;) denotes the second-
order partial derivative of the position vector r with respect to the
principal coordinate «a;, aj = a1, az, the following definition is
employed:

4

Ri(a1,az) = —=

These quantities are used to express the infinitesimal arch length ds; =
dsi, ds; along an arbitrary a; = a1, @ principal direction in terms of an
infinitesimal variation da; = da1,da 5. This leads to the introduction of
the curvilinear coordinate s; € [0, L;]:

dSi =A ,-dai (5)

The total length L; along a; principal direction is calculated for flat and
curved panels, under certain geometric assumptions [38]. More specif-
ically, uniform principal Lamé parameters, as defined in Eqn. (3), and
uniform principal radii of curvature (4) are considered. In other words,
it is assumed that the derivatives of these quantities remain uniform
throughout the physical domain:

(y’Hm A 1
0s 0s

I mA )
0s™ 0s™ -

an+m R 1
0s",0s"} -

IR )
0s" 0s™

(6)

In this way, the quantities L; = L1, L are evaluated as follows, setting
s =dR;fori=1,2andj = 0,1:

Li=s;—s}=(a} —a%)R; )

For a circular cylinder with R; =+o0 and Ry = R, the generatrix forms
a circular arc, coinciding with the generatrix along the a, principal
direction. Thus, Eqn. (7) can be written as L1 = s! —s = a} —a? and
Ly =sy—s) = (a} — a3)R. Onthe otherhand, if Ry = RandR; = + oo,
the generatrix lies along a principal direction, and the quantities L,
and L, are evaluated as L1 = s} —s) = (a] —a?)R and L, = s} —sJ =
a} —ajd. Finally, the total thickness of the shell h is computed at each
point of the physical domain as the sum of the individual thicknesses h
with k =1, ..., of all layers in the stacking sequence. For an arbitrary

k—th lamina of the shell located between heights {; and {;,;, one gets:

1

1
h(ay,az) = he(ar,az) =Y e =) ®

k=1 k=1

At this point, a generalized kinematic model is introduced, accounting
for an arbitrary expansion of multifield configuration variables. These

variables include the components U§k>,Uék) and Uék) of the three-

dimensional displacement field vector associated with the geometric
reference system a1,a2,¢, measured in [m], as well as the electrostatic
Ap® =¢® — ¢, and the
AT® = T® _T; with respect to the stress-free reference configuration
of the solid, measured in [V] and [K], respectively. In addition, the
reference values for the electric potential and absolute temperature are

potential temperature  variation
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denoted by ¢, and T, respectively. These quantities are organized in

vector A®, defined at each point of an arbitrary k—th layer of the three-
dimensional solid with k = 1, ...,1. The generalized model considers an

arbitrary expansion of each element of A®), consisting of N+2 terms,
taking into account an arbitrary set of thickness functions R
FE’Q”‘(C) with 7=0,..,N+1 and i = 1, ..., 5. By introducing vector
50 (a1,a2) of generalized configuration variables for eachz = 0,....N +
1, the kinematic model can be expressed as follows [38]:

vy
k)
N+1 U<z
AR — Z ng) Y o U(ek)
=0 A ¢(k)
AT®

Fla 0 0 0 0 u'y
k)a T
va| 0O FRe o 0 0 uy)
= 0 0 Fh= 0 0 u?) (9
=0
0 0 0 Fhe 0 P
0 0 0 0 Fb5s || @

Note that the formulation is derived regardless of the specific form of
each thickness function. Furthermore, Eqn. (9) enables the derivation of
various two-dimensional theories of different orders by choosing a

particular expression for e including classical theories such as FSDT
and TSDT. Following the ELW approach, in the present work the
following thickness function set is adopted for ¢ = 0, ..., N, where z =
2¢/h is a dimensionless parameter depending on coordinate { which
identifies the points of the solid along the thickness direction [38]:

1.3
TZ for t=0
FRa)y = {1 31 for r=1,.,.N—1 (10)
143
;Z for t=N

Finally, the following expression is adopted for any 7 = N + 1:

(-4

— 1)z =—2—2L for k=1
(Vm=p—y
R o ky _ k(o €= G for k —
N+1(c)— (_l)zk—(—l) 2m—1 ork—2,...,l—1
(17 = (- D=8 for k=1
CHl*l

(1)

It should be also noted that thickness functions in Eqns. (10)-(11) as-
sume a null value at the top and bottom surfaces of the laminate, forz =
1,...,N —1, while assuming a unit value at the bottom and top surface, for
7=0 and 7 = N, respectively. As a consequence, the generalized ELW
unknown variables with i =1, ..., 5 represent the prescribed values of

configuration unknowns at the outer layers of the shell:

A(il) <017a2,§ = —%) — 5§0)<a17a2)
(12)

h
A(il) <(11702$C:§> = 51@(0‘17(12)

On the other hand, the ESL formulation uses the set of thickness func-
tions reported below, which are associated with 7 =0,...,N+1 kine-
matic expansion orders:
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4 for t=0,..,N

2 Cen + &k
- fort=N+1
Cer1 =Gk Cri1 — Gk

F(kr)a i (é«) _

(- 1fze=(-1)"
(13)

for any k = 1, ..., L. At this point, the nomenclature ELD —N and
ELDZL —N is introduced to clearly identify the specific kinematic model
used in each simulation. The acronym “EL” denotes the ELW kinematic
model, while “D” indicates that the unknown configuration variables for
the mechanical elasticity case are the displacement field components. In
addition, N represents the maximum kinematic expansion order as
shown in Eqn. (9). Finally, “ZL” is used when the ELW zigzag function
(11) is considered within the kinematic model. In the same way, for the
ESL kinematic model, the acronyms ED —N and EDZ —N are used. In this
case, “Z” indicates that the zigzag function from Eqn. (13) forr = N+1 is
used within the model, while “E” denotes the ESL formulation.

Once the kinematic model is established using the generalized model
in Eqn. (9), higher-order equations are derived from those ones for a
doubly-curved three-dimensional solid. More specifically, the present
thermo-electro-mechanical formulation accounts for the vectors of pri-

mary variables, including the three-dimensional strain vector e®

T
[5({‘) g(;() R (R () e(§> , the electrostatic field o®

Yi2 Y13 723

T
[9({‘) 6‘(;) 9%‘)] , and the temperature gradient &® =

T
[ PRI S A ] , all referring to the curvilinear reference system

Oa1a¢. In addition to these vectorial quantities, the relation AT® =
AT® is also introduced. These vectors are included in vector zK) =
[e®T 0T ATH k) ]T. As a consequence, the electro-thermo-
mechanical definition of equations [38] for a doubly-curved three-

dimensional solid can be expressed in a compact matrix form by intro-
ducing a proper differential operator D as follows:

E(k:z) D, 0 O u®

&' 0 D 0

® —_pA® —p.DAK K @) )

77 =DAT=DDaA™ & | {7 0 0 Dg 2?}00
o® 0 0 Dy

14

In particular, D is derived from the definitions of sub-operators D(;) and
D,), which represent the symmetric part of the three-dimensional strain
gradient operator and the gradient operator of a scalar field, respec-
tively. It is also, D(3) = 1.

As can be seen, D is expressed as the product of operators Dq and D,
which account for derivatives along coordinates a1, a» and ¢, respec-
tively. More specifically, Do and D, take the following extended form:

Doy O 0 Dyy O 0 0
D, — 0 Dq2) 0 D, — 0 | ) 0 0
0 0 Dgy ¢ 0 0 Dy O
0 0 Dqy 0 0 0 Dy
(15)
The sub-operators Dg 1), Dg(2) and Dqs) are defined as follows:
Doy = [Dy Dy D]
1 1 T
Doy = |—L0 L9 16)
A1 6(11 A2 00(2
Dg(g) =1

while the sub-operators Dg , D¢z, Dg assume the following extended
form:
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—a 1 0 1 04, 1 04, 1 0 1 T
D, =|— - - - — ——— — 0 1 00
@ |:A 1 (3(11 A 1A 2 ()al A 1A2 6(12 A 2 00(2 R 1 :|
- 1 0A, 1 0 1 0 1 0A 1 T
Dy =|-—— -t == = = _ =2 — 1
@ |:A 1A2 6(12 Az ()ag A 1 6(11 A 1A2 0(11 0 Rz 0 0
— 1 1 1 0 1 0 ’
D =|— — - ——— 0 1
@ |:R1 Rz A] 6(11 Az 0(12 :|
The matrices Dy (1), D¢ (2) and D3, are defined as follows:
1 0O 0 O O O o0 o O-
H,;
0 ! 0O 0O O O O o0 o
H,
1 1
0 0 O 0O 0 0O O O
D.y) = 0 o L » D)
H, o
1 0
0O 0 o0 o0 o o, 0 o 0
0O 0 O O O O o0 o J
L % |
rl
H 0o 0
1
=10 I, 0|, D=1 (18)
d
_O 0 x

being H;,H the geometric scaling parameters. It is convenient to ex-
press the kinematic operator Dg of Eqn. (15) as the sum of the definition
operators D¢} associated to each unknown variable of the formulation,
which means:

5
Dy = > D 19)
i=1

where the definition operators D& with i = 1,...,5 are reported below,

. . — = a:
setting D¢y, = Dy, = Dg2) and Dgyy) = Doyt

D 0 0 00O 0D, 000
Do — 00007%2:00000’%3

0 000O 0 0 00O

0 000O 0 0 00O

0 0D 00

oo o0 0o

00 0 00|

00 0 00O

[0 00 o o 0000 O
Dm_oooﬁ;’;o ps_|0 000 O 20)
©“looo o o ® |oo0 o0 o0 D

000 0 O 0 0 0 0 Dy

Employing the generalized expansion of the kinematic model in Eqn.
(9), the three-dimensional multifield definition equations (14) can be
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a7

expressed in terms of higher-order theories as follows, with Z*9% —
DgFik)”’ and 70% = D% representing the kinematic operator and the
generalized primary variables vector, respectively, for any given
7=0,..,N+landi =1,...,5:

N
20—

5
Z ZkDai g 21

i=1

¥
-

o

-
In this way, each vector e®, #® AT® 9® of three-dimensional pri-
mary variables can be expanded using its corresponding generalized

vector e(ai | Da ATOa g@)ai a5 follows:

FASE ) 0 0

e® e
;{(k) N+l 5 0 Z(Zkf)!li 0 0 ;{(mi -
ATR | — _ 0 0o zkom AT (22)
P =0 = 3 P
0 ) 0z
(kz) (k)a,

where the generalized sub-operator Z;;" = Dy, F; " withm =1,2,3
is defined by applying the kinematic operator D¢y, from Eqn. (18) to the
thickness function F{O%. Finally, it should be noted that the generalized
primary variable vectors are defined for the entire lamination scheme
and, therefore, do not depend on the thickness coordinate {. They are
expressed in the following extended form:

B0 ) = (e 5 A A 0 ol ]

. Da oDt (D 1T
f(r)a, (llhaz) _ [ g(lf)ul 57(27)"’ 6{/(31)111]

AT A0 7)a; 7)a; T)ay Da; 17
Al()‘((117(12)_—Al()'70(>‘({11,(12)_—[9(1)1 9(2>' 0(3)'}

The multifield constitutive relation is determined by defining, within
each k—th lamina of the stacking sequence, the three-dimensional
constitutive matrix T , defined in the geometric curvilinear reference
system a1, 2,(. This matrix relates vector z¥) of primary variables, as
defined in Eqn. (14), to vector y¥) of secondary variables. The interac-
tion between the thermal, electrical, and mechanical physical problems
can be easily seen from the following relation:

3=(k) ()T (T
® r. -I; T, 0 ®
° o =0 wk kT .
IO CCRPN BN U LR 0 || &
n® I I Y AT®
(k) z o T (k)
h @ 0
0 o0 0 Ty
@24
Vectors of secondary variables in Eqn. (24) refer to the three-
T
dimensional stress field 6% = {a(f) 6(;() 1({‘; Tq‘% ’[%(; a(_f) , the
T
electric displacement gk = { f/}*q‘) pj(;‘) 9/(;0 ] , and the thermal
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l:'-IJ-I

CoFe,0, BaTiO,

LUt el

Fig. 1. Representation of a doubly-curved shell panel made of smart ETE materials. Individuation of the unit cell for the homogenization of the multifield properties.

T
flux h® = [hq‘) h h(;‘)] . Finally,

tropy. The three-dimensional constitutive relation applies to generally
anisotropic materials, considering all possible coupling effects between
mechanical elasticity, electrostatics, and thermal conduction. More

specifically, f(ck) represents the mechanical stiffness matrix, while fi,k)

accounts for direct and inverse piezoelectric effects. The dielectric ma-

represents the specific en-

trix is denoted by fﬁk), where fﬁf ) represents the thermal conductivity

matrix of the solid. Furthermore, T and ff)k) are used to model the

z
thermal expansion and pyroelectricity, respectively, while f(TkT) relates
the absolute temperature variation to the change in the specific entropy
within the solid. The submatrices in Eqn. (24) are given by [38]:

e o oy o o
ci oo el o o
N LR
Cl4 C4 C46 C44 C45 Cs4
oW W
A
Ly L Ry Ry Ky
L R Lo e
WL BRSO

k) =) =) =) (k) =k
Py P Ple Py Pl Pls

_ k) k) k) (k) (k)
p = |Dal Dy DPss DPos DPos D3 |+ I
=) k) k) k) (k) (k)
_P31 P3; P3s P3s P3s Ps3

T2 =k =k =k k) =k
= [z} =z =z =9 =z 3 ]
(k) o (k)
(k) —(k)  —(k) —(k =k zx PC
r, =[o}] o} 02,3) I, T = (11 = £ (25)

To

The term Egkl) is defined at each point of the three-dimensional solid in
terms of material density p*) and specific heat c(}f) at a given reference

absolute temperature T . In this contribution, the value T = 297K is

considered. It is useful to express the three-dimensional constitutive
relation (24) in the material reference system, denoted by o’a<{‘ ) a(? )
which is defined based on the symmetry axes of the constituent material
in each k—th layer. The following notation is, thus, introduced:

& L YL e
ik (k) (k) k)T -y
7B —Thz0 o 7 I RS S A b 0 || &®
n® o e ko ||AT®
N z o TT BN
h® o
0o o0 o Iy
(26)

Matrix T\ of thermal expansion is defined as T\ =T.'T"', where the

_ T
vector rgk) - [ a(ﬁ a(g a(g a({‘% ag‘% a%‘;] contains the ele-

ments of the rotated matrix Z(k), which is defined using the well-known

Hadamard product © as follows:

AN v, (Hoorj\(k) H© ) @7)

Matrix Y, enables the expression of the rotated thermal expansion co-

efficients a ) with i, j = 1,2, 3, for engineering strain components,

starting from coefficients collected in matrix A® and denoted by a

with i,j = 1,2, 3, which are associated with the elements of the three-
dimensional strain tensor:
(k)

(k) (k) q®& ok oK)

a;; dyp g3 1 2 2 ap G dgg

(k) _ k (k k| ~k) ok ok

A" = a(l; a 2; a(zs - ; ; % © a(lg a(zi a(zg

k k k ~k) k) ok

a(l; a(zg a(3; a(l.l; a(zé a(sé
—Y,0A® (28)

®) being the thermal expansion coefficient matrix expressed in the
material reference system.

Referring to Eqn. (26), 7#® and ;?(k) represent the vectors of primary
and secondary variables, respectively, in the material reference system.
Eqn. (26) is used to derive the corresponding constitutive relation in the
geometric reference system by rotating the three-dimensional multifield
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constitutive matrix. This yields the following relation [38]:

(k)

pRp® T ) pSk 7 O (L WSk (U T, 0
Tl _ HOTTR T gRTrh g® HY'T 0
rrperp® e ey Iy 0

o R 0 H(k)TFE(k) H®

(29)

As can be seen, matrix T is derived from I'® by applying the rotation
transformations to its sub-matrices. These are defined in terms of the
rotation matrices H® and T®

this work, it is assumed that the material axis ZU‘)

of sizes 3 x 3 and 6 x 6, respectively. In
is always parallel to
the outward normal direction of the shell (Fig. 1), namely Z(") = (k)

this way, H®), T®) depend on the angle 9 between the axes % and a1,
and take the following form, setting ® the Kronecker product:

cosd®  sing® 0
HY = | —sin9® coss® 0
0 0 1

T — T(k)

(11,5.4,7,8,9)%[1,5,2+4,3+7,6+8,9) )

- (mkﬁ (30)

1
( ) ) ([1,5,4,7.8.9]x[1,5,2+4,3+7.6+8,9])

The higher-order constitutive relationship is now derived within the ESL
framework, starting from the three-dimensional multifield relation in
Eqn. (24). To achieve this, the virtual variation 5Y of the total energy of
the doubly-curved shell solid is computed using the curvilinear principal
coordinates, taking into account all possible coupling effects between
multifield primary and secondary variables related to the mechanical
elasticity, electrostatic and thermal conduction. It is convenient to
introduce the modified vector of three-dimensional primary variables

AT — [g0T  _ 0T Ak gT |7,

of three-dimensional multifield secondary variables, denoted by x*)

£l as well as the modified vector

1 00 O
o )

01 0 O
g(k) g(k) ik X
7 | T o o o ||| = x=B2" G
H(k) 1 h(k)

0 00 I

To

Here, I and I denote the identity matrices of sizes 6 x 6 and 3 x 3,
respectively. In this way, the virtual variation of the total energy Y of the
shell is computed as [38]:

*:k\l
/ / / k>T )A 1A 2H 1H2d(11d{lzd§ =
k=1 Yo Jaz S

L ki
=> / / / SeWTgk) _ 50T o
k=1 Yo Jaz J

The virtual variations 6e®T, 5207 SAT® s9®KT of thermo-electro-
mechanical primary variables are expressed using Egs. (22) in terms of
the virtual variations se?aT, 5 Z®aT SATEa 590)uT of the generalized
primary variables. As a consequence, Eqn. (32) becomes:
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L Lk [N 5 ko) @
oY = AR &
;/m/@/@ (,22 -

=0
N+1 5 [ .
/ 57(1 (11 / (Z(kr)ai) x(k)Hledg AlAzdald(Xz:
7= 0 i=1 JarJaz k=1

T
N

T
“ > 7 MALAH Hoydodoy doy =

(33)

_gaT  _AT@a g@aT ]T is the improved
vector of higher-order primary unknowns. Note that in Eqn. (33), the

where 7T = [ g@aT

higher-order secondary variables vector £ is introduced for each
7=0,..,N+1 and i=1,...,5, which includes the integration with
respect to the ¢ thickness coordinate. It is convenient to express vector
£@n = [g@WaT pOal  g@a  goaT | as an assembly of sub-vectors
given below, in an extended form:

S(T)fll — [Ngf)ax N(zf)‘li Ngfz)ai N(zfl)“i T(T)“x' T(T)ax P({)“x‘ P(Zf)ai S:(;T)ai }T
. . X 1T X T
D(f)u{1 _ [Dgr)a, D(21)ozl D(31)oz1 ] , ral _ [H(T)ozl H<ZT)(11 Hg)ozl }
(34

By performing the matrix multiplications in Eqn. (33), it is possible to
compute all elements of the secondary variables vectors (34) at an
arbitrary point of the two-dimensional physical domain.

Substituting Eqn. (24) into Eqn. (33) yields a higher-order expression
of the constitutive relation, which embeds the multifield constitutive
relations for all laminae of the stacking sequence. Employing the higher-
order kinematic equations (21) to compute the three-dimensional strain
k). the following results are obtained for an arbitrary
N+1landi =1,..,5:

vector '
7=0,..,

L it I—
/ (209 ) TTOZM F Fodg | 20

S5 (x

n=0 j=1 (41
N+1 5

= Z A gy (35)
n=0 j=

In the previous relation, the generalized constitutive matrix A®%% is
introduced, which accounts for the multifield three-dimensional
constitutive matrix, curvature effects, and kinematic model associated
with an arbitrary 7,7 =0,..,N+1 and i,j = 1, ..., 5. The arbitrary

(g i with r s = e, ¢, T of matrix A% is evaluated ac-

element A 0

cording to Eqn. (35). By performing all matrix multiplications as
detailed in Ref. [38], the following expression is obtained by setting the

h%
5AT(k) (k) 69(“ )A 1A 2H 1H2d(11 d(lzdc
0

(32)
positions 0°F&% /9r0 = FM% and 30 k)aj 0% = k.,
§k+1 o afF(k a; ()gF K)aj H.H.
ALl o _ 1,
rx nm (pq) Z / nm acf dé/g Hqu g (36)

fornm =1,..,13,p,q =0,1,2andf,g =0,1. NotethatthequanntyYnm

refers to the arbitrary element of the rotated constitutive matrix ™
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from Eqn. (24). It is useful to express the generalized constitutive rela-

tion (35) using the representation of f<k) as given in Eqn. (24). To this
end, the following sub-matrices are introduced [38]:

§A+]
J
Sk

A )[00];c
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[ (em[00)ere
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(n)[00)e;cx; (n)[00]e,cz; (mn)[01]eez;
KI |(7]21£) : K|2(7||[) ] KI}(”I(E) :
(tn)aya; _ (n)[00)e;cz; (n)[00]aycz; (mn)[01]eez;
A997 - KIZ(VI 1[) : K2270[2 Joe K23Zo[|)] (37)
K(rr])[l()]a,lz, K(m [10]acz; K(rr])[l e,

13(10) 23(01) 33(00)
An extended version of the matrices in Eqn. (37) can be found in

Ref. [38]. The following expression is, thus, obtained for Eqn. (35):

(o) aiay (mn)aia; (n)aia;
S(r)al A“ ! AM’ AE.T e(‘?)“j
Do | 21 5| A plman ples o || Fi
E<7)’1i - Z Z n] aaj (mn)aiay (n)aja &T(")"f
H(r)al =0 AT¢ ATT Y 0(’7)‘1]'
(zn)aia;
0 0 0 A
(38)

Finally, the generalized constitutive relation (35) is written in a useful
form by expressing the generalized secondary variables in terms of the
elements of vector 8" with 4 = 0, ..., N + 1, which are the unknown
variables in the multifield formulation. Introducing in the higher-order
constitutive relation (35) and the kinematic model of Eqn. (9), the
following relation is obtained, presented in condensed form as:

N+1 5 N+1
y@a — Z ZA(ﬂ])a‘ungﬁ(”) — Z o™i g (39)
n=0 j=1 n=0

The generalized higher-order balance equations for the coupled thermo-
electro-mechanical case are derived from the Master Balance principle,
as expressed by the following relation:

ty ity
/5Edt:/ (8L + 8L o + 8L — 8Y)dt = 0 (40)

t t

for any time interval [t1,t5] with t; < t2. More specifically, the virtual
variation §Y of the total energy of the system is the same as introduced in
Eqn. (33). The terms 6L ; and 6L . refer to the virtual works associated
with the multifield external actions from an external elastic foundation
and from applied loads, respectively. It is assumed that external loads
are applied to the top (+ ) and bottom (—) surfaces of the doubly-curved

shell solid. These loads consist of mechanical forces q(f ), q<2+ ), q(; ) and

q(l—), q(z—)

q<h+ ). Since these loads are generally distributed to the top and bottom

, q<3_ ), electrostatic fluxes qﬁ,‘% q](;), and thermal fluxes q(h_ )

surfaces, they are expressed as the product of a reference magnitude

(#) FF) F)

97,95, 95, q}ﬁ qﬂf) and a general surface distribution function

Composite Structures 354 (2025) 118801

where Hgi) = Hgi)H(zi) with Hgi) =1+h/(2R;) for i =1,2 are the ge-
ometry scaling parameters of the shell evaluated at { =h/2 and ¢ =
—h/2, respectively, and T, denotes the reference temperature. Note
that the total thickness h is evaluated at each point of the two-
dimensional physical domain [af,a}] x [a%,a}] according to Eqn.
(8), while the principal radius of curvature R; along the a; =a1,a2
principal direction is introduced in Eqn. (4). The external actions
induced by an elastic foundation depend on the displacement field
variables U(li)., U(zi), Uéi) at the top and bottom surfaces, respectively,
according to the Winkler-Pasternak model:

Qi = ki U
q(zf}k = *k(z?’U‘*) (43)

Qoo = k5 U + G V2, U

k ) and k ) denote the stiffness of linear
is defined in [N/m?] and
accounts for the shear properties of the foundation. The Laplacian

In the previous relation, klf ,

elastic springs expressed in [N/ m3], wh11e G}i)

operator V(z ) s computed in curvilinear principal coordinates a1, a2 by
using the expression reported in [38]. The virtual work 6L .4 associated
with the foundation loads (43) is evaluated as:

Bl = / (a5spoU” + dhipedUS + g U ) HEHS AL A zda dary
a Jag

(44)

Introducing the kinematic model from Eqn. (9) into Eqn. (42) and Eqn.

(44), the 35 =q+d7. 35 =

are introduced to

generalized external actions

Qop a5, T3 =g +d§. dh=dt. df =qy
express the virtual works 6L and 6L . in terms of the generalized

configuration variables. These quantities are evaluated at an arbitrary
point (a1, @2) using the relations provided below:

(*) + q(+>F(l)ll1(+)H(+)H(2+)
) 4 q Fgl ay +)H H(2+)

qls 7qls F§1 - H(i)

'ciss =5 Fi”““ H{Hy ) + g5 FVsOH Y (45)
qu - qu Fgl (“( )H( + qu Fz(—l )H§+)H(2+)
ar) = qr FVOH Hy + g FUs O H P H,)

where the terms ¢\, 5", ¢\, ¢\, ¢\ and ¢\,), ¢S, S, a4t gl are
the sum of the corresponding external surface loads and the actions from
elastic foundation at the top and boto surfaces. Finally, the virtual work

~(4) =(E) =(d) (&) =(). SL 1 accounts for the energy contribution of the reference entropy of the
91592 5,93 5,49y > 9y - ).
system, denoted by 7®) with k = 1,...,I:
B(s1,52) =757, (s1,52) (41) L s
8Ly = — T SATOH, Hy A Ayday dasd? (46)
with a = 1,2,3,D,h.The virtual work 5L s can be computed as follows: ! Z [ Ll azn e
OLs = OLes + 5L¢s + 0Ly =
(*)
// ((ql 15U +q5 78U + ¢S 78UL) + ¢V sagt) 5AT >}ﬂ H +
aJay (42)

n <q§*>5U§“+q<;>5U<; +¢58U5) + ¢4 sap) ‘fr’l SAT )hﬁf)H;”)AlAzdalda2
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In this work, it is assumed a thermodynamic equilibrium for the system,
which means that the virtual work in Eqn. (46) is null.

Based on these definitions, all energetic contributions are substituted
into Eqn. (40). Then, applying the integration-by-parts rule and per-
forming some mathematical manipulations [38], the following multi-
field balance equations are derived for a thermo-electro-elastic doubly-
curved shell, associated with an arbitrary z = 0,...,N + 1:

1 oNY™ NP oA, 1 ONG™ Ny 0A, +1\ﬂ{2>"1 A,
A1 dal A1A2 60!1 Ag 60!2 A1A2 ()(12 A1A2 6(12

Nér)al 0A ) T;r)al

— P _P(T)al (7) — 0
AA, o TR, 1 T

1 ANP™ N 0A; 1 0N N 0A,
Ag 0(12 A1A2 l)(lz A1 0(11

9A>  Ni“ oA,
A1A2 60:1 A]Az 6(11

N7 0A, Ty
A 1A 2 0(12 R 2

SR gl =0

1 o1 TP 0A, 1 0Ty TP 0A, NI
A] 0(11 A1A2 6011 Az 60:2 AlAg 6(12 R1
N(T)(l3 . .
~ g, STt =0
po_ |10, 1 0 104 104 19 1 04
@ - _Al 6(11 A1A2 ()al A1A2 00(1 A1A2 6(12 A2 ()az A1A2 daz
D _ [ 1 0A; 1 0 1 oA 1 0 1 0A, 1 0A,
@ - L A]Az a(lz Az ()(lz A1A2 6(12 Al 6(11 A1A2 00:1 A1A2 0(11
Bl 1 1 0 1 0 1 oAy, 1 0 1 0A
¢ 7| R, R, Ay Oy A1A; day  Aj day | ArA; day

1 o™ D™ 9A, 1 oDy™ DY 0A,

A, 0(11 A]Az% Az l)(lz AlAZE

) )
A D™ +qp) = 0

1 oH™™ HY™ 0A, 1 0Hy™ Hy™ 0A,

— 77H(1)z15 (r):
da AA, 0 TA; oy AA, 0o, B =0

Ay

(47)

Using a compact matrix form, the previous relations can be expressed as
follows:

5 5
Z Dg’iz(f)ai + q(sf) — Z Dgliz(f)lli + q(et)‘)k + q(f) -0 (48)

i=1 i=1

T
where 0 = [a dip i 0 O and  ¢¥ =

include the generalized multifield

T
[ 00 q% q9 q© 9 }
external actions (45) forr =0,...,N + 1, while the balance operators D;“‘
withi=1,...,5 assume the following form:
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D, 0 0 0 0 000

0 000 D,” 0 0 0
Di=| 0 0 0 0|, Di>=| 0 0 0 0|, Ds°

0 0 0O 0 0 0O

0 0 0O 0 0 0 O

0 00 0

0 000

=D 0 0 0

0 000

0 000

0 0 00 000 O

0 0 00 000 O
DM#={0 0 0 0|, D=|0 0 O O (49)

0 D) 00 000 0

0 0 00 0 0 0D

L ek e, ot e S L . -
with Dg",Dg?,Dg?, Dy, Dy are defined in curvilinear principal co-
ordinates as follows:

07100}

16+10A216+10A1
A0y A1Ay 0y Ay day AA5 Oay

Dy - - | 1

(50)

In the same way, by applying an integration-by-parts rule to the balance
equations yields a set of expressions that are valid only at the boundaries
of the two-dimensional physical domain [a},a}] x [a%,a}] for any z =
0,...,N + 1. Thus, the natural boundary conditions at a; = a9 or a; =

a’ are established:

(1) _ (@)

vkt
= N1

N§@ or u} =1y
N(lr)zaz _ N(lf)zaz or u(;) — ﬂ(zf)
Tl — T(l’m or uf =a¥ (51)
D(lr)m, _ 5(11)114 or ¢(1> — 5(1)
HYS —H)® or &9 =¢"

0

On the other hand, the natural boundary conditions at a3 = a% or az =
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a’, read as follows:

NG
N(;) az

T(zf)% _

D(; Jag
H(; Jas

)
= N(;lal
—(7)a
= N(; 2

T(;)ﬂz

_ 5(;)0!4
_ E(zf)as

or

or

or

or

or

() _ 7@

Uy =uy
u(;) _ ﬂ(;)
u(;) _ ﬁ(;)
¢ =g
f(’) =&

(52)
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N+1
3 (L(m) —L™ ) 6" 1 q@ =0 (54)
n=0

In this way, the dependence of the fundamental relations on the un-
known field variable vector 8" with # = 0, ..., N+1 is highlighted. The
fundamental matrix L™ and the elastic foundation matrix L}"’) assume

the following extended form:

Note that the quantities NO'™ , N2, 9% D™ H% and N§™ NG,
T(g)aa,ﬁg)““flg)"s, introduced in Eqn. (51) and Eqn. (52), represent the
values of generalized secondary variables prescribed at the edges of the
physical domain. In the same way, ﬂ(lf), ﬁg),ﬁg)@@,g(” are generalized
configuration variables enforced at the boundaries of the structure. As a
particular case, the Simply-supported (S) boundary condition is

modelled using the following relations:

4)(1)
_ u(;) _ ¢(f)

(t)ar __ (r) _ (1) _
NP =0, uy =uy=

N(;)“Z — 07 u(;)

=9 =0 at a,=a9% or a; =al

=9 =0 at ay;=0a°% or ay=a}
(53)

By substituting the generalized secondary variables vector with the
higher-order constitutive relation from Eqn. (39), the final form of the
fundamental governing equations for the present thermo-electro-elastic
theory is derived, setting L™ and LJ(,"’) for 7,0 =0,..,N+1 as the
fundamental operators for the shell and the elastic foundation,
respectively:

AV A A I A I
Lipem pigecs pfpees | i) pfpes
Ll LT LI I
L pigac ppues | pgpues | gl
Lipme pgise plpmen | pfpmes | pfpmes
Lynaa 0 0 | o] o

0 Lgee 0 | 0] o0
= 0 0 L= | 0 | 0
0 0 0 | 0] o0
0 0 0 | o] o0

(55)

..., 5 of the fundamental operator L(™)

The elements Lgma"aj withij=1,

are evaluated as follows [38]:

1 v Y T v T
(TS L]
[=F } o % % osnLr .
& AT ar 10 Vs
(=X o —aT ar ELIRLS -
g’ AT i P
-0 F=w.'" AT |- ELIKELT E!
— —
[ 1 ™ .
= af = R
— =
ol r 1
T3
o
o
1 . ) L . .
3 [ os 5
or® 1w
1 T ML T T T T
...'I .y TR
HEL S - O 8= 1 FLITELT
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o 02 TRLL s 1
S, T
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Fig. 2. Thermo-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the displacement field components U, U, U3 and of the temperature variation AT with respect to the zero-stress
reference configuration, expressed in [m] and [K], respectively. Thickness plots are provided for the point located at (0.25L1,0.75L ) within the two-dimensional

physical domain.
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D,'A@“uD; D, ATmeDe D,'AMDg | Dy A7““Dy | D, AP Dy
D A w)agay D DQ A(;n)azaz DQ D A ) azasD ‘ DQ"2 AEZ 204 D;’; | D A (m)azas D“f5
L@ — 5 *ag A m ugalD —*as A(m)asazﬁaz as A w agtlgD ‘ —*as A(m)amﬁw | “3 Al () aaasD (56)
Q £ Q
D A T'I agaq ﬁal D flAA a4a2§g2 D (IAA 1’7 u4agﬁ(13 ‘ D aAA(pp 040452’; | D f14A ™ a4u5ﬁ(ls
0 0 0 \ 0 | D AfwssD

Employing the curvilinear parametrization of the shell, defined by the
curvilinear abscissa s; = s1,s2 in Eqn. (5), the unknown variables are
expanded using the trigonometric Fourier series as follows:

N m i
)(s1,52) = Z ZUlnmcos <—sl)sin (L—sz)
2

n= =1

N M
T T . nrx mn
ul (s1,85) = E E Ul sin (E.ﬁ) cos (Esz)

n=1 m=1
ul (s1,5,) = nz: i Uy) sin (%TSJ sin (rgsz) (57)
P (s1,57) = ,Z:: i @ sin (2—7}1) sin <’Z:Sz>
& (s1,52) = ,.2: iE"’msin (%151) sin (T—zsz>

where N = M = + . In this way, the differential equations system
(54) is reduced to an algebraic linear system, with the unknown vari-
T
o = |
for each 7=0,...,N+1 and n, m. In the same way, the following ex-
pressions are assumed for the generalized surface actions of Eqn. (45):

N M mi
sl ,S2) = E E lemcos <—sl> sin <L—sz>
m=1 2

n=1

U('[)

3nm

U(T)

ables arranged in the vector U{) = {U“) S

1nm

N M
(3 7 . nr
q¥ (s1,55) = E E Q%) sin <L—sl)cos (L sz)
n=1 m=1 1
N M
: . nr \ . (mr
a5 (s1,50) = > > Q) sin L—sl>sm <L—sz> (58)
n=1 m=1 1 2

The coefficients Q((fs)nm with @ =1,2,3,D,T are computed using the
relation reported below and are conveniently arranged in vector Q) =

( ( ) ) (7)
|:Qlfs)nm ers)nm Qi(fl.—snm Qgsnm Q’l{mm

_ 1) (=)
Ql snm len.m 7.(' @) H
(1)

T
} for each wave number n,m,:

+ lenm 11)(11 H +>H

(-) )
Qanm = Q F 51 )H(l + Qanm T et 1 H<2
Q3snm QBmmFr 73( )H(i) 7) + Qgr:m El)%H)HH)H(v) (59)
QDxnm = QDsnm 5 H + Q l)a4 Jr>H(Jr H )
er?nm = ’(l"sr)me( Jas H H( ) + QT nm l)fls H<+

12

Here, Qé},zm and Qg")m with a = 1,2,3,D, T represent the magnitudes of
the generalized surface actions applied at the top and bottom sides of the
panel, respectively.

A closed-form semi-analytical Navier solution can be derived only for
geometries with uniform Lamé parameters A; =A1,A, and constant
principal radii of curvature R; = R1,R 5 throughout the entire physical
domain. In other words, the differential relations from Eqn. (6) are
assumed. In addition, the following material assumption must be
adopted:

—(k) =k (k)
Cll C12 0 0 C13
—k) =k (k)
C12 C22 0 0 C23
®)
gh_|0 0 G 0 0 0 T
c - (k) » oL
0 o0 C, 0 0
0 0 0 C¥ o
—(k) =k =(k)
C13 C23 0 0 C33
¥ o0 o 0 o
i —) . =(®)
=lo Ly of Ti=|o0 ki o |
o o Ly 0 0 ki
o 0o opf 0 o
- (k) ™
=|l0o 0 0 0 py o [T
pw Pw O O 0 py
k —(k
—[29 2 0 0 o #] Iy = 8] (60)

As can be seen, the selected material behavior depends on the cross-ply
lamination schemes. More specifically, it is assumed that an arbitrary
k—th layer of the stacking sequence is orthotropic, with the material
orientation angle 8% equal to 0 or +7/2. Based on the geometry as-
sumptions (6), together with the kinematic (57), loading (58), and
material (60) assumptions, the differential system (54) is reduced to a
linear algebraic system with an infinite number of terms, which is pre-
sented below in compact form [38]:

N ¥ N o) )
>3 (S (it Jumrom ) <o @
n=1 m=1 n=0

with N = M = + oo. Semi-analytical solutions are obtained by assign-
ing real values to parameters N, M. The semi-analytical matrices if:,:) and

fm take the following extended form for any n,m:
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Fig. 3. Thermo-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional strain vector e(a 1, 2, {), expressed in [m/m]. Thickness plots are provided
for the point located at (0.25L1,0.75L ) within the two-dimensional physical domain.
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In Appendix II, the reader can find the complete expression for elements

Z;Z:liaj withi,j =1, ...,5 of the matrix f,(;z) and f/(;?,z,:ﬂa/} withp=1,2,3of

the matrix f<m), as detailed in Eqn. (62).

3. Generalized differential Quadrature method

In this section we present the main basics of the GDQ method, as here
adopted to compute the partial derivatives of geometric and mechanical
quantities. One key aspect of the numerical procedure consists on the
definition of a rectangular computational grid, from the two-
dimensional physical domain. To this end, the following distribution
of I, sample points is adopted [81], corresponding to the reference in-
terval [—1,1]:

(63)

The following coordinate transformation is employed to discretize an
arbitrary one-dimensional definition domain [a, b]:
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Fig. 4. Thermo-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional stress vector ¢(a1,a2,(), expressed in [N/m2]‘ Thickness plots are
provided for the point located at (0.25L1,0.75L 2) within the two-dimensional physical domain.

X 7X1

Xi= (Xi—X1)+x1 (64)

X Q—xl

Following the GDQ method, an arbitrary n—th order derivative of a
function f = f(x) with x € [a, b] is evaluated at a discrete point x;, with

i=1,...,Iq using the following expression [81]:
If(x) S
M) (x.) — o~ (n)
fre) =T | = LG ) (65)

Here, f(x;) represents the value of the function at the j—th point of the
grid for j = 1, ...,1o, while (51.") with i,j =1, ..., are the quadrature
coefficients for the n—th order derivative, which are recursively
computed as follows:

7 DV(x) ( ¢ )

(1) _ i (n) (1) 1) ..

¢ = =n( i#]

T imx) 2 V) Y ' Xi =X (66)
(n) _ fa (n) .
Gii —E i1 S 1=J

14

Note that in the previous relation, the position <(i?) =6y is adopted,
where 6 fori,j = 1,...,1q is the Kronecker-delta operator. On the other
hand, " (x;) and !)(x;) are the first-order derivatives of the
Lagrange interpolating polynomials at two arbitrary discrete points x;
and xj, respectively. The GDQ coefficients (66) are arranged in the

matrix ¢ of size I o x I . If the sample points are distributed according
to Eqn. (63), the GDQ coefficients, denoted by (l] s

from the interval [ —1,1] to [a,b] using the coordinate transformation
given in Eqn. (64). This gets to the following relation [81]:

() X1y — X1\ "<
Cij =\ 0 Cij
X[Q — X1

Numerical integrations required for computing the generalized stiffness

gzm[fg(p';'af of Eqn. (36) are performed with the T-GIQ

method. For an arbitrary function f = f(x) with x € [a, b], the following
quadrature relation is used:

must be transformed

(67)

coefficients A
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Fig. 5. Thermo-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional temperature gradient vector (a1, a2,{) (a), expressed in [K/m] and of the
thermal flux vector h(ai1,a2,{) (b), expressed in [J /m 2}. Thickness plots are provided for the point located at (0.25L;,0.75L2) within the two-dimensional
physical domain.

/ Jeobe= / Flgde- / flx)dx = iwgf(x ) (68) Y S (xj—x')r+l SV L g
- ‘ = —_ ’ — At ) r _
Xi X k=1 ~/X: f(X)dX 2r+1 (r+ 1) Z(lkf(xk) - or+1 (r+ 1)| ;(ikf(xk)
where the integration interval is defined so that [xi,x j} C [a,b], and W;'J(' _ I mzl (x, Xi)m " (Xi _xj), +1,(r) .
with k=1,...Iq are the T-GIQ coefficients. By expanding function f S\ S\ 2+ ) T2 (1)

through the Taylor’s series of m—th order near the lower and upper , -
bounds of the intervals, Eqn. (68) can be expressed as follows [81]: _ ZQ <'"1 (xj 7xi) ((m (- 1)”2( ) > ZW
- rl(r4-1)!

[\J

mzi X — x])r+1 drf

9 e e X)) df
/rf(x) :ZZ'“H-l'dx’ r+1r+]|dxr (70)
3 (x; )”rl d'f 1y+2 af 69 4. Recovery of primary and secondary variables
;zr+1r+1 dxrxi+(_ ) x|, (69)

An effective procedure for recovering the three-dimensional
response of a doubly-curved shell panel is outlined, starting from the
two-dimensional solution of the fundamental equations (54), which are
derived from the semi-analytical Navier procedure (61). The main issue
consists of defining a discrete grid along the thickness direction of the
shell, spanning from the bottom to the top side of the structure. To this

By applying the GDQ rule (65) to discretize the r—th order derivative of
the function f, with r = 0, ..., m—1, the previous relation takes the
following form, and it enables the definition of the T-GIQ weighting

coefficients w':
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Fig. 6. Electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the displacement field components U, U, U3 and of the electric potential variation A¢ with respect to the zero-
stress reference configuration, expressed in [m] and [V], respectively. Thickness plots are provided for the point located at (0.25L1,0.75L3) within the two-

dimensional physical domain.

end, a non-uniform grid is identified within each k—th lamina of the
stacking sequence, as already introduced in Eqn. (64) with It sample
points. Each lamina is characterized by the closed interval [{i, i 1],
where ¢ and ¢y, refer to the extremities of the lamina, as specified in

T
Eqn. (8). A vector {,‘(k> = [C({() 4’(,],51) . C(IkT)] of size It x 1 is used to

collect these grid points. Since the structure consists of [ superimposed
laminae, an assembly procedure is employed to form the vector ¢ =
[¢WT ... gl ¢OT ] of size 1y x 1 where each element is
denoted by ¢, with m = (k — 1)Ir +m representing the m—th grid point
in the k—th lamina [61]. It should be noted that in the vector ¢, the
sampling points C(Ikr) = (g, and C(f+1> =Ckyr fork=1,..,
located at the same height, corresponding to the interface between
adjacent laminae in the stacking sequence. At this point, Eqn. (9) is used
to derive the three-dimensional configuration variables at point (s1;,5 5,
Cm ) withi =1,. IN,j =1,...Iyand m = 1,...,lI7, which are assembled

into the vector A um )

-1 are

O _N~ph 50
Ali = D F ) 71)

=0

Here, the vector F<1k()rn) contains the values of the thickness functions set

(9) at the height ¢,,, while the vector 6(8.) accounts for the generalized
configuration variables associated with an arbitrary r—th kinematic
expansion order for point (s1;,52) in the physical domain. In the same
way, Eqn. (21) is used to compute the three-dimensional primary vari-

ables by expressing the vector z(9% in terms of 6(5;):

N1 5
(kz) i (7)a
”(um Z Z z uma (i) (72)

=0 i=1

where Z (ko) ”‘ is the discrete version of the operator Z*)% from Eqn. (21).

The three dlmenswnal strain components of Eqn. (72) are then used to
compute in-plane three-dimensional secondary variables using the
constitutive relation given in Eqn. (24):

k) _ wk (k) (k) (k)
6 1my = Cr1jm) € 15m) + C12 (iim)€ 205m) T Cim) € 3(5m)

p31 (ijm) (( ym

zh (k) k)
11 (ijm) AT gm l]m)

— T  + Coam € s o &%

+ C p 32(jjm) = 3(ijm)

12 ym z]m 22 l]m l]m 23 l]m 3(ijm)

(k) (k) (k)
222 (ijm) AT (ijm) 12 (ijm)

® =) k) 5(k) )
T lim) = Pragm? 1 +lmjm)c” 7%

*)
- C66 (ijm) }’ 12(ijm) 1(ijm) pl4(1}m 713 (ijm) 1(ijm) 2(ijm)

_ (k) « 7 (k)

—pzsajm)?’zs(ijm)”zz(um & St =K} um)9 1m0
(k) (k)

:kzz(ijm 2(ijjm)

(73)

The out-of-plane shear stresses 1512 and Tg;) are obtained from the three-
dimensional equilibrium equations expressed in curvilinear principal

coordinates, where a(lk),a(zk) and Tgkz) are derived from Eqn. (73) [38]:
3 k
()Tg3)+( 2 n 1 ) (k): 1 00'(1) ‘\
a¢ Ri+¢ Ra+¢ A1(1+¢/R1) day
a(zk) — o(lk) 0A, 1 61'(1'(2) 2151(2) 0A;

"AAL(11C/Ry) dar  As(11C/Ry) day  ArA5(1+C/Ry) Oy

() 1o
- + Ty3 = 1
o Ri+¢ Ra+¢ Az(1+(/R2) daz

. ogk) - 0(2k) 0A4 1 61(1"2) 21(1];) 0A,

@ +C/R2)dful
74)

"A1A5(1+¢/Ry) das A1(1+C/R1) dar ArA,
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Fig. 7. Electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional strain vector e(a 1, a 3, {), expressed in [m/m]. Thickness plots are provided
for the point located at (0.25L1,0.75L ) within the two-dimensional physical domain.

The partial derivatives with respect to a1, a» of both three-dimensional
stress components and Lamé parameters are computed numerically
using the GDQ method. The solution of the first-order differential
equations (74) is derived for any k = 1, ..., using the boundary condi-
tions provided below:

—(1)

k=1 > )

_ )
T131) — Q1)

(=)’

2341) — 92()

k#1 >

(k) _ k1)
T18G((k-D)Ir+1)) — F18Gj((k-Dir))
— 7D
23(j((k-1)ir-+1)) ~ L23(((k-Dir))

T

k-1

(75)

As can be observed, when k =1 is considered, the previous relation
represents the equilibrium condition under external in-plane loads
applied at the bottom surface, while interlaminar stress compatibility is
addressed for k = 2, ..., 1. The solution to Eqn. (74) using Eqn. (75) is

=(k)

denoted by 774

surface are then enforced through the following relations [79]:

and ?g;) The loading compatibility conditions at the top

) _ =0
® = 915 ~ P13 h
T136jm) = F13(jm) T - n . <Cm + 5
) _ =0
® 92j) ~ Taa(ijin) h
To3jm) = F23(jm) T B — - (Cm +t3

(76)

foranyi=1,..,Iyandj=1,..,Iyand m = 1,...,1Ir. In the same way,

the actual distribution of out-of-plane normal stress a(;‘), electric flux

“ U_i,), and thermal flux h(g) is derived from the three-dimensional bal-

ance equations along the thickness direction:

oo 1 1 1 orl)

k
753) 6A2 )

(k) — it
ac % (Rl +§+R2+§) B A](l +§/R1) 0(11 A1A2(1 +C/R2) 0(11

(k)

(k)

1 df_(zkg)i 1(2';) 0A4 n o, oy
A3(1+¢/Rz) daz  A1A3(14+(/R1)0daz  Ri+({ Ra+(

17



F. Tornabene et al.

Composite Structures 354 (2025) 118801

1 T T T T T T v l Fi I 7
oA r osf
@4 g - 00 FEM Sy G ENFEM
o4 =i a0 ERITT nEF =g | LKLY
& AW, A ) A LT T 10 1Ay
L e B S ELEIEL T D4t — A A FLILT
— @4 A . D FEM — g a0 FEM
=y bl =q. &4 . ELIELE oy 0AF =y A 7. LAY
T, S
= aF 4 = aofF 4
— =
B e B "
it / Py
Dt = g [4p %
.uu-// g DAL
0 1 am
I : —_— o= B i : F—4
| o8 1 15 ] 25 ] 1] i as 2 1 [ 1 F] ] [
L2 ot s « g8
| T T T T T T T T T I 1 T T
ol o 4 nak |
®q .4 ADTEM
T gy |+ ELDLT ol 4
LT A 3 FEA
Dt =t ), AW | ELDELT] S naf EFEM 4
B AW oAb ELDELT
o S —: &80 LDELT ﬁ 0.2 !, o8 D i
i -— =1 2 EANELT
A 0 — = o o av e anrim |4
-y i ..l av . pons ||
W “r
il a4 4
il ang 4
48 o8 4
23 2 AR 16 14 1F] 1 an o4 o4 a3 ] 4 4 2 [ ] A i
t]
Ti2 w 14 =L
1 ¥ 1 T
! - HINEM '-". TR L]
cal !, o, - ELITLT osf .. = - LT
A A4 - all Pl R T
a8l |— a4t 200 . ELORLY osf . |— b =f, - - ELDELS
® 5 A e :" ®a, A% A0 TN
naf LA BT naf f LT
= .E. e TR L R
R 1 a0z
Ch g
= aF . 4 = gk
— o=,
= i3k A T .azk
wn 2 a2
a4t 4 a4k
a6+ 4 T e
L8 - iy s
. L f ) A i
-1 a5 " (11 ¥ 15 -0 4000 -0 2000 (- 00 4000 000
']
T W oy

Fig. 8. Electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional stress vector ¢(a1,a2,{), expressed in [N/mz]. Thickness plots are
provided for the point located at (0.25L,0.75L 2) within the two-dimensional physical domain.

(k k
ag<;+ 9@( L )= 1 07"
a Ri+{ Ra+¢ Ai1(1+¢/Ry) Oy
B ¥ 0A, 1 07"
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k
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It should be noted that in the previous equation, the quantities &

77)

(k)
1>

‘(k) and h(f),h(g) are derived from the constitutive relation (73), while

e

bya3

74
) !

come from Eqn. (76). A particular solution to Eqn. (77), denoted
? and E(g), is obtained by applying the following boundary

18

conditions, which represent the external loads at the bottom surface
(k = 1) and the secondary variables balance at each interface between
adjacent layers (k # 1) [35]:

i) = B
k=1 = {75 =ay,
M3y = g
E(k&ﬂ(k Dir1)) = O3k )
#1 = 9 u ((k=1)Ir+1)) §(’;(1 k-1)Ir)) 78
RSty = s

The final profiles of secondary variables agk), 9(2) and h(;f) are obtained
by applying the multifield loading conditions at the top surface:

(+) (l)
935 — h
k y (LIT) :
= 6(3)(11 1) h S ( ! )
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Fig. 9. Electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Representation of
the distributions along the thickness direction of the components of the three-dimensional electrostatic field vector &(a1,a2,{) (a), expressed in [V/m] and of the
electric flux vector Z(a1,a2,¢) (b), expressed in [C/mz]. Thickness plots are provided for the point located at (0.25L1,0.75L ) within the two-dimensional

physical domain.

“ _ 5"
qD(i’) 72 h
(k _ 5k v 3((LIr) )
D Sim) = L 3my + A T (gm +§)

IR

Gy —h h

7K A Y 3((ir))

3m) = Magm) T n S (Cerg) (79)
The recovered profile of out-of-plane primary variables xggzn) =

® b gl
[P 7Som S E 5w M

verse of the three-dimensional constitutive relation given in Eqn. (24),
thus resulting in an algebraic linear system [35]:

T
] is derived from the in-

® 0 _ pk
A X m) = By

(
X im) (80)

19

where matrix A®

(i) contains the three-dimensional constitutive co-

k)

efficients, while vector B((ijm) depends on three-dimensional primary

variables. Further details can be found in Ref. [35].
5. Applications and results

In this section, the present higher-order theory is applied in some
numerical examples involving various laminated panels with fully
coupled thermo-electro-mechanical properties, and subjected to
different external loads, including thermal loads, charge distributions,
and mechanical surface pressures. The multifield response is reported in
terms of through-the-thickness distribution of configuration, primary,
and secondary variables at a fixed point of the two-dimensional physical
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Fig. 10. Thermo-electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal and electric loading conditions with N = M =
1. Representation of the distributions along the thickness direction of the configuration variables of the problem, namely the displacement field components U, U,
U 3 expressed in [m], the electric potential variation A¢ and the temperature variation AT with respect to the zero-stress reference configuration, expressed in [V] and
[K], respectively. Thickness plots are provided for the point located at (0.25L1,0.75L 2) within the two-dimensional physical domain.

domain. For each case, some simulations are performed for validation
purposes, comparing the model results to three-dimensional predictions
from classical finite elements. Novel coupling effects are investigated,
demonstrating the advantages of the present semi-analytical formula-
tion over the existing multifield tools in terms of accuracy and compu-
tational efficiency.

Each layer of the stacking sequence consists of a multiphase electro-
thermo-elastic composite made of a cobalt ferrite matrix (m) with
aligned cylindrical fibers of barium titanate (f), oriented along the
thickness direction.

The homogenized material properties of an arbitrary layer are ob-
tained for a given volume fraction of each constituent V¢, V,, by using
the analytical expressions provided in Appendix I, based on the appli-
cation of the Mori-Tanaka’s approach. The cobalt ferrite (CoFe 5O 4)
matrix is characterized by a density p® = 5300 kg/m?® and specific heat
c(,f‘) = 377.36J/kgK. In addition, the thermo-electro-mechanical prop-
erties are listed below:
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Fig. 11. Thermo-electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal and electric loading conditions with N = M =
1. Representation of the distributions along the thickness direction of the components of the three-dimensional strain vector e(a,a2,¢), expressed in [m/m)].
Thickness plots are provided for the point located at (0.25L1,0.75L ) within the two-dimensional physical domain.
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On the other hand, the constitutive relation (26) for barium titanate
k)

C (BaTiO3) with density p®) —5800kg/m® and specific heat c¥ —
m? 550.62J/kgK, is written by assuming the following expression for the
constitutive matrices:
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Fig. 12. Thermo-electro-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal and electric loading conditions with N = M =
1. Representation of the distributions along the thickness direction of the components of the three-dimensional stress vector 6(a1,a2,{), expressed in [N/m?].
Thickness plots are provided for the point located at (0.25L1,0.75L ) within the two-dimensional physical domain.
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Three different laminates are here studied, namely, a rectangular plate,
a cylindrical panel, and a spherical structure. For each case, the model is
validated for various loading conditions, where different physical as-
pects are here examined in coupled form. For all examples, the lami-
nation schemes are derived by combining three different materials,
denoted by ETE-1, ETE-2 and ETE-3, for a volume fraction of cylindrical
fibers equal to Vy = 0.6, Vy = 0.2, and V; = 0.1, respectively. To
identify the coupling orders between the involved physical phenomena,
a specific nomenclature is introduced. More specifically, letter “D” refers
to the mechanical elasticity, “T” is used for thermal conduction prob-
lems, and “E” refers to electricity. In this way, E-D simulations address
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Fig. 13. Electro-thermo-mechanical analysis of a laminated rectangular plate subjected to various sinusoidal thermal loading conditions with N = M = 1. Rep-
resentation of the distributions along the thickness direction of the components of the three-dimensional electrostatic field vector &(a1,a3,¢) (a), expressed in [V/m)]
and of the electric flux vector Z(a1,a2,8) (b), expressed in [C/m?]. Thickness plots are provided for the point located at (0.25L1,0.75L2) within the two-

dimensional physical domain.

an electro-mechanical coupling, T-D simulations cover thermo-
mechanical problems, and T-E-D considers a full coupling between
thermal, electric, and mechanical physics.

In the first example, a laminated rectangular plate is studied under
SSSS boundary conditions. The structure consists of five layers with
thickness ho = hs = 0.01m, ho = 0.025m, h3 = 0.03m and h4
0.05m, while the geometric dimensions are L; =2.00m and L,
1.20 m. Referring to Eqn. (1), the reference surface equation is written
as follows:

r(Sl,SZ):Slelfszez (83)
setting a1 =s1 € [0,L1] and ay = s € [0,L>]. The adopted lamination
scheme is (ETE - 1/ETE - 3/ETE - 1/ETE - 2/ETE - 1), while the mate-
rial reference system for each lamina coincides with the geometry
reference system, namely (0/0/0/0/0). The panel rests on an elastic

Winkler-type foundation with stiffness ké;) = 5x 108N/m?, and it is

subjected to sinusoidal distributions with n=m =1 of thermal and
electric loads at the top and bottom surfaces, defined by Eqn. (41) as
follows:

23

~(%)

T
q, —S2

ms sin m
L'

L (84)

(sl,sz):sin( )
with @ = h. The results of the simulations, evaluated at (0.25L1,0.75L »)
within the physical domain, are reported in Figs. 2-5 for thermo-
mechanical simulations. Figs. 6-9 present the results of electro-
mechanical numerical investigations at the same point. Finally, the
thermo-electro-mechanical coupling is examined in Figs. 10-14.

The first set of simulations evaluates the response of the plate to si-
nusoidal thermal fluxes applied at the top and bottom sides with mag-

32.5347J/m? and q(}:) 30.2820J/m?. The results,
derived using the ELDZL7 higher-order kinematic model, are validated
against three-dimensional finite element predictions for 664689 DOFs,
while using C3D20T brick elements. As shown in Fig. 2, the structure
exhibits some linear distributions for the in-plane displacement com-
ponents, while a more complex profile is observed for deflection U 3. The
deflection of the structure, indeed, must be studied using higher-order
theories rather than classical approaches like the FSDT. Furthermore,
the through-the-thickness temperature distribution shows an abrupt

nitudes q(h* )
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[K/m] and of the thermal flux vector h(a1,a3,¢) (b), expressed in [J/m?]. Thickness plots are provided for the point located at (0.25L1,0.75L 5) within the two-

dimensional physical domain.

variation in inclination due to different thermal properties of adjacent
laminae. As a consequence, zigzag theories are essential to obtain ac-
curate results. As far as the three-dimensional strain components is
concerned, complex deformation distributions are found for the out-of-
plane strains, especially distortions, as shown in Fig. 3. The strain dis-
tribution €3, indicates that stretching of the laminate varies among
different laminae, with a uniform behavior for laminates with higher
out-of-plane stiffness values. Fig. 4 presents the through-the-thickness
distribution of each three-dimensional stress component. Note that
these mechanical secondary variables are not induced by external
pressures but are consequences of a thermal expansion within the solid.
Fig. 5 shows the results for thermal primary and secondary variables.
The present coupled multifield model matches successfully the reference
numerical solution for both in-plane and out-of-plane components,
employing a reduced computational effort due to the two-dimensional
analytical solution and the GDQ-based recovery procedure.

Once the model is validated, a similar simulation is repeated by
applying a sinusoidal distribution (84) of temperature variation at the
top and bottom surfaces, with magnitudes AT") = 2.5K and AT(") =

—1K, according to the following relation:

24

AT(i)(Sl,Sz) :ﬁ<i)a<hi)(51752) (85)
Even in this case, the numerical predictions match well FEM-based re-
sults, as shown in Figs. 2-5. However, Fig. 5 indicates that the out-of-
plane thermal flux component derived with the analytical theory is
inaccurate. This discrepancy arises because the recovery procedure, here
used to solve the balance equations, relies on the value obtained from
the constitutive relation (24) when no arbitrary external flux values are
available. Similar results are observed in the third simulation, where a

sinusoidal flux of magnitude qﬂj ) = 3253477 /m? is applied to the top

surface and a prescribed value (AT) = —1K) is assumed at the bottom
side. The higher-order analytical model predicts accurately the thermal
flux distribution in the out-of-plane direction near the top surface, but
deviates from FEM-based results at the bottom surface. For this reason,
the ELW approach proves to be a valuable tool for predicting the me-
chanical response and temperature distributions in laminated panels
with prescribed values of configuration variables. However, alternative
methods are necessary for an accurate definition of the out-of-plane
thermal flux distributions, unless arbitrary flux values are applied to
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Fig. 15. Thermo-electro-mechanical analysis of a cylindrical panel under mechanical, electric, and thermal loads with various distributions. Through-the-thickness
distribution of displacement field components U, U, Us, electric potential variation A¢ and temperature variation AT expressed in [m], [V] and [K], respectively,

evaluated for different values of N, M. Semi-analytical solution is derived at (0.75L1,0.25L ) within the two-dimensional physical domain.

the structure.

At this point, some validations are performed on the same plate to
evaluate the electro-mechanical coupling. Using the same approach as in
the previous simulations, a sinusoidal distribution of charge density is
applied to the top and bottom sides of the same plate of the previous
example, following Eqn. (41) with @ = D, assuming q,(;) =0.0080 C/m?
and 6? =0.0073 C/m?. A reference solution is computed using a three-
dimensional finite element model, developed with commercial software
and employing C3D20E parabolic brick elements with piezoelectric
properties. The 3D FEM-based model is characterized by 1986684 DOFs.
The results form an electro-mechanical analysis, derived from the
ELDZL7 higher-order theory, are presented in Figs. 6-9. Differently from
the thermo-mechanical case, Fig. 6 demonstrates that the application of
electric loads induces a complex zigzag profile in the displacement field
components, characterized by a combination of linear and parabolic
segments throughout the entire thickness. Moreover, the electric po-
tential distribution exhibits a typical zigzag pattern. These observations
are consistent with the three-dimensional strain components shown in
Fig. 7, which match perfectly the reference solution. The stretching ef-
fects are more evident in this case compared to the previous analysis, as
can be seen from the ¢ 3 profile. The through-the-thickness distributions

of three-dimensional stress components are shown in Fig. 8. Based on
these plots, each lamina of the plate exhibits different stress values,
while respecting the stress compatibility conditions at each interface. In
addition, the presence of an elastic foundation at the bottom surface
induces some out-of-plane normal stresses, which are accurately pre-
dicted by the analytical model. Finally, Fig. 9 reports the electric po-
tential gradient components and the components of the electric flux
vector at (0.25L 1,0.75L 3). Also in this case, the results from the higher-
order formulation match quite well those ones obtained from FEM. A
similar electro-mechanical simulation is, then, performed by applying a
sinusoidal distribution of electric potential to the top and bottom sur-
faces of the plate. More specifically, the electric potential distribution is
prescribed at both external skins of the structure with magnitudes
ApH) = —7 x 10°V and Ap~) = —6.5 x 10° V employing the same dis-
tribution of Eqn. (84) with a = D:

AP (s1,52) :E&)ﬁ(ﬁ)(sl,n) (86)
The results are calculated at the same points as in the previous simula-
tion, and they are presented in Figs. 6-9. Unlike the previous case, a
slight discrepancy is now observed, especially for profiles of the in-plane
displacement field and in-plane strain field. Different ¢3 profiles are

25
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Fig. 16. Thermo-electro-mechanical analysis of a cylindrical panel under mechanical, electric, and thermal loads with various distributions. Through-the-thickness

distribution of the elements of the three-dimensional strain vector (a1, a2, (), expressed in [m/m], evaluated for different values of N, M. Semi-analytical solution is

derived at (0.75L1,0.25L ;) within the two-dimensional physical domain.

obtained for the first, third and the fifth laminae. Regarding the stress
components shown in Fig. 8, the higher-order analytical formulation
yields different profiles for 61 and 6, compared to the previous simu-
lation, whereas FEM predictions lead to the same stress distribution. The
remaining stress components are always the same. This discrepancy may
be related to the variations observed in the out-of-plane electric field and
electric flux distributions illustrated in Fig. 9. In this case, indeed, the
analytical predictions deviate from the numerical results. For the last
electric loading condition of the plate, where a sinusoidal distribution of

electric flux with magnitude q](;) = 0.0080 C/m? is applied at the top
surface, and a sinusoidal dispersion of electric voltage with magnitude
Ap-) = —6.5 x 10°V is applied at the bottom surface, similar results are
presented in Figs. 6-9. The results are calculated for a point located at
(0.25L 1, 0.75L ) within the physical domain. Here, a behavior similar to
the previous case is observed, with a minimal deviation from 3D FEM-
based results. However, the analytical model achieves a higher level
of accuracy in the distribution of electric field and electric flux in the
thickness direction, as shown in Fig. 9. Here, the recovery procedure
accounts for a prescribed value of electric flux at the top surface. At{ =
—h/2, the procedure relies on the three-dimensional constitutive rela-
tion. As a consequence, the analytical results agree with the finite
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elements at the top surface, and a different profile is obtained at the
bottom side.

In the final simulation performed on the rectangular plate, we
analyze the effect of fully coupling between thermal and electric field.
The results, presented in Figs. 10-14, are evaluated at (0.25L1,0.75L 3)
and show the distribution of configuration, primary, and secondary
variables along the thickness direction under the influence of sinusoidal
thermal and electric fluxes. The magnitudes applied at the top and

bottom surfaces are ﬁ(hﬂ = —32.5347J/m?, ﬁ(,:) = —30.2820J/m?,

qf;) =0.0080C/m? and q](;) = 0.0073C/m?. For completeness, we
discuss, also, about the results of thermo-mechanical and electro-
mechanical coupled fields derived in the previous examples. In addi-
tion, two further sets of results are provided, accounting for T-E-D(u)
and T-E-D simulations. More specifically, the latter considers the full
coupling among thermal, electric, and mechanical fields, including the
effects of pyroelectric coupling. On the other hand, in T-E-D(u) uncou-
pled thermo-electro-mechanical simulations pyroelectric effects is not

considered by setting the vector to a null value, namely ff,k> =[0 0 0]

for k = 1,...,L The figures illustrate how the inclusion or exclusion of
pyroelectric coupling affects the overall response of the plate. In the T-E-
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Fig. 17. Thermo-electro-mechanical analysis of a cylindrical panel under mechanical, electric, and thermal loads with various distributions. Through-the-thickness

distribution of the elements of the three-dimensional stress vector 6(a 1, @2, ), expressed in [N /m 2] , evaluated for different values of N ,1\7[. Semi-analytical solution is

derived at (0.75L,0.25L ») within the two-dimensional physical domain.

D(u) simulations, the results exhibit a characteristic zigzag behavior for
all configuration variables, as shown in Fig. 10. This zigzag pattern re-
flects the combined influence of both of T-D and E-D profiles, which
results in the algebraic sum of uncoupled simulations. However, when
considering fully coupled T-E-D simulations, the distributions of in-
plane displacement components, electric potential and temperature
variation align closely with those obtained in uncoupled simulations.
The difference is found for Uj vertical deflection, which shows a
translated profile. This translation highlights the impact of pyroelectric
coefficients on the vertical deflection of the panel, demonstrating how
fully coupling fields can affect the structural response. From Fig. 11, it is
evident that the in-plane strain components are not affected by pyro-
electric coupling. These strains, indeed, are solely influenced by the
contributions from piezoelectric effects and thermal expansion. On the
other hand, out-of-plane strain components display different profiles
when pyroelectric coupling is included, thus showing its impact on
distortions y ;5 and y »5. Note that the through-the-thickness profile of T-
E-D(u) simulations are the sum of the T-D and E-D profiles. Fig. 12,
instead, shows that the three-dimensional stress components are unaf-
fected by pyroelectric coupling. However, a slight difference can be
found in o 5 distribution, especially near the bottom surface. This aspect
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can be clarified by noting that an external pressure is present due to the
external elastic foundation, which depends on the U 3 displacement field
component. Indeed, there is a slight deviation among the U 3 response
from T-E-D simulations and that one obtained from T-E-D(u) simula-
tions, thus resulting in different values of external pressures applied at
{ = —h/2.Finally, Fig. 13 shows the results for electric field and electric
flux components, while Fig. 14 presents the temperature gradient and
thermal flux vectors. It is important to note that the thermal field and
fluxes are not influenced by the presence of an electric field within the
solid. Indeed, the curves obtained from T-E-D(u) and T-E-D simulations
match those ones from T-D simulations. In the same way, the electric
response of the panel is not affected by the thermal expansion, as the
electric field and flux components for the E-D case are identical to those
obtained from T-E-D(u). On the other hand, for a fully coupled T-E-D
simulation, a different profile in the electric field and electric flux
components is observed compared to the E-D simulation. This is
particularly evident along the in-plane directions.

Next example involves a laminated circular cylinder. The reference
surface equation accounts for s; as curvature direction, while s, cor-
responds to the straight direction of the panel:
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Fig. 18. Thermo-electro-mechanical analysis of a cylindrical panel under mechanical, electric, and thermal loads with various distributions. Through-the-thickness
distribution of the elements of the three-dimensional electrostatic field vector & (a1,a3,¢) (a) and of the electric flux vector (a1, a2,¢) (b), expressed in [V/m] and
[C/m?], respectively, evaluated for different values of N, M. Semi-analytical solution is derived at (0.75L 1, 0.25L ) within the two-dimensional physical domain.

r(s1,52) =1r(p.y) =Ricospe; —ye,+Risinges (87)
Here, R1 = R = 0.8 m denotes the radius of the cylinder, while L =2m
represents the height of the panel. The physical domain of Eqn. (87) is
defined with [a%,a}] x [a%,a}] = [—7/2,7/6] x [0,L2]. The lamina-
tion scheme is the same as in the rectangular plate, with a total thickness
h =0.11 m. The multifield response is evaluated at (0.75L 1, 0.25L ) for
various loading conditions and interactions between the involved
physical problems, as illustrated in Figs. 15-19. The structure is sub-
jected to the external mechanical pressure, along with thermal and
electric loads. More specifically, an external mechanical pressure with a
hydrostatic distribution of magnitude qg’ ) = 3 x 10° N/m? is applied to
the bottom surface in all simulations:

—(- S1

q5'(51.52) =45 (88)
1

The following expression is assumed for the semi-analytical coefficients
Q(;n)m for an arbitrary n =1, ...,KI andm =1, ...,1\7[ in Eqn. (58):
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4

Qé;,)n = - mcos(nn)(l — cos(mn) ) (89)

On the other hand, electric loads are applied to the top and bottom
surfaces using a hydrostatic distribution along the straight direction:

1S

b (s1,82) = q<§>L—2 (90)
2

where g’ =8 x 107°C/m? and g’ =7 x 10~°C/m? are the corre-

sponding load magnitudes. The following expression is, therefore,

adopted for coefficients Q) . Q')

expansion of Eqn. (90):

in the trigonometric Fourier

ot — 4 (1 — cos(nz) )cos(mz) O
Dnm 2nm

Furthermore, uniformly distributed thermal loads with magnitudes

(+)

g, =1J/m? and qﬁﬁ = 2J/m? are applied to the cylinder:

4y (s1,52) =7 (92)
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(+)

hnm>

Q(h;)m used in Eqn. (58)
for the expansion in Eqn. (92) are evaluated foranyn =1, ..., Nand m =

The trigonometric expansion coefficients Q

1,...,M as follows:
4q(hi)

2 93)
m2nm

(1 — cos(nz) )(1 — cos(mr))

Q=
The first set of simulations accounts for the electro-mechanical response
of the panel under mechanical load (88) and electric fluxes. A finite
element E-D model is developed to provide a three-dimensional refer-
ence solution, consisting of 2735180 DOFs. A semi-analytical solution is
evaluated using the present formulation with different numbers N, M of
expansion terms. The simulations are conducted with both ELW and ESL
theories. In this load case, classical ESL thickness functions are adopted
because the loading conditions applied fluxes, with no values for
configuration variables at the top and bottom surfaces. Then, the
thermo-mechanical problem is solved for the same structure, and the
results are also derived from a 3D FEM model, as well as with ELW and

ESL formulations. As shown in Fig. 15, for N = M = 300, the numerical
predictions for the displacement field components and electric potential

29

are very similar to those ones from 3D FEM analysis. Moreover, the
zigzag behavior is particularly evident in the T-D displacement field
components, and a piecewise linear profile is observed for the temper-
ature variation, while the electric potential shows a smoother distribu-
tion. Similar observations can be repeated for three-dimensional strain
components reported in Fig. 16. In particular, in-plane strains €1, ¢2
exhibit a linear profile along the entire thickness of the cylinder, while
e3 shows a piecewise linear distribution in both E-D and T-D simula-
tions. In any case, as the number of semi-analytical terms increases, the
results converge. Fig. 17 shows the thickness plots of the three-
dimensional stress components. Referring to E-D simulations, the re-
sults match well the reference solution, and the loading conditions are
accurately satisfied through the equilibrium-based recovery procedure.
In addition, the T-D semi-analytical model demonstrates more rapid
convergence of results with increasing terms N, M. When solving T-E-D
(w) and T-E-D problems, it is observed that pyroelectric contributions are
negligible in the overall mechanical response of the laminate compared
to the T-D and E-D numerical predictions, except for the vertical
deflection Ujs. The three-dimensional strain components are only
slightly influenced in some layers for the out-of-plane distortions, while
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the stress distribution remains unchanged. The effect of thermo-electric
coupling is more pronounced in the electric field components and
electric flux distributions along the thickness direction, as shown in
Fig. 18, particularly when the pyroelectric effect is included in the
model. On the other hand, Fig. 19 indicates that the thickness plots of
thermal primary and secondary variables are not influenced by the
presence of an electric field within the laminate. Furthermore, it is worth
observing that temperature gradient components are well predicted only
when a higher number of harmonic expansion terms are used in the
simulation (N = M = 300). When N = M = 150, indeed, the in-plane
temperature gradient profile does not match the 3D FEM numerical
predictions. On the other hand, the elements of the thermal flux vector
are accurately predicted even with a lower number of expansion terms.

The last numerical example focuses on the thermo-electro-
mechanical behavior of a spherical panel with radius R; = Ry =
0.03m. The two-dimensional physical domain required to define the
reference surface in Eqn. (1), is such that [af,a}] x [a%,a}] = [75,
105] x [ — 20, 20] deg. The lamination scheme employs the same mate-
rial  sequence  of  the previous  simulations, namely
(ETE - 1/ETE - 3/ETE - 1/ETE - 2/ETE - 1) with (0/0/0/0/0), but
with layers thicknesses equal toh, =hs =0.0001 m, h, = 0.00025m,
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h3 =0.0003m and h4 = 0.0005m. The structure is subjected to sinu-
soidal distributions of mechanical, thermal, and electric loads, defined
according to Eqn. (84) with a = 3,D,h. The corresponding load mag-
nitudes are provided as q(;) = —75N/m?, q(g) = 1.6x 10°°C/m?,
gy = 1.4x 10°5C/m2, g\ =4.4J/m? and g\, = 4.08J/m> The
structure rests on an elastic foundation, following the Winkler-Pasternak
model, located at the bottom surface with an elastic stiffness k(SJI) =5x

107 N/m?, while the foundation shear modulus is G(f) =5x 10°N/m?.

The results are evaluated at (0.75L1,0.75Ly) within the physical
domain, and consist of through-the-thickness distributions of multifield
configuration, primary, and secondary variables of the physical prob-
lems. These results are presented in Figs. 20-24. This example enhances
the investigations previously reported for the laminated rectangular
plate. In this case, the structure exhibits a double curvature, and it is also
subjected to mechanical and multifield external loads. The displacement
field profiles can be found in Fig. 20, along with the distributions of
electric potential and temperature increment. The overall deflection of
the panel due to the thermal and electric loads is characterized by a
zigzag and linear behaviour, respectively. In contrast, the deflection
contribution from mechanical loads results in a linear dispersion of the
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in-plane displacement components and a uniform distribution of the out-
of-plane displacement field. When T-E-D(u) simulations are considered,
the total displacement field is obtained as summation of contributions
from each individual load. The T-E-D results show a slight translation in
the out-of-plane displacement field profile. On the other hand, the
electric potential from E-D simulations changes when the additional
effect of the thermal field is considered, even for an uncoupled analysis.
This happens because the deflection of the panel due to thermal
expansion induces an additional electric field resulting from piezoelec-
tricity. In Fig. 21, the three-dimensional strain components exhibit a
linear profile for in-plane axial strains, while non-uniform values of out-
of-plane strain ¢ 3 are observed between adjacent laminae. In addition,
each layer of the stacking sequence shows distinct out-of-plane distor-
tion profiles, indicating that the variations in the volume fraction of
cylindrical fibers affect the thermo-electro-mechanical properties of the
homogenized material. On the other hand, the through-the-thickness
stress profiles shown in Fig. 22 reveal higher shear stress magnitudes
in laminae with lower distortions across all multifield simulations. This
results from the cross-ply behavior of the laminae, which is character-
ized by uncoupled shear stresses from axial deformations. It is important
to note that the o3 stress distribution is affected by the loading and
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boundary conditions. In particular, the application of the recovery
procedure ensures the fulfillment of the mechanical loading conditions
at the top surface, while the stress values are different at the bottom
surface in different simulations. In absence of a mechanical surface
pressure at the bottom side, the recovery procedure uses the stress value
obtained from the elastic foundation model, depending on the vertical
deflection Uj of the structure. Fig. 23 shows the electric field and
electric flux components. As expected, the introduction of the pyro-
electric effect into the model results in an additional contribution to the
electric field, causing a shift in the curve obtained from uncoupled T-E-D
(u) analysis, particularly evident along the in-plane directions.
Regarding the electric flux components, stepwise profiles are observed
for &1 and & , due to variations in the dielectric properties of the
laminae. On the other hand, the & 5 distribution shows only a variation
in slope among adjacent layers. In addition, the coupling between
physical phenomena leads to different profiles for electric quantities.
However, the thermal primary and secondary variables are not signifi-
cantly influenced by multifield coupling, as illustrated in Fig. 24. Here,
the in-plane temperature gradient and thermal flux components depend
only on the thermal loading conditions, while the introduction of an
electric field causes a variation near the bottom surface of the panel. It
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Fig. 24. Thermo-electro-mechanical analysis of a laminated spherical panel under mechanical, electric, and thermal loads with sinusoidal distribution. Through-the-
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should be noted that pyroelectric coefficients affect only the electric
response, while thermal quantities remain consistent between T-E-D(u)
and T-E-D simulations. Finally, when thermal loading conditions consist
of prescribed temperature values, the through-the-thickness distribu-
tions obtained from the analysis are similar at the bottom surface, with a
slight variation only at the top surface.

6. Conclusion

The work has introduced a novel two-dimensional formulation based
on a generalized kinematic model for the multifield analysis of curved
laminated panels made of innovative smart materials. The proposed
theory considers a full coupling between thermal conduction, electricity,
and mechanical elasticity in the physical problems. The fundamental
equations, derived from the Master Balance principle, have been
expressed in curvilinear principal coordinates and allows for the appli-
cation of surface loads with various distributions, including mechanical,
electrical, and thermal loads, as well as prescribed displacements,
electric voltages, and temperature variations. A semi-analytical Navier
solution has been developed, and the three-dimensional multifield
response of the laminate has been obtained using a GDQ-based recovery
procedure. Various numerical applications have demonstrated the effi-
ciency of the formulation for both straight and curved laminated
structures, evaluating the thermo-electro-mechanical response under
different loading conditions. The results have been shown to match well
predictions from highly demanding finite-element models. Furthermore,
the study has explored some coupling effects not typically considered in
commercial software, pointing out their impact on the overall structural
response. At the present stage of the research, the solution is suitable
only for specific geometries, material symmetries, and boundary con-
ditions, even though the formulation is general. Furthermore, it allows
for the prescription of temperature and electric potential only at the top
and bottom surface. As a consequence, it is required that all layers
exhibit thermal and electric properties. A possible enhancement of the
theory can thus be its extension to a layer-wise formulation. Further-
more, a numerical solution can be implemented to analyze structures of
various geometries, materials and external constraints. In this way, new
possible multifield applications can be studied involving curved lami-
nated structures.
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