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The manuscript presents a generalized two-dimensional model for evaluating the stationary hygro-thermo-
mechanical response of laminated shell structures made of heterogeneous piezoelectric composite materials
with thermal and hygrometric properties. In particular, the static bending response of these structures is studied,
along with their coupled hygro-thermo-electrical behavior. A generalized kinematic model is introduced,
enabling the assessment of arbitrary temperature and mass concentration variations with respect to the unvaried
configuration at the top and bottom surfaces. This is achieved through an Equivalent Layer-Wise description of
the unknown field variables using higher order polynomials and zigzag functions. Furthermore, an elastic
foundation is modelled according to the Winkler-Pasternak theory. The fundamental equations, derived from the
total free energy of the system, are solved analytically using Navier’s method. Then, the Fourier-based gener-
alized differential quadrature numerical method is adopted to efficiently recover the through-the-thickness
distribution of secondary variables, in agreement with the hygro-thermal loading conditions. The formulation
is applied in some examples of investigation where the response of panels with different curvatures and lami-
nation schemes is evaluated under external hygro-thermal fluxes and prescribed values of temperature and
moisture concentration. In addition, we investigate the effect of the hygro-thermal coupling due to Dufour and
Soret effect. The present formulation is verified to be a valuable tool for assessing the mechanical response of

laminated structures in a thermal and hygrometric environment with reduced computational effort.

1. Introduction

In recent engineering applications, a crucial aspect of technical
design is the study of the effects of environmental conditions on the
response of structural components. For instance, in the aerospace in-
dustry, hygro-thermal effects can influence the deflection of curved
composite panels due to hygroscopic expansion phenomena, inducing
additional strains and stresses that may lead to unexpected failure [1,2].
When a composite material is exposed to temperature and humidity, it
may exhibit some issues such as strength and stiffness reduction, effects
on fiber-matrix interfaces [3-5], and further degradation of its me-
chanical properties. In addition, recent applications based on the me-
chanical elasticity coupling with other fields, including electricity and
magnetism, have led to the development of piezoelectric and piezo-
magnetic sensors and actuators which are extensively used in various
fields, including biomedical applications [6], structural monitoring [7],
mechanical engineering [8], and wearable devices [9], among others.
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Piezoelectric materials are capable to generate electric voltages when
subjected to mechanical loads and undergo deflections when exposed to
electric loads. For this reason, novel strategies have been developed to
simulate these phenomena, enhancing classical mechanical models
commonly used among engineering applications [10,11]. To model
hygro-thermal effects within a solid, the Fick and Fourier equations are
typically employed [12-14]. However, the experimental evidence in-
dicates that these two phenomena are correlated. The additional ther-
mal fluxes, indeed, can arise from the mass diffusion, and the
temperature variations can increase the mass diffusion within the
structure [15-17]. These processes, known as thermophoretic and
thermal diffusion effects, can be modelled by coupling classical heat
transfer and mass diffusion equations through the Onsager principle and
reciprocity relations, as detailed in Refs. [18-21]. It should also be noted
that the mass diffusion is significantly slower than thermal conduction,
therefore the Fourier equations may be used in their stationary form in
most configurations [22]. Another important consideration regarding
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the multiphysic simulations is that different physical problems must be
simultaneously addressed to model accurately coupling effects. In fact,
the presence of a thermal field can influence the electric response of the
structure [23,24]. Therefore, the fundamental equations should be
solved simultaneously in a consistent manner [25,26]. However, under
the thermodynamic equlibrium, these equations can be solved in a
staggered way, as certain couplings involving gradients are absent. In
this way, the physical problems can be solved independently, thus
reducing the computational effort. As far as the modelling strategies are
concerned, three-dimensional (3D) approaches are typically adopted to
accurately evaluate all interactions between these phenomena [27,28].
However, to analyze laminated panels using two-dimensional (2D)
theories, the uncoupled multifield simulations are often performed,
where a pre-determined distribution of scalar multifield variables such
as temperature variation, electric potential, and moisture concentration,
is assumed. This approach is suitable only for thin laminates, where the
thickness of the panel is negligible compared to the size of the structure.
However, in moderately thick laminates with a significant variation of
the consitutive properties for each layer, these quantities may exhibit
arbitrary through-the-thickness distributions [29,30], thus requiring
coupled simulations for accurate predictions. In the exisiting literature
on this topic, the thermal conduction and mass diffusion equations are
typically solved only along the thickness direction in their
one-dimensional form. Then, the additional strains induced by temper-
ature or moisture variations are evaluated and included in the classical
mechanical analysis.

The introduction of additional physical phenomena into the model
introduces new variables that can increase the computational cost of the
simulation [31]. For this reason, 2D approaches [32,33] are often
preferred in lieu of 3D simulations, to increase the efficiency of the
theory. Among 2D approaches, various theories are found in literature,
which can be classified into Equivalent Single Layer (ESL) or Layer-Wise
(LW) theories, as detailed in the review papers in Ref. [34,35]. In ESL
theories, a reference surface is defined at the middle thickness of the
structure, treating the entire laminate as an equivalent continuum ma-
terial [36,37]. This approach allows for the introduction of a kinematic
model to expand unknown variables along the thickness direction. In
contrast, in LW models the fundamental equations are developed within
each lamina, with kinematic compatibility conditions applied to
assemble the relations for the entire laminate [38,39]. Classical theories,
such as the Classical Plate Theory (CPT) and the First-order Shear
Deformation Theory (FSDT), belong to the ESL category [40-42] and are
extensively adopted in literature for several applications. However, as
demonstrated in Ref. [43], these theories are insufficient in their accu-
racy for laminates made of advanced materials, because their kinematic
models lack the necessary Degrees of Freedom (DOFs) to capture the
non-uniform distribution of bending induced by the stretching effect.To
model this particular effect in deflection, indeed, higher-order poly-
nomials are required in the kinematic model. To this end, the
Third-order Shear Deformation Theory (TSDT) [44,45] was introduced
in literature which adopts higher-order distributions of in-plane un-
known variables. On the other hand, TSDT assumes a uniform
through-the-thickness distribution of the out-of-plane displacement
component, which limits its ability to predict the stretching effect. To
overcome these limitations, Higher-order Shear Deformation Theories
(HSDTs) have been developed which incorporate higher-order poly-
nomials within the kinematic model [46-48]. In addition, zigzag func-
tions were introduced to efficiently capture the interaction between
adjacent laminae in a 2D theory. Following the pioneering works by
Murakami [49,50], where zigzag functions are applied for in-plane
variables, further zigzag theories have been developed. For example,
in Ref. [51] the Murakami function has been applied to each displace-
ment field component to investigate the vibration of generally aniso-
tropic laminates. Moreover, refined zigzag theories [52,53] have been
developed for composite materials, based on some considerations
regarding the shear properties of the specific panel under investigation.
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It should be noted that HSDTs, along with zigzag functions, introduce
different terms within the theory which can complicate the theory. A
significant advancement in this field is the generalized formulation [54,
55], which considers arbitrary thickness functions, and derives the
fundamental equations independently of the specific expression of the
thickness function itself. In addition, Equivalent Layer-Wise (ELW)
theories [56] have been developed to enable the possibility to prescribe
arbitrary values of the unknown variables at the top and bottom surfaces
of laminates. The generalized formulation, developed for the mechani-
cal case, was later adopted in Ref. [57] for electro-mechanical simula-
tions to model arbitrary distributions of the electric potential within the
solid. In Ref. [58,59], this approach was further expanded to multifield
simulations to develop a comprehensive model that accounts for all
possible couplings between different physical phenomena. The use of
refined kinematic models is crucial when advanced materials are
included within the lamination scheme. These materials frequently
contain multiple phases within the same layer, each contributing to the
overall behavior of the lamina. A wide class of composite material
exhibiting coupled multifield properties can be obtained, from a
manufacturing point of view, by introducing inclusions within an
isotropic matrix. In this way, the unit cells that can be traced are that of
the spherical inclusion within an isotropic matrix, or vertically aligned
nanostructures, as well as heterogeneous laminates, as extensively
detailed in Ref. [60]. As a result, it is important to derive the constitutive
properties of an equivalent continuum material through effective ho-
mogenization procedures. A widely used method is the well-known rule
of mixture [61], which relates the overall properties of the homogenized
material to the volume or mass fractions of each phase. However, this
method does not take into account the influence of the shape of various
phases within the material, which may cause localized deformation ef-
fects. To overcome these drawbacks, the well-known Mori-Tanaka pro-
cedure was developed [62], which employs the Eshelby tensor of an
equivalent inclusion problem [63]. Generally speaking, the elements of
this tensor are computed numerically [64]. However, closed-form ex-
pressions of these quantitites have been recently derived for ellipsoidal
[65-67] and polygonal [68,69] inclusions. The Mori-Tanaka homoge-
nization method has been adopted to determine the homogenized
properties of advanced materials across various physical problems,
including fiber-reinforced composites and carbon nanotubes [70-72]. In
addition, in Refs. [73,74] this procedure has been extended to obtain the
homogenized multifield properties of smart laminae with piezoelectric
and piezomagnetic phases, considering the effects of temperature vari-
ations within the solid.

The derivation of an analytical homogenization is essential for
modelling graded variations in the material properties within a solid.
Indeed, a variation in these quantities can be achieved by varying the
governing parameters of the unit cell, such as the volume fraction of
each constituent material, the shape parameters of inclusions, and their
orientation with respect to the material reference system [75]. In this
context, the laminate is made of Functionally Graded Matetials (FGMs).
Referring to laminated structures, most applications consider the ma-
terial variability along the thickness direction, modelled using
one-dimensional power and trigonometric expressions [76-79]. In
manufacturing industry, FGMs are typically developed by combining
ceramic and metal phases, and they are extensively studied in literature
as they offer good mechanical and thermal insulation properties within a
single material [80]. Modelling strategies for FGMs can also be applied
to other problems, as happens for instance for the material porosity,
where the presence of voids is represented as inclusions within the unit
cell that exhibit null constitutive properties [81].

In multifield analyses, the number of variables increases compared to
those ones involved in mechanical simulations. This increases the ne-
cessity of using efficient numerical methods to obtain solutions with a
reduced computational effort. Among these methods, the classical Finite
Element Method (FEM) is widely used in most commercial software and
is known for its stability [82,83]. As it is well-known, in FEM
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implementations of a differential problem, the domain is discretized into
finite elements, with fixed shape functions introduced to express the
variation of the unknown variables within this region. However, this
approach does not inherently guarantee a smooth continuity in the so-
lution [84], therefore accurate results require a finer mesh, which in-
creases, in turn, the computational cost of the simulation. To overcome
these limitations, collocation methods have been recently developed in
Refs. [85,86], that use a global interpolation of the solution across the
entire domain. Among these numerical procedures, the Generalized
Differential Quadrature (GDQ) method has been extensively applied in
various engineering problems, including structural mechanics [87-90],
fracture analysis [91], and time-history simulations [92], as well as vi-
bration analysis [93,94], among others. Based on the GDQ method, the
derivatives are approximated as a weighted sum of the values assumed
by a function at specific sample points. The weighting coefficients can be
derived through several approaches, as detailed in Refs. [95,96]. The
most common methodology uses a recursive procedure, based on
Lagrange polynomials, to determine the quadrature coefficients. Recent
studies, however, have shown that similar accuracy can be reached
using trigonometric series instead of Lagrange polynomials [97]. Over-
all, the GDQ method has proven to be very accurate and requires a lower
computational effort than FEM, especially for non-uniform grids [98,
99].

The validation of the numerical model is typically performed by
comparing the numerical results to a closed-form analytical solution of
the differential equation set, derived for some specific cases. This solu-
tion can be obtained, for example, by assuming a specific expression of
the unknown variables that satisfies the given boundary conditions. In
this context, the Navier approach, adopted for instance in Ref. [100],
uses a trigonometric expression to describe the unknown variables
within the physical domain. This method has been widely applied to
various problems, including simply-supported plates and shells under
mechanical pressures, as well as multiphysics simulations, involving 2D
or 3D cases [101,102]. Furthermore, in Refs. [103,104] this procedure
has been generalized into the boundary discontinuous method which
addresses clamped laminated panels using analytical solutions. How-
ever, as demonstrated in Ref. [105], the results from 2D analytical so-
lutions must be adjusted through a post-processing recovery procedure
that employs a numerical method to solve the equilibrium equations.
This ensures that the results align with those from 3D simulations.

This work presents a novel formulation based on the ELW, for eval-
uating the hygro-thermal effects on a laminated curved panel under
mechanical, electric, and magnetic loads for thermodynamic equilib-
rium conditions. The theory is based on a general curvilinear reference
system with principal coordinates and adopts a generalized kinematic
model to describe the unknown variables along the thickness direction,
taking into account higher-order theories and a zigzag function to model
the 3D multifield behavior of laminated structures with various lami-
nation schemes. A fully-coupled constitutive relationship is provided,
accounting for the strains induced by other fields on the structures, as
well as the piezoelectric effect. The influence of temperature and
moisture variations on the electric response within each layer is
modelled through pyroelectric and hygroelectric terms, while hygro-
thermal coupling accounts for thermophoretic and thermal diffusion
phenomena. The consitutive coefficients are derived from an analytical
procedure based on the Mori-Tanaka approach for a two-phase smart
material. Furthermore, an arbitrary variation of the material properties
is modelled within each layer. The fundamental relations are derived
from the stationary configuration of the total energy of the system,
taking into account various multifield loads with surface distributions. A
semi-analytical Navier solution is derived for simply-supported spher-
ical panels with cross-ply lamination schemes and uniform curvatures.
Then, a post-processing procedure is presented herein, which enables
the reconstruction of the 3D distribution of multifield primary and
secondary variables within the 3D solid. With respect to the compre-
hensive theory reported in Ref. [58], this paper focuses on
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hygro-thermo-electro-elastic multifield coupling, and introduces a gen-
eral kinematic model based on Jacobi polynomials, while in Ref. [58]
only power functions are adopted. In addition, the recovery procedure
for the post-processing is here based on T-GIQ numerical method, while
in this reference the reconstruction of primary and secondary variables
is performed by discretizing the balance equations with the GDQ
method. Furthermore, an arbitrary variation of the material properties is
introduced which cannot be traced in the previous research on the topic.
The model is applied in numerical examples, where the multifield
response is evaluated for various loading conditions in terms of me-
chanical pressures and multifield fluxes, as well as arbitrary values of
electric potential, temperature and moisture concentration variations.
The results are compared with outcomes from 3D numerical simulations
using a finite element code. Additional simulations are also performed to
investigate other coupling effects that cannot be predicted with classical
3D FEM, and a parametric investigation shows the effect of the material
distribution parameters. The formulation presented in this paper can be
a valid tool for practical engineering applications involving multiphysics
modeling of curved laminated structures, accounting for effects that are
not predicted by most existing theoretical and numerical approaches.
Furthermore, due to its high accuracy and computaitonal efficiency, it
can be adopted in optimization procedures [106], and it can be
expanded to investigate the vibration characteristics of multilayered
piezoelectric structures [107].

2. Theoretical analysis

In line with the ELW approach, the geometry of a doubly-curved shell
structure, defined by the position vector R(ai, a2, ), with
(a1,a2,¢) € [a%,a}] x [a%.a}y] x [-h/2,h/2] is described by the
quantity r(a1,a2), representing the surface position vector of the shell
located at { = 0. The position vector R is, thus, expressed as follows
[58]:

R(al,azﬂé):r(al,a2)+gzn(a1,a2) (€8]

where z = 2 /h is a dimensionless variable identifying points along the
thickness direction. The reference surface, r, is expressed through the
curvilinear principal coordinates a1,a 3. The thickness of the laminated
shell, denoted by h, is evaluated as summation of thicknesses hy =
(a1 — o with k =1, ..., L of each k-th lamina in the stacking sequence,
being [ the total number of laminae. The outward normal unit vector
n(aq,a2) at an arbitrary point of the reference surface belonging to the
parametric domain [a%,a}] x [a%,a}], is determined by the following
relation, derived in Ref. [58]:

;AT
n(al,az):m 2)

being r;, with i = 1,2, the first-order partial derivative of the reference
surface equation with respect to a; = a1, a, principal coordinate, while
the symbol A represents the well-known vector cross product. In addi-
tion, the second-order partial derivatives of r with respecttoa;, a; = a1,
a are denoted by r ;. From Eq. (1), it is possible to derive the geometric
properties of the 3D solid, based on those ones of the reference surface
r(a1,a2). More specifically, the Lamé parameters A; = A1,A , refer to
the metric coefficients, and the principal radii of curvature R; = R1,R»
refer to the principal directions a; = a1,a 3. They are evaluated at any

point within the rectangular parametric domain [a9,a}] x [a%,a}] as

follows:
Ai(ar,ay) = /Tt
rpr; 3
Ri(ai,az) = —
i

At this point, it is useful to define the curvilinear coordinate s; = s,



F. Tornabene et al.

s, along each principal direction. The infinitesimal variation ds; of this
coordinate is related to the corresponding infinitesimal change, denoted
by da;, associated with a; = a1, a, curvilinear coordinates, through the
Lamé parameters introduced in Eq. (3). This relationship is given by ds;
= Ada;. The curvilinear abscissa s; = 51,52, with s; € [s9,s}], is ob-
tained by integrating this relation over the interval [a9,a;], and it refers
to the reference surface. To compute lengths at an arbitrary height ¢
within the 3D solid, scaling parameters H; and H, are introduced,
which account for the metrics changes due to height ¢. They are defined
as follows:
H _ ¢
(a1, a2,0) =1+ 4
R;

Following the ELW approach, a generalized kinematic model is
developed to characterize the unknown configuration variables of the
3D structure, taking into account N + 2 terms for the kinematic expan-
sion. The following compact notation expresses this relationship [58]:

N+1

Al Zpgk)a(r) (5)
=0

ST

QU+ +F+6+2)(z-1))

C(ABZ 472 — 8)J7)@) — 2(t+7 — 2)(1 + 6 — 2)ATT°)(Z)
D

In the previous relation, the vector A% of size 6 x1 contains the
unknown variables at an arbitrary point within the doubly-curved 3D
solid. The vector 6 of size 6 x 1 collects the generalized configuration
variables, defined at each (a1, a ) point within the physical domain, for
an arbitrary z-th kinematic expansion order with 7 = 0,...,N + 1. The
matrix F® of size 6 x 6 depends on the thickness coordinate ¢. This
matrix is defined for each 7 = 0, ..., N+ 1, and collects the thickness
functions F®% = FW«(¢) for i = 1,...,6 corresponding to each z-th ki-
nematic expansion order. The previous relation can be expressed in the
following expanded form:

Uy FP 0 0 0o o0 o ||uf
Uy o Fb= o 0o 0 0 ||u?
aoo [ US| 820 0 m 000 g
ApO | =] 0 0 0 FN¥u o0 0 ||g0
AT® 0 0 o0 0 Fbs 0 £
Ac® 0 0 0 0 0 FWw || @

(6)

Referring to the 3D solid, the unknown variables of the multifield
problem include the displacement field components UV, Uy UY,
expressed in meters [m] and defined with respect to the shell geometric
reference system O'a;a»(. Variations in electric potential, temperature,
— (b(k) — s AT®R —Tk _
Ty and AC® = C® — C,, are also evaluated with respect to the reference
state of the system, defined by the reference values ¢,,To and Co. Ac-
cording to the International Standards, these scalar quantities are
expressed in volt [V], kelvin [K], and moisture mass per unit volume of

and moisture concentration, denoted by A¢®

for t=1
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dry solid [kg/m®], respectively. The use of the generalized kinematic
model of Eq. (5) enables to obtain refined descriptions of the unknown
variables depending on the specific simulation requirements. Further-
more, selecting particular expressions for the thickness functions allows
the model to include classical theories such as CPT, FSDT and TSDT. In
this study, the thickness functions are selected within the ELW frame-
work. In particular, the following expressions are adopted for any i = 1,
..., 6, depending on the normalized thickness coordinate z = 2¢ /h with
ze[-1,1]and fort=1,..,N— 1:

1 3
Tz for =0
FRu(z) = ¢ J"9F) —Jr)(Z) for t=1,.,N—1 %)
1%
—2’_2 for t=N

Here, J%(2) denote the Jacobi orthogonal polynomial of the 7-th
order [85], with characteristic parameters y, 5. These polynomials are
recursively calculated using the following relation:

for t =2

(8

for t=3,..N

withA =27+y+6—-2,B=A—-2,C=A—-1andD =2(r - 1)(t +y +
& — 1)B. As is well-known, the selection of specific values for parameters
y,6 within Eq. (8), leads to a wide range of polynomial families,
including Legendre (y = § = 0), Lobatto (y = § = 1), and Chebyshev
polynomials of the first, second, third, and fourth kinds, while selecting
y=0=-1/2,y=6=1/2,y=-6=—-1/2,andy = -6 =1/2,
respectively. Note that the first-order derivative of these polynomials
with respect to the dimensionless coordinate z must be derived
accordingly. It should be noted that the thickness function in Eq. (7), for
7 = 0, assumes a null value at { = h /2, while itisequalto 1 at{ = —
h /2. Conversely, the thickness function associated with z = N is equal to
1 at the top surface, while it assumes a null value at { = — h /2. This
behavior ensures that the kinematic expansion in Eq. (5), combined with
Eq. (7), allows for the specification of arbitrary values of the unknown
configuration variables at the top and bottom surface, namely at the
bottom of the k = 1 lamina and at the top of the I-th layer within the
stacking sequence [58]:
&) h ) _ 50

Ai <(Xl,az,é‘:7§>:Ai :§i ((Z],(lz)

B ©)
AV ((11,(12,4‘ = §> =AY =M (ay,a,)

Finally, the following thickness functions are introduced for the 7 =
N + 1 kinematic order, introduced for the first time in Ref. [58]:

s
TG
Pt ={ zme= (-1 25 -1), k=2..1-1 (10
{—lin
—(—1)> 51
& ( )¢l+1 _gl

with Zx = (¢ — k) /(Cky1 — Ck), for any k = 1, ..., L. The thickness func-
tion in Eq. (10) refers to the modified zigzag function, which is devel-
oped to simulate the interaction between adjacent laminae in the
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stacking sequence. This expression assumes a null value at { = h /2 and ¢
= — h/2. The kinematic model adopted in each simulation is rapidly
identified by using the specific acronyms ELD — N and ELDZL — N. In
particular, “EL” indicates that the model is based on the ELW theory,
where the displacement field components (D) are the unknown config-
uration variables. The acronym also accounts for the maximum N-th
order of the kinematic expansion. Furthermore, when the zigzag func-
tion from Eq. (10) is used, the acronym “ZL” is added to the
nomenclature.

To derive the governing equations for the hygro-thermo-electro-
elastic problem, the higher-order kinematic model is used to express
the definition equations from those derived for a doubly-curved 3D
solid, reported below in compact matrix form, for the sake of
completeness. These equations relate vector A% already introduced in

(k) — (k)

T
Egs. (5)-(6)withvector7t(k>:[e(k)T 2T AT Ac T ,l(k>T] of

the 3D multifield primary variables [58]:
2% =DA® = D DA® 1)

The definition equation is expressed in the previous relation in terms
of a multifield kinematic operator D, which is composed by the sub-
operators corresponding to each specific physical problem. This in-
cludes the symmetric part of the strain tensor and the gradient of a scalar
field. Further details can be found in Ref. [58]. The sub-vectors of the 3D
primary variables for mechanical elasticity, electrostatics, thermal
conduction, and mass diffusion, are presented in extended form as e =

(k) (k) (k) (k) (k) 1T o _ [ el k) l)]T gk
[91 € V12 Y13 Y23 83]’5 *[‘(;1 &y ("(’3]’6 =

[6% 0% o ]T, and A0 = [20 20 % }T. Since the present
formulation is derived for a doubly-curved 3D solid in curvilinear
principal coordinates according to Eq. (1), it is convenient to split the
operator D in two parts, denoted by D, and D, which contain the de-
rivatives with respect to the thickness coordinate ¢ and the partial de-
rivatives with respect to the in-plane quantities a1, 5, respectively. The
operator D, assumes the following representation:

Dy O (] 0 0 0
0 Dy O 0 0 0
|l o 0 Dy O 0 0
D:=1 o 0 0 Dy O 0 (12)
0 0 0 0 D O
0 0 0 0 0 Dy

where the quantities D1, D (2) and D,(s) are expressed as follows [58]:

1
i 0 0 0 0 0 0 O
o X 0 0 0 00 0 0
H,
11
] 0 0 7 0 0 0 0 0
(1) =
1 9
0 0 — 0 Z 0 o
H, a
1 9
0 0 0 0 m 0oy ©
00 0 0 0 o 0 2
L o |
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1
m 00

1

1
Dy =] 0 I, 0|, Dy =1 13)

il
O -
o

The differential operator D, introduced in Eq. (11), is associated to
derivatives with respect to a1, a5, and it is defined from the following
relation:

Dgy O 0 O
A
o Do
D, = Z;Dg = o o o Do, 14
. 0 0 Dgy O
0 0 0 Dgy

The sub-operators Dg1), Dg2) and Dgs) in the previous equation are
presented below in extended form:

—ay

Dou) = [D, D; Dg]

19 10 !
D === _ - = _ (15)
a@) A1 601 Ag ()(12
Dg(g) = 1

The quantities D;, , D;, and D, are expressed as follows [58]:

10 1 0A, | - :
=2 91 1
Ay doy ALA5 Oay R.
1 0A, 19 .
A1A 2 doy A_Q()th R,
1o 10 0
A1A20a2 EE
S N N R B B I
Do =| Azday |» Do =| AA, 00y |» Po=] - 2
1 A]()al
0
R, 1 ii
0 *sz A20a2
1 0 0
0 1 0
0 0 L 1 J

(16)

Finally, the operators D¢i, withi = 1,...,6, introduced in Eq. (14), are
defined in terms of the operators Dy, from Eq. (16) as follows, with D, =

~ag

ﬁ;s = ﬁ:’; = Dg(z) and ]N)Z: = DQ = DQ(3):
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D 0 0 0 0 O 0D 000O00O
0 00O0O0O 0 0 0000
o 0 00O0O0O . 0 0 0000
DY = , D2 =
0 00O0O0O 0 0 0000
0 00O0O0O 0 0 0000
0 00O0O0O 0 0 0000
00D, 000 000 O 00
00 0 000 0 00D 00
w |00 0 000 w |000 0 00
Dy = , Dy =
00 0 000 000 0 0O
00 0 000 000 0O 0O
00 0 000 000 0O 0O
0000 0 O 0000O0 O
0000 0 O 00000O0 O
. |0 00 o0 D o . 00000 O
Dg = , Dy = o~
0000 0 O 0000 0D,
0 000D O 00000O0 O
0000 0 O 0000 O D

a7

By introducing the higher-order kinematic model from Eq. (5) into

Eq. (11), the elements of vector 7¥) are expanded and expressed in terms

of the generalized configuration variables vector 6. This results in the

introduction of vector 7% = D8 of generalized primary variables for
each 7-th order of the kinematic expansion:

N+1 6 N+1

Z Z Z (k) rt,Da, Z Z Z<kt)a‘7t

=0 i=1 =0 i=1
18)

DAY =D, ZD“‘A

T
where z(0% = [g(r)a;T Z@al AT () AC ®) T A('M} contains

the generalized vectors of the primary variables corresponding to each
physical problem. These vectors are defined as follows:

D% (g, @p) =[P4 (Pu Ou Oa o 0n g0 ]
T
& ~(7)a; (al a’z) [(((ra ;( al]
(D) O~ O ~ (@)
AT  (a1,a2)=AT , AC (a;,a)=AC
‘9(1)(1[ (al , az) — [9(17)“1 9(27)0(: 9(;)11: ] , A(T)U’x (al ,02) — [A(lr)al ﬂ(zf)a: j-(; i ]

19)

A key aspect in the previous equation is the introduction of matrix
(k)i for each 7=0,...,N+1 and i = 1,...,6, depending on the thickness
coordinate ¢, which incorporates the thickness function matrix F* of Eq.
(5) into its definition. This matrix takes the following extended form
[58]:
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VAN 0 0 0 0
VASIEN | (] 0 0
gron | 00 T o0 20)
0 0 o z¥% o 0
0 0 0 o z%= o
0 0 0 ()} 0oz

where the sub-matrices Z&)% — z{% z*k9% 7&0% are defined as fol-

lows:

2 = Dy O @1

for m = 1, 2, 3. At this point, the coupled constitutive equation is
introduced, accounting for the interaction effects between mechanical
elasticity, electrostatics, and hygro-thermal phenomena. If the vector of
multifield 3D secondary variables is denoted by y®), the following
relation is obtained for an arbitrary k-th lamina of the stacking sequence
[58]:

&
F®
®
® — ® k) N
X =" < W
h®
c®
L O PR VAU R N I (22)
=R wk SRT kT
r, T T, T, 0 o ®
—(k —(k —(k —(k ~ (k)
|t Ty T o o ||aT
Tl o w0 SR o ®
r,) T, e T 0 0 ||AC
o — ®
0 o0 0 o TV 1V 0@
- A
0 o 0 o 1V ¥

In the previous relation, 6 = [ ¥ 8 & K ggk)]T

collects the 3D stress components, while 7% = [ 2®  5® 5 ® ]T
represents the vector of electric flux components. In addition, h® =
[h% n® p® }T and c® =B ® © }T are the thermal flux and
mass flux vector, respectively, while ¥} denotes the specific entropy of
the shell solid. Finally, p® represents the specific entropy of the system

The matrices T Ty Ty T,/ TV ) T T Ty Ty Ty Ty, T

and f(ckc) occurring in Eq. (22) take the following extended form, for
generally anisotropic materials:



F. Tornabene et al.
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Ty = b BY bl By D P
B o bl Bl B P =

— [gk) Hk) k) k) k) k)
r, *[211 %32 %12 %13 23 Z33}

7R o) k) Sk k) sk Sk
o =la) @y ey e ey eyl
7K k) =) =(k
T, =[of) ol o]
7R _ 1) =(k) =k
I, *[8(11 gzz) 833)}
k) (k) 7-(k) (k) —(k) —(k
kiy kip kig x§1) x§2) xgs)
K k) =) k) | R k) k) =k
L' = |kyy kyy kys |+ Tx = | X153 Xy Xo
—(k) (k) +(k k) (k) (k)
k<13) k(z; k<33) X13 Xp3 X33
k) k) (k) <) <) (k)
o Y Yiz Vi3 o S11 S12 i3
TR _ |k s0 ok | O |0 o <&
Iy = 1% Yo Y3 |» Is = |31 S5 333
k) k) (k) <) <) (k)
Y1z Yoz Y33 S13 S23 S33

k) 2k k) k) k) Zk)
I =811, Te=¢1, T =460

(3 =(k .
Note that matrices I“i " and I‘i) account for the stresses associated
with thermal expansion and hygroscopic expansion phenomena, and

T ™ n i ol By e [
e e g -4 [T ]
o Pt (T T i ]
[ el e i ' ) ! 0

W [ [ [} et om

o [ [ [} nrre'n n

. - ok
they are calculated in terms of the elastic stiffness matrix FQ of the
f(k) _
=
o =k o = T o= o T .
(@1 G @2d13 Gy Gs3]" and rf, =[by1 by bisbys by bss)” of size
6 x 1, collect the rotated thermal expansion coefficients and the hy-

mechanical  elasticity. = More  specifically, vectors,

. . - _ 7k . P
groscopic expansion coefficients, ag.‘> and b(,.j), respectively, withi,j =1,
...,3 [58]:

)

0 =Y, I =TTy 24)

z

The coupled hygro-thermo-electro-elastic constitutive relation in Eq.
(22) is referred to the geometric reference system of the solid. However,
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Table 1

Analytical expressions adopted in the simulation for the variation of the material
properties within an arbitrary layer of the shell. Symmetric and unsymmetric
distributions are considered, taking into account both polynomial and trigono-
metric functions. Further material distributions can be found in Ref. [58].

Symbol Denomination Analytical expression
U Uniform 8(zx) =1
uc-1 Unsymmetric cosine I gZx) =1 cos (ggk + %)
_ ; ; ~ .
uc-11 Unsymmetric cosine II g(Z) = cos (EZ K+ Z)
_ : ; ~ T,
ucC- 111 Unsymmetric cosine III gZ) =1 cos (Ezk _ Z)
_ ; ; ~ .
uc-1v Unsymmetric cosine IV g(Z¢) = cos (EZ . — Z)
SC—-1 S tri ine I ~ P
ymmetric cosine gE) = 1— cos(i )
SC-1I Symmetric cosine II PO,
Y 8(Ex) = (cos(nZx)P
HS -1 Hyperbolic sine I 2p+1
. sinhz
8(zk) =5|1- 1k
sinh
2
HS—1I Hyperbolic sine II 1
~ sinhz
&Zx) —2(1+ ( 1k)
sinh -
2
HT -1 Hyperbolic tangent I 3
~ 1 tanhz
8=k =51~ 1
tanh—
2
HT - 1I Hyperbolic tangent II 3
~ tanhz
tanhz

the elements of the matrices in Eq. (23) are derived, for each k-th layer,
with respect to the so-called material reference system, denoted as

0'a<f>a<§>2”‘), which depends on the symmetry axes of the constituent
material. For this reason, the multifield constitutive matrix ™ in Eq.
(22) is expressed in terms of the matrices T¢I}, Ty", T T T T},
I, ¥, 0,
follows:

and I'¥) written in the material reference system as

(25)

The multifield relation in Eq. (22) is, thus, derived from Eq. (25) by
introducing a transformation matrix, denoted by H®, which accounts
for the rotation angles of the material reference axes &(f >6(§>Z(k) with
respect to the geometric reference system of the solid. If the planes a<{‘> —
a@ and a; — ay are assumed to be parallel, the transformation matrix

H® depends only on the angle 9% between @¥ and a; material and
geometric axes, and takes the following aspect [58]:

cosd®  sing® 0
H® = | —sind® cosd® 0 (26)
0 0 1
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Table 2
Constitutive coefficients of smart materials with multifield properties adopted in
the simulations.

Material CoFe;04 MAT — MAT — MAT — BaTiO3
I 11 il
Vs 0 0.2 0.4[x 0.6 1
1/3]
To[K] 297 297 297 297 297
p|kg /m®] 5300 5400 1833 5600 5800
M, [%] 0.01 0.01 0.02 0.01 0.03
¢ [J /kgK] 377.36 41458  450.45  357.14  550.62
Ci1 =Cxp[x10°N/m?] 286 252.38  74.98 202.08 166
Ci2[ x 10°N /m?] 173 14472 40.78 104.26 77
Ci3 =Ca3[x 10°N/m?]  170.5 143.99  40.89 105.13 78
Ces = (Ci1 — C12) /2[x 565 53.83 17.10 48.91 445
10°N /m?|
Cas =Css[x 10°N/m?]  45.3 47.15 16.33 50.81 43
Cs3[ x 10°N /m?] 269.5 24.11 72.41 196.54 162
P14 = pas|C/m?] 0 0.04 0.03 0.23 11.6
P31 = p32[C/m?] 0 -1.26 -0.76 -3.11 -4.4
p33[C/m?] 0 3.39 2.33 10.76 18.6
Q14 = g25[Wb /m?] 550 367.81  79.00 13850 0
@31 = g32 [Wb /m?] 580.3 41400  93.39 17017 0
33 [Wb /m?] -699.7 -602.79  -159.35  -332.94 0
an =ax[x10°1/K] 10 11.02 12.09 13.22 15.7
az3[ x 10701 /K] 5 5.17 5.39 5.65 6.4
b = b x 1.1 0.90 0.70 0.48 0
10*m? /kg|
bss[x 1074 m? /kg] 0 0.01 0.17 0.02 0
Ly =[x 10°F /m] 0.08 11.94 0.06 0.31 11.2
l33[ x 10-°F /m| 0.093 26.10 1.71 7.62 12.6
di1 =dp[x1072s/m] 0 -2.56 -1.49 -5.91 0
ds3[x 1095 /m] 0 2.05 0.92 2.52 0
My = mas [ x 590 396.10  85.6 152.2 5
10°H /m]|
mas [ x 10°°H /m] 157 127.87  32.86 69.1 10
033[ x 107°C /m?K] 0 3.60 0.27 11.51 20
€33 x 10 Cm /kg] 0 -1.78 0 -2.20 0
waz[x 1074 T /K] 3.2 -2.69 -1.73 -5.19 0
fa3[Tm® /kg] 0 -0.02 -0.01 -0.03 0
ki1 = kyo[J /mK] 3.2 3.03 0.96 2.74 2.5
ka3 [J /mK] 3.2 3.06 0.97 2.78 2.5
s11 =822[x 1078 m?](ugy 16 13.24 3.76 9.84 7.83
=0.1, v =0.25)
33 x 108 m?] (g = 16 14.37 4.24 11.1 7.83
0.1, v =0.25)
X1 = Xa[ X 4.08 4.46 1.54 4.66 4.57
10-8kg /mK](ug =
0.1, v =0.25)
x33[x 10 8kg /mK]|(ug ~ 4.08 4.50 1.56 4.73 4.57
=01, v =0.25)
yu =y2[J/mXK|w = 314 2.25 0.59 1.45 1.07
0.1, v = 0.25)
y33[J /m?K](ug = 0.1, 3.14 2.44 0.66 1.63 1.07
v =0.25)

It is useful to introduce an additional transformation matrix of size 6
x 6, denoted by T%, which is defined by appropriately expanding the
matrix H® through the Kronecker product @ :

(k)
TO =T (154789x(1,5.244.3+7.68.9))

- (Hw ® (H<k>)*1) @7

([1,5,4,7,8,9]x[1,5,244,3+7,6+8,9])

The elements of the vectors f;k) and F{,k’, of size 6 x 1, and denoted

RO . .= =
by ﬁ(i? and b(ij) withi,j =1,2,3, are collected into matrices A" and B® s

and they are calculated as follows:

Thin-Walled Structures 215 (2025) 113423

A(k) —v,
E(k) -y,

® <H<k>T£(k)H<k>)

(28)
® (H(k)Tﬁ(k)H(k))

where the symbol © denotes the Hadamard product. The arbitrary ele-

. ~(k) ~(k) ~(k) /\(k) . ..
ments of matricesA ,B  are denoted by a i and b i withij =1,2;3,
while the thermal expansion coefficients and hygroscopic expansion

coefficients are denoted by a%f) and b(;.‘),
into matrices A%, B®) of size 3 x 3. The matrix Y, of size 3 x 3 allows
for the conversion between the 3D strain components and the engi-
neering strain components. All these coefficients are, thus, related to

each other according to the following relations [58]:

respectively, and are collected

(k) (k) (k) —(k) (k) (k)

ay; ay dpg 122 a;; ayp agg ®
&) _ | k) ) k)| — ~k) Sk k)| A
AY=la}; ay dy| =121 210 ]aj; ay, ay|=Y.0A

(k) (k) (k) —(k) (k) (k)

aj3 dp3 A3 221 Qy3 dy3 Qg3

(29)

1k (k) 7k
B4 6% b | 12 2] [bY Y b .
BY = b by by | = |21 210 b bl b | =Y.OB
(k (k (k) —~ — —~
bi3 by by | L2211 gk pi

The matrices I'Y and ', couple the Fourier heat conduction model
and Fick mass diffusion equations, are derived from the thermal con-
ductivity matrix Fﬂ‘) and the mass diffusivity matrix I“(Sk), both expressed
in the material reference system. These matrices are obtained by
applying the Onsager reciprocity theorem and by defining some
appropriate generalized hygro-thermal variables, with the coupling
coefficients set as AX, ® as detailed in Ref. [58]:

I = o0 p® O

k 30
© 20 I((]() (30)

X7 ke

Here, p®) denotes the density of the constituent material, while c®
represents the specific heat. In addition, the coupling coefficients A%
and v in Eq. (30) are derived from the following relations:

)
® —_Qn
VT ek Gh

where Q(,'f) represents the amount of heat transferred due to the mass
diffusion. This quantity is evaluated as follows:

k k
Q¥ =T pHck My0R, e ABY0R 32)
LA R ® 100
Uy Lo Uy ©

In the previous relation, T, denotes the reference temperature,
previously introduced for defining the absolute temperature variation in
Eq. (6), while R, = 461.9J/(kgK) is the universal gas constant for water

)

vapor. Furthermore, the parameter u(g is set to 0.1, while the product

A0 is typically calibrated through experimental tests. For hygro-
thermal coupled simulations, the value 0.25 is used for this product,
based on the experimental results from Ref. [18] and the theory reported
in Ref. [58]. Finally, the quantity M%) is the equilibrium moisture con-
tent within the solid, dependent on the relative humidity and deter-
mined through experimental measurements. It should be noted that the
constitutive relation in Eq. (30) is derived directly from the Onsager
principle, which relates the moisture flux vector and the heat flux vector
through the kinetic coefficients, which are derived from the physical
parameters of the material, as well as the temperature gradient and the
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Rectangular plate
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Fig. 1. Geometric and material inputs for laminated panels with different curvatures. Representation of the 3D solids and their geometric reference system in

principal coordinates.

gradient of the ratio between the chemical potential and the tempera-
ture. This heat and moisture change must satisfy the second principle of
thermodynamics. The coupling coefficients A*) 1% are defined to
simplify the expression of the constitutive relation. Their expression is
derived under the assumption that moisture diffusion rate is much
slower than the temperature variation rate. In any case, these values
must be calibrated with experimental data. If the values cited above are

adopted, an acceptable agreement is observed with experimental tests,
remaining in ten percent of maximum discrepancy. The coefficients
3=k k k) k) k k 3=k k k 1

Ty = T = &8, T =T =¢&¥) and Tpp =TW = &%) within the
constitutive matrix in Eq. (25) are derived from the following expression
[58] for the variation of the specific chemical potential Au® with

respect to p:
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CoFe.0,

&

(y‘: )

(L]

Fig. 2. Schematic representation of a doubly-curved shell panel with multifield properties. The unit cell of the constituent material is obtained from cylindrical fibers
oriented along the thickness direction. (a) Layered configuration, (b) Smooth variation of the unit cell along the thickness direction.

Aﬂ(k) — “(k) _ P.(()k) _ RgT(”logAC(k) (33)

In this way, the following definitions can be introduced:

§(k) _ an(k) _ M :p(k)c(k)
1 JaT £AC JT £.Coo To

£ = 0;!7(") _ ou® __RTo _ RTo_ R,To
2\ 0C ), ar CJer, ¥ _c® = c® oMY
0,

oo

0
= (55 o~ (o). ()~ (). -
12 aT &,AC aT €,Coo ac &, AT ac e,Tp

= = —Rylog(C® — ) =~ —R,logC® = —Rlog(p®M¥)

(34

It should be noted that C* = p®M® and C¥ = 0. Referring to Eq.
(25), an arbitrary variation in the material properties along the thickness
direction can be modelled using the following relations:

PN () =P f() = fiBi) = pi” (1+8Y (50 +8(20)))

g 8 o A (35)
T0(0) =Tafe(() = Thf(Ex) = To (14 6% (6 + g3 )

=k
As can be seen, F(()U) and p¥ denote the reference values of the
constitutive coefficients and density, respectively, while g = g(z)

1
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(a)

represents the material grading function. Some typical expressions for g
are collected in Table 1. In addition, §¥ and 5 are the scaling and
position parameters of the distribution, respectively. This variation is
described using the coordinate Z, € [— 1 /2,1 /2], defined for each k-th
layer as follows:

2= C—¢Cr 1 _¢-¢ 1
Crn =8k 2 hi 2

At this point, the 3D constitutive relationship in Eq. (22) is formu-
lated within the ELW framework. For this purpose, the modified vector

(36)

of secondary variables, denoted by 7*, is conveniently introduced:

sk [T 000 0 0 - o7
o 0100 0 ol
0010 0 0
=By o EE: =looo01 0 o ﬂi: 37)
g 0000 Tlol ’%1 ;k)
<] 1o o0 o0 o lé—""l L]

Ji

(b)

Fig. 3. Trigonometric (a) and hyperbolic (b) variations of the multifield material properties within the lamination scheme of shallow spherical shell. The first and
third lamina are characterized by a null or uniform variation to ensure continuity of the profile.
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Table 3

Thin-Walled Structures 215 (2025) 113423

Through-the-thickness distribution of the displacement field components and the electric potential variation, of a sinusoidally loaded rectangular plate in E-D
simulation employing higher-order ELW theories. A reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 7).

Uy [x107m] Uz [ x 107m)] Us [ x 107°m] Ag [ x 10°V]
¢[1073m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 -4.06 -4.07 5.54 5.55 -4.30 -4.30 1.82 1.82
-0.88 -3.74 -3.75 5.10 5.12 -4.31 -4.31 1.81 1.81
-0.81 -3.42 -3.44 4.67 4.69 -4.31 -4.31 1.80 1.80
-0.70 -2.95 -2.95 4.02 4.02 -4.32 -4.32 1.78 1.78
-0.59 -2.47 -2.46 3.37 3.36 -4.33 -4.33 1.77 1.77
-0.52 -2.16 -2.16 2.94 2.94 -4.33 -4.33 1.76 1.76
-0.45 -1.84 -1.86 2.52 2.53 -4.33 -4.33 1.75 1.75
-0.45 -1.84 -1.86 2.52 2.53 -4.33 -4.33 1.75 1.75
-0.37 -1.49 -1.50 2.04 2.04 -4.34 -4.34 1.75 1.75
-0.25 -0.97 -0.97 1.32 1.32 -4.34 -4.34 1.74 1.74
-0.13 -0.44 -0.45 0.61 0.61 -4.34 -4.34 1.74 1.74
-0.05 -0.10 -0.10 0.13 0.14 -4.34 -4.34 1.73 1.73
-0.05 -0.10 -0.10 0.13 0.14 -4.34 -4.34 1.73 1.73
0.04 0.25 0.26 -0.34 -0.36 -4.35 -4.35 1.73 1.73
0.12 0.59 0.59 -0.81 -0.80 -4.35 -4.35 1.72 1.73
0.25 1.11 1.12 -1.52 -1.52 -4.35 -4.35 1.72 1.72
0.38 1.64 1.64 -2.23 -2.25 -4.35 -4.35 1.72 1.72
0.46 1.99 1.98 271 -2.70 -4.35 -4.35 1.72 1.72
0.55 2.34 2.35 -3.19 -3.21 -4.35 -4.35 1.72 1.72
0.55 2.34 2.35 -3.19 -3.21 -4.35 -4.35 1.72 1.72
0.63 2.70 2.70 -3.68 -3.69 -4.35 -4.35 1.73 1.73
0.75 3.23 3.24 -4.41 -4.41 -4.35 -4.35 1.74 1.74
0.87 3.77 3.78 -5.14 -5.15 -4.34 -4.34 1.75 1.75
0.95 4.13 4.14 -5.63 -5.64 -4.34 -4.34 1.76 1.76

Here, the matrix B depends on the identity matrices T and I of sizes 6
x6 and 3 x 3, respectively. The relation introduced in Eq. (37) is used to
evaluate the virtual variation of the total free energy, denoted by Y, of
the doubly-curved shell solid. If 57% is the virtual variation of the vector
of the 3D primary variables, one obtains the following expression after
some mathematical manipulations, which are detailed in Ref. [58]:

Table 4

1 Cre1
oY = // (ﬁ(k)Tf(k))A 1A 2H 1 H ydar daydl
k=1 a az x (38)
N+l 6 =
=3 3 [ [(em9%) BED%A A yda da
=0 i=1 a;ay
Note that, in the previous equation, the modified vector of secondary
variables 7® from Eq. (37) is expressed in terms of the multifield
constitutive relationship in Eq. (22), incorporating the higher-order

Through-the-thickness distribution of 3D strain components of a sinusoidally loaded rectangular plate in E-D simulation employing higher-order ELW theories. A
reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 3).

€1[x107°m /m| €2 [x107°m /m| 712 [ x 107°m /m] 713 [ x 107°m /m] 723 [ x 107°m /m] €3 [x107°m /m|
I4 []0*3[1‘1} 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 4.25 4.26 7.91 7.92 1.16 1.16 -0.02 -0.02 0.04 0.02 -7.91 -7.91
-0.88 3.92 3.93 7.29 7.31 1.07 1.07 -0.32 -0.31 0.44 0.42 -7.35 -7.37
-0.81 3.58 3.60 6.67 6.69 0.98 0.98 -0.59 -0.57 0.81 0.78 -6.80 -6.82
-0.70 3.09 3.09 5.74 5.74 0.84 0.84 -0.95 -0.94 1.30 1.29 -5.98 -5.98
-0.59 2.59 2.58 4.82 4.80 0.71 0.70 -1.25 -1.25 1.71 1.71 -5.16 -5.15
-0.52 2.26 2.26 4.20 4.20 0.62 0.62 -1.42 -1.41 1.94 1.92 -4.62 -4.62
-0.45 1.93 1.94 3.59 3.61 0.53 0.53 -1.56 -1.55 213 211 -4.08 -4.10
-0.45 1.93 1.94 3.59 3.61 0.53 0.53 -1.52 -1.51 2.08 2.05 -3.65 -3.66
-0.37 1.56 1.57 291 2.92 0.43 0.43 -1.63 -1.63 2.23 2.22 -3.16 -3.17
-0.25 1.01 1.02 1.89 1.89 0.28 0.28 -1.74 -1.74 2.38 2.38 -2.43 -2.43
-0.13 0.47 0.47 0.87 0.87 0.13 0.13 -1.80 -1.80 2.46 2.45 -1.70 -1.70
-0.05 0.10 0.11 0.19 0.20 0.03 0.03 -1.80 -1.80 2.46 2.45 -1.21 -1.22
-0.05 0.10 0.11 0.19 0.20 0.03 0.03 -5.37 -5.36 7.34 7.31 -3.16 -3.17
0.04 -0.26 -0.28 -0.48 -0.51 -0.07 -0.08 -5.30 -5.29 7.24 7.21 -2.64 -2.62
0.12 -0.62 -0.62 -1.16 -1.15 -0.17 -0.17 -5.20 -5.20 7.09 7.08 -2.13 -2.14
0.25 -1.17 -1.17 -2.17 -2.17 -0.32 -0.32 -4.98 -4.98 6.80 6.79 -1.35 -1.35
0.38 -1.72 -1.72 -3.19 -3.21 -0.47 -0.47 -4.70 -4.69 6.41 6.40 -0.56 -0.55
0.46 -2.08 -2.07 -3.87 -3.85 -0.57 -0.56 -4.47 -4.48 6.10 6.11 -0.04 -0.05
0.55 -2.45 -2.46 -4.56 -4.58 -0.67 -0.67 -4.20 -4.21 5.74 5.74 0.50 0.52
0.55 -2.45 -2.46 -4.56 -4.58 -0.67 -0.67 -1.43 -1.42 1.95 1.94 2.20 2.21
0.63 -2.82 -2.83 -5.25 -5.27 -0.77 -0.77 -1.22 -1.21 1.66 1.65 2.69 2.70
0.75 -3.38 -3.39 -6.29 -6.30 -0.92 -0.92 -0.84 -0.84 1.16 1.14 3.44 3.45
0.87 -3.95 -3.95 -7.34 -7.35 -1.08 -1.08 -0.41 -0.41 0.57 0.56 4.21 4.22
0.95 -4.33 -4.33 -8.05 -8.06 -1.18 -1.18 -0.09 -0.08 0.13 0.12 4.72 4.73

11
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Table 5
Through-the-thickness distribution of 3D stress components of a sinusoidally loaded rectangular plate in E-D simulation employing higher-order ELW theories. A
reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L ).

o1 [ x 10°N /m?] 63 [x 10°N /m?] 712 [ x 10°N /m?] 713 [ x 10N /m?] T3 [ x 105N /m?] 63 [x 10°N /m?]
I4 []O*Sm} 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 1.10 1.10 1.50 1.49 6.25 6.25 -0.03 0.00 0.01 0.00 -2.15 -2.15
-0.88 1.01 1.01 1.37 1.37 5.75 5.77 -1.44 -1.37 0.20 1.87 -2.15 -2.15
-0.81 0.91 0.92 1.24 1.25 5.26 5.29 -2.72 -2.63 0.37 3.59 -2.15 -2.16
-0.70 0.77 0.77 1.05 1.06 4.53 4.53 -4.40 -4.38 0.60 5.97 -2.17 -2.17
-0.59 0.62 0.61 0.86 0.85 3.80 3.79 -5.82 -5.82 0.80 7.94 -2.18 -2.19
-0.52 0.53 0.50 0.74 0.71 3.32 3.32 -6.62 -6.59 0.91 8.98 -2.20 -2.20
-0.45 0.43 0.39 0.61 0.57 2.84 2.85 -7.29 -7.22 1.00 9.85 -2.21 -2.21
-0.45 0.41 0.45 0.57 0.61 2.58 2.59 -7.29 -7.22 1.00 9.85 -2.21 -2.21
-0.37 0.31 0.34 0.44 0.47 2.09 2.09 -7.86 -7.82 1.07 10.66 -2.23 -2.23
-0.25 0.16 0.17 0.25 0.25 1.35 1.35 -8.43 -8.43 1.15 11.49 -2.26 -2.26
-0.13 0.02 0.00 0.06 0.04 0.62 0.63 -8.73 -8.70 1.19 11.86 -2.29 -2.29
-0.05 -0.08 -0.11 -0.07 -0.10 0.13 0.14 -8.74 -8.70 1.19 11.86 -2.31 -2.31
-0.05 -0.11 -0.10 -0.11 -0.10 0.05 0.05 -8.72 -8.70 1.19 11.86 -2.31 -2.31
0.04 -0.14 -0.14 -0.15 -0.15 -0.12 -0.13 -8.60 -8.58 1.17 11.70 -2.33 -2.34
0.12 -0.18 -0.18 -0.20 -0.19 -0.29 -0.29 -8.43 -8.42 1.15 11.49 -2.36 -2.36
0.25 -0.23 -0.23 -0.26 -0.26 -0.54 -0.54 -8.07 -8.07 1.10 11.01 -2.39 -2.39
0.38 -0.28 -0.28 -0.33 -0.33 -0.80 -0.80 -7.61 -7.60 1.04 10.36 -2.42 -2.42
0.46 -0.32 -0.31 -0.38 -0.37 -0.97 -0.97 -7.23 -7.26 0.99 9.89 -2.44 -2.44
0.55 -0.35 -0.34 -0.42 -0.41 -1.14 -1.15 -6.80 -6.82 0.93 9.30 -2.46 -2.46
0.55 -0.76 -0.79 -0.96 -1.00 -3.27 -3.29 -6.83 -6.82 0.93 9.30 -2.46 -2.46
0.63 -0.86 -0.87 -1.09 -1.11 -3.77 -3.78 -5.75 -5.72 0.79 7.80 -2.47 -2.47
0.75 -1.00 -1.00 -1.29 -1.29 -4.51 -4.52 -3.86 -3.83 0.53 5.22 -2.49 -2.49
0.87 -1.15 -1.15 -1.48 -1.48 -5.27 -5.28 -1.68 -1.64 0.23 2.24 -2.50 -2.50
0.95 -1.25 -1.27 -1.62 -1.63 -5.77 -5.78 -0.04 0.00 0.01 0.00 -2.50 -2.50

Table 6
Through-the-thickness distribution of 3D electric field components and of the electric flux components of a sinusoidally loaded rectangular plate in E-D simulation
employing higher-order ELW theories. A reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 7).

&1 [x 10V /m] &5 [x10%V /m] #3[x10*V /m| 71 [ % 1076C /m?] 75 [x 107°C /m?] 73 [ % 107°°C /m?]
¢[10-%m)] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 -1.91 -1.91 2.60 2.60 1.77 1.77 -2.28 -2.29 3.11 3.12 3.99 4.00
-0.88 -1.89 -1.90 2.58 2.58 1.65 1.65 -2.27 -2.27 3.10 3.10 3.94 3.95
-0.81 -1.88 -1.88 2.57 2.57 1.53 1.53 -2.27 -2.26 3.10 3.09 3.90 3.90
-0.70 1.87 1.87 2.55 2.55 1.35 1.35 2.26 2.26 3.09 3.09 3.83 3.83
-0.59 -1.85 -1.85 2.53 2.53 1.17 1.17 -2.26 -2.27 3.08 3.09 3.75 3.76
-0.52 -1.84 -1.84 251 2.52 1.06 1.06 -2.25 -2.27 3.07 3.10 3.70 3.71
-0.45 1.84 1.84 2.50 2.50 0.94 0.94 2.25 2.28 3.07 3.11 3.66 3.66
-0.45 -1.84 -1.84 2.50 2.50 0.79 0.79 -6.08 -5.86 8.30 7.99 3.66 3.66
-0.37 -1.83 -1.83 2.50 2.50 0.67 0.68 -6.09 -5.95 8.31 8.12 3.51 3.51
-0.25 1.82 1.82 2.49 2.49 0.50 0.50 6.09 6.08 8.31 8.30 3.29 3.30
-0.13 -1.82 -1.82 2.48 2.48 0.33 0.34 -6.09 -6.20 8.31 8.45 3.08 3.09
-0.05 -1.82 -1.82 2.48 2.48 0.22 0.22 -6.08 -6.25 8.30 8.53 2.93 2.93
-0.05 1.82 1.82 2.48 2.48 0.62 0.62 1.30 1.28 1.77 1.74 2.93 2.93
0.04 -1.81 -1.81 2.47 2.47 0.50 0.49 -1.29 -1.28 1.76 1.75 2.90 2.89
0.12 -1.81 -1.81 2.46 2.46 0.38 0.38 -1.29 -1.28 1.76 1.75 2.87 2.87
0.25 -1.80 -1.80 2.46 2.46 0.20 0.20 1.28 127 1.74 1.74 2.82 2.82
0.38 -1.80 -1.80 2.46 2.46 0.02 0.02 -1.27 -1.26 1.73 1.72 2.77 2.77
0.46 -1.80 -1.80 2.46 2.46 -0.10 -0.10 -1.26 -1.25 1.72 1.70 2.74 2.74
0.55 -1.80 -1.80 2.46 2.46 -0.22 -0.23 -1.25 -1.23 1.71 1.68 2.70 2.70
0.55 -1.80 -1.80 2.46 2.46 -0.56 -0.56 5.96 6.10 8.13 8.32 2.70 2.70
0.63 -1.81 -1.81 2.47 2.47 -0.68 -0.68 -5.92 -5.99 8.08 8.16 2.56 2.56
0.75 -1.82 -1.82 2.48 2.48 -0.85 -0.85 -5.87 -5.84 8.00 7.97 2.35 2.35
0.87 -1.83 -1.83 2.49 2.50 -1.03 -1.03 -5.80 -5.78 7.92 7.89 2.14 2.14
0.95 -1.84 -1.84 2.51 2.51 -1.15 -1.15 -5.76 -5.84 7.85 7.96 2.00 2.00

generalized definition equations introduced in Eq. (18). This approach each 7-th kinematic expansion order. The matrix B is then defined as

allows for defining the vector of generalized secondary variables, follows in terms of the identity matrices I and I of sizes 9 x 9 and 3 x 3,

denoted by 7% = [gaT pEaT  pEx  p@x gOsT  cOar ]’ for respectively:
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Table 7
Through-the-thickness distribution of the displacement field components and of the absolute temperature variation of a sinusoidally loaded rectangular plate in T-D
simulation, employing higher-order ELW theories. A reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 2).

Thin-Walled Structures 215 (2025) 113423

Uy [x 107°m)] Uz [ x 107°m] Us [ x 107°m)] AT (K]
¢[1073m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 -1.86 -1.86 2.53 2.53 -4.03 -4.04 2.59 2.59
-0.88 -1.83 -1.83 2.49 2.50 -4.02 -4.03 2.59 2.59
-0.81 -1.80 -1.80 2.45 2.45 -4.01 -4.02 2.59 2.60
-0.70 -1.75 -1.75 2.39 2.39 -4.00 -4.00 2.60 2.60
-0.59 -1.71 171 2.33 2.33 -3.98 -3.98 2.61 2.61
-0.52 -1.68 -1.68 2.29 2.29 -3.97 -3.97 2.61 2.62
-0.45 -1.65 -1.66 2.25 2.26 -3.95 -3.96 2.62 2.63
-0.45 -1.65 -1.66 2.25 2.26 -3.95 -3.96 2.62 2.63
-0.37 -1.62 -1.62 2.21 2.21 -3.94 -3.94 2.63 2.63
-0.25 -1.58 -1.58 2.15 2.15 -3.90 -3.91 2.64 2.64
-0.13 -1.53 -1.53 2.09 2.09 -3.87 -3.88 2.65 2.65
-0.05 -1.50 -1.50 2.04 2.05 -3.85 -3.85 2.66 2.67
-0.05 -1.50 -1.50 2.04 2.05 -3.85 -3.85 2.66 2.67
0.04 -1.47 -1.47 2.01 2.00 -3.83 -3.83 2.69 2.70
0.12 -1.44 -1.44 1.97 1.97 -3.81 -3.81 2.73 2.73
0.25 -1.40 -1.40 1.91 1.91 -3.78 -3.78 2.77 2.78
0.38 -1.36 -1.36 1.85 1.85 -3.74 -3.75 2.82 2.83
0.46 -1.33 -1.33 1.81 1.82 -3.72 -3.73 2.86 2.85
0.55 -1.30 -1.30 1.77 1.77 -3.70 -3.70 2.89 2.88
0.55 -1.30 -1.30 1.77 1.77 -3.70 -3.70 2.89 2.88
0.63 -1.27 -1.27 1.73 1.73 -3.67 -3.67 2.91 2.90
0.75 -1.23 -1.23 1.67 1.67 -3.62 -3.63 2.92 2.92
0.87 -1.18 -1.18 1.61 1.61 -3.58 -3.58 2.94 2.94
0.95 -1.15 -1.15 1.57 1.57 -3.55 -3.55 2.96 2.95
Table 8

Through-the-thickness distribution of 3D strain components for a sinusoidally loaded rectangular plate in T-D simulation employing higher-order ELW theories. A
reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 7).

£1[x107°m /m]

€2 [x 107°m /m]

712 [ 107m /m]

713 [ % 107°m /m)] 723 [ % 107°m /m)] £3[x 107°m /m]

¢[10%m)] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 1.94 1.95 3.62 3.62 5.30 5.31 -0.01 0.00 0.01 0.00 1.34 1.34
-0.88 1.91 1.92 3.56 3.56 5.22 5.22 -0.43 -0.41 0.59 0.56 1.40 1.40
-0.81 1.88 1.88 3.50 3.51 -0.18 5.14 2.51 -0.79 -4.03 1.08 1.46 1.46
-0.70 1.84 1.84 3.41 3.42 -0.18 5.01 2.45 -1.35 -4.01 1.84 1.55 1.55
-0.59 1.79 1.79 3.33 3.33 -0.18 4.88 2.39 -1.85 -4.00 2.52 1.64 1.65
-0.52 1.76 1.76 3.28 3.28 -0.17 4.81 2.35 -2.14 -3.98 2.92 1.70 1.70
-0.45 1.73 1.73 3.22 3.22 -0.17 4.73 2.31 -2.41 -3.97 3.28 1.76 1.77
-0.45 1.73 1.73 3.22 3.22 0.17 4.73 2.29 -2.24 -3.97 3.05 2.43 2.44
-0.37 1.70 1.70 3.16 3.16 -0.17 4.63 2.25 -2.28 -3.95 3.11 2.49 2.50
-0.25 1.65 1.65 3.07 3.07 -0.16 4.50 2.19 -2.30 -3.93 3.14 2.59 2.59
-0.13 1.60 1.60 2.98 2.98 -0.16 4.37 2.13 -2.28 -3.89 3.11 2.69 2.69
-0.05 1.57 1.57 2.92 2.92 -0.15 4.29 2.09 -2.23 -3.87 3.05 2.76 2.76
-0.05 1.57 1.57 2.92 2.92 -0.15 4.29 2.07 -6.95 -3.86 9.47 2.22 2.23
0.04 1.54 1.54 2.86 2.86 -0.15 4.20 2.02 -6.89 -3.84 9.39 2.33 2.34
0.12 1.51 1.51 2.81 2.81 -0.15 4.12 1.99 -6.80 -3.82 9.27 2.43 2.43
0.25 1.47 1.47 2.73 2.73 -0.14 4.00 1.93 -6.59 -3.79 8.99 2.59 2.59
0.38 1.42 1.42 2.64 2.64 0.14 3.87 1.87 -6.30 -3.76 8.59 2.75 2.76
0.46 1.39 1.40 2.59 2.59 0.13 3.80 1.83 -6.08 -3.73 8.30 2.86 2.85
0.55 1.36 1.36 2.53 2.53 -0.13 3.71 1.79 -5.80 -3.71 7.91 2.97 2.96
0.55 1.36 1.36 2.53 2.53 -0.13 3.71 1.77 -1.87 -3.70 2.54 3.52 3.50
0.63 1.33 1.33 2.48 2.47 3.63 3.63 -1.56 -1.54 2.13 2.10 3.59 3.58
0.75 1.29 1.28 2.39 2.39 3.51 3.50 -1.02 -1.01 1.40 1.38 3.70 3.69
0.87 1.24 1.24 2.30 2.30 3.38 3.38 -0.43 -0.43 0.60 0.58 3.81 3.79
0.95 1.21 1.21 2.25 2.24 3.29 3.29 -0.01 0.00 0.01 0.00 3.88 3.87
_i' 000 O 0 The sub-vectors within the vector £V% in Eq. (38) are expressed in
0100 0 o detailed form as S% = [NO= N N(ljz"" NG TP e
6 0 1 0 0 o P(lr)a,P(zr)als(;)a.]T’ D(r)al _ [Dgr)a, D(zr)al D(sr)ozl ] R H(r)otl _ [ng)ul H;r)al
5-lo00 1 o 0 39) HY“0" and ¢ = (¢ e gl ]T. The elements of the vector
1 =% are evaluated using the relations reported in Appendix I, which are
0 0 0O T—I q,—""l derived through the procedure extensively outlined in Ref. [58]. From
0 0 Eq. (38), the generalized expression of the multifield constitutive rela-
0 00O O é—""l tionship for the entire laminate can be derived, considering the gener-
oo
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Table 9
Through-the-thickness distribution of 3D stress components of a sinusoidally loaded rectangular plate in T-D simulation employing higher-order ELW theories. A
reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 3).

o1 [ x 10°N /m?] 63 [x 10°N /m?] 712 [ x 10°N /m?] 713 [ x 10°N /m?] T3 [ x 105N /m?] 63 [x 10°N /m?]
I4 []O*Sm} 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 -1.18 -1.16 0.62 0.64 2.85 2.86 0.00 0.00 0.01 0.00 -2.02 -2.02
-0.88 -1.27 -1.28 0.50 0.49 2.81 2.81 -0.20 -0.19 0.28 0.26 -2.03 -2.02
-0.81 -1.37 -1.38 0.37 0.36 2.76 2.77 -0.39 -0.37 0.53 0.51 -2.04 -2.03
-0.70 -1.51 -1.52 0.18 0.18 2.70 2.70 -0.64 -0.64 0.88 0.87 -2.07 -2.04
-0.59 -1.66 -1.65 0.00 0.01 2.63 2.63 -0.87 -0.87 1.19 1.19 -2.09 -2.07
-0.52 -1.75 -1.73 -0.12 -0.10 2.59 2.59 -1.01 -1.01 1.38 1.38 -2.11 -2.09
-0.45 -1.85 -1.82 -0.25 -0.22 2.54 2.55 -1.14 -1.14 1.55 1.55 -2.14 -2.11
-0.45 -2.76 -2.84 -1.30 -1.39 2.31 2.31 -1.14 -1.14 1.55 1.55 -2.14 -2.11
-0.37 -2.86 -2.91 -1.43 -1.47 2.27 2.27 -1.16 -1.16 1.59 1.58 -2.17 -2.14
-0.25 -3.00 -3.00 -1.62 -1.61 2.20 2.20 -1.18 -1.17 1.61 1.59 -2.21 -2.18
-0.13 -3.16 -3.11 -1.81 -1.76 2.14 2.14 -1.16 -1.16 1.59 1.58 -2.24 -2.22
-0.05 -3.26 -3.19 -1.94 -1.87 2.09 2.10 -1.14 -1.13 1.55 1.55 -2.27 -2.25
-0.05 -1.04 -1.07 -0.58 -0.61 0.73 0.73 -1.14 -1.13 1.55 1.55 -2.26 -2.25
0.04 -1.09 -1.12 -0.64 -0.67 0.72 0.72 -1.13 -1.12 1.54 1.53 -2.29 -2.28
0.12 -1.14 -1.16 -0.70 -0.72 0.70 0.70 -1.12 -1.11 1.52 1.51 -2.32 -2.31
0.25 -1.22 -1.23 -0.79 -0.80 0.68 0.68 -1.08 -1.08 1.48 1.47 -2.36 -2.35
0.38 -1.31 -1.30 -0.89 -0.88 0.66 0.66 -1.04 -1.03 1.41 1.40 -2.40 -2.39
0.46 -1.36 -1.34 -0.95 -0.93 0.65 0.65 -1.00 -0.99 1.36 1.36 -2.43 -2.41
0.55 -1.42 -1.39 -1.02 -0.99 0.64 0.63 -0.95 -0.95 1.30 1.29 -2.46 -2.44
0.55 -4.35 -4.35 -3.20 -3.20 1.82 1.82 -0.95 -0.95 1.30 1.29 -2.46 -2.44
0.63 -4.45 -4.45 -3.33 -3.33 1.78 1.78 -0.79 -0.78 1.08 1.07 -2.49 -2.46
0.75 -4.61 -4.60 -3.53 -3.52 1.71 1.71 -0.52 -0.52 0.71 0.70 -2.51 -2.48
0.87 -4.77 -4.75 -3.73 -3.71 1.65 1.65 -0.22 -0.22 0.30 0.30 -2.51 -2.50
0.95 -4.88 -4.86 -3.86 -3.85 1.61 1.61 0.00 0.00 0.01 0.00 -2.51 -2.50

Table 10
Through-the-thickness distribution of the temperature gradient components and of the thermal flux components of a sinusoidally loaded rectangular plate in T-D
simulation employing higher-order ELW theories. A reference 3D FEM solution is provided for validation. The results are provided at (0.25L1,0.75L 7).

01 [x 10'K /m] 03[ x 10'K /m)] 03 [x 10'K /m)] hq [x 10'J /m?] hy [x 10%J /m?] hs [x 10'J /m?]
¢[1073m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-0.95 271 -2.71 3.69 3.70 -0.47 -0.44 -8.21 -8.22 1.12 1.12 -1.44 -1.35
-0.88 271 272 3.70 3.71 -0.50 -0.50 -8.22 -8.23 1.12 1.12 -1.53 -1.52
-0.81 -2.72 272 3.70 3.71 -0.56 -0.55 -8.23 -8.24 1.12 1.12 -1.70 -1.70
-0.70 -2.72 -2.73 3.71 3.72 -0.64 -0.64 -8.25 -8.26 1.12 113 -1.97 -1.97
-0.59 -2.73 -2.73 3.72 3.73 -0.73 -0.73 -8.27 -8.29 1.13 1.13 -2.23 -2.24
-0.52 -2.74 -2.74 3.73 3.74 -0.79 -0.79 -8.29 -8.31 1.13 1.13 -2.41 -2.41
-0.45 -2.74 -2.75 3.74 3.75 -0.82 -0.85 -8.31 -8.34 1.13 1.14 -2.50 -2.59
-0.45 -2.74 -2.75 3.74 3.75 -0.96 -0.93 -7.51 -7.54 1.02 1.03 -2.68 -2.59
-0.37 -2.75 -2.75 3.75 3.76 -1.00 -1.00 -7.54 -7.55 1.03 1.03 -2.77 -2.77
-0.25 -2.76 -2.76 3.77 3.77 -1.09 -1.09 -7.57 -7.57 1.03 1.03 -3.04 -3.04
-0.13 -2.78 -2.78 3.79 3.79 -1.19 -1.19 -7.61 -7.62 1.04 1.04 -3.31 -3.31
-0.05 -2.79 -2.79 3.80 3.81 -1.22 -1.26 -7.64 -7.66 1.04 1.04 -3.40 -3.50
-0.05 -0.98 -2.79 1.33 3.81 -1.27 -3.59 -2.67 -2.68 0.36 0.37 -3.53 -3.50
0.04 -0.99 -2.83 1.35 3.85 -1.28 -3.67 271 271 0.37 0.37 -3.56 -3.57
0.12 -2.85 -2.86 3.89 3.90 -3.73 -3.73 -2.74 -2.74 0.37 0.37 -3.63 -3.63
0.25 -2.91 -2.91 3.96 3.96 -3.84 -3.84 -2.79 -2.79 0.38 0.38 -3.74 -3.74
0.38 -2.96 -2.96 4.03 4.03 -3.95 -3.96 -2.84 -2.84 0.39 0.39 -3.85 -3.85
0.46 -2.99 -2.99 4.08 4.08 -4.03 -4.03 -2.87 -2.86 0.39 0.39 -3.92 -3.92
0.55 -3.03 -3.02 4.13 412 -4.07 -4.11 -2.91 -2.90 0.40 0.40 -3.96 -4.00
0.55 -3.03 -3.02 4.13 4.12 -1.47 -1.44 -8.30 -8.27 1.13 113 -4.10 -4.00
0.63 -3.04 -3.04 4.15 4.14 -1.51 -1.51 -8.33 -8.32 1.14 1.13 -4.20 -4.19
0.75 -3.06 -3.06 4.17 4.17 -1.62 -1.62 -8.39 -8.38 1.14 1.14 -4.50 -4.50
0.87 -3.08 -3.08 4.20 4.19 -1.73 -1.73 -8.45 -8.43 1.15 1.15 -4.80 -4.80
0.95 -3.10 -3.09 4.22 4.22 -1.76 -1.80 -8.49 -8.47 1.16 1.15 -4.90 -5.00

14
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Fig. 4. Representation of the distributions along the thickness direction of the hygro-thermo-electro-mechanical configuration variables of a cylindrical panel-1 for
the point located at (s1,s2) = (0.25L1,0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

formulation in Eq. (5). This is achieved by introducing the generalized

multifield constitutive matrix A™%%  associated with any 7,5 = 0,...,.N (o (e A (wg ()
+1 and i,j =1,...,6. The resulting relation is reported below [58]: Ace Ay Acr A 0 0
(i paa @ p ()
- A Ay AT A 0 0
N+1 6 1
— (mn)aia; (mn)aia; (mn)aja; (n)aja;
@@ _ E Z / (Z(k,)ai)Tr(k)Z(kq)‘,,j HyHod¢ | 2% Alas _ AL A 4 AR AT 0 0
= =T\ = (g p g @y p (@)
n=0 j 3 (40) A" Agy U Ay U A 0 0
N+1 6 " -
=3 32 A gl 0 0 0 0 A Al
n=0 j=1 0 0 0 0 A(m)aia,- A(m)azaj
%0 M
The generalized constitutive matrix A™“% takes the following L J
extended form: 41)

15
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Fig. 5. Representation of the distributions along the thickness direction of 3D strain components of a cylindrical panel-1 for the point located at (s1,52)

0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

The arbitrary element of the matrix A™*%% in Eq. (40) is denoted by

A;Z"[fg(]p"q‘"’ withr,s =¢,4,T,C,0,\. This quantity can be evaluated at each
point within the physical domain according to the following relation,
setting 7,5 = 0,...,N+ 1,n,m =1,..,20,p,q =0,1,2,and i,j = 1,...,6
[58]:
Al _ W F8 O HyHy d 42
Al o0 le/magf anH,;Hgé (42)

where Yf,']?[ is a coefficient associated with the 3D constitutive relation-
ship of each k-th layer, as defined in Eq. (22). In particular, this term is

expressed as Y( ) xrflf,i, where « is the shear correction factor. This

coefficient is assurned to be 5/6 for 2D theories with no stretching effects
in their kinematic models. However, when higher-order theories are
used, the value x =1 is considered. To clarify the position of the ele-

(mn)[fg] @i
rsnm (pq)

are presented in Appendix [ in extended form. The higher-order gener-
alized constitutive relationship in Eq. (40) is, then, used to derive the

ments A" within the matrix A(™)%%  the sub-matrices in Eq. (41)
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expression for vector (7 of generalized secondary variables in terms of
vector 6 of generalized unknown variables in the model. By intro-
ducing the higher-order definition of Eq. (18), the following relation is
obtained, presented in compact matrix form:

N+1 6 N+1

— A(m)asﬂng‘ & — o™i g

The complete expressions of the elements of matrix O'™* for a given
7,1 =0,...,N + 1 kinematic expansion order, are provided in Ref. [58].

As far as the external loads are concerned, the doubly-curved shell
solid is subjected to external actions on the top (+ ) and bottom (— )
surfaces, located at { =h /2 and { = — h/2, respectively. The virtual
work associated with these external loads is denoted by 6L; = SL.s +
OLg + 6Qgs + 6Qrs + 6Qcs. As can be seen, this work consists of several
contributions, including the virtual work 6L, from mechanical surface
loads q(l_s)’ q(2_s)7 q(—
surface actions q 1 eﬂ(, qzefk,qSefk and q,

(43)

and q . 7q23 , ‘135) , the virtual work éLs from the

e}wq(zt}k,q 3 induced by the

elastic foundation, which depends on the displacement field compo-
nents, and the virtual works 6Qys, 5Qrs, and 6Qc; from electric, thermal,
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Fig. 6. Representation of the distributions along the thickness direction of 3D stress components of a cylindrical panel-1 for the point located at (s1,s2) = (0.25L1,

0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

and hygrometric fluxes, here denoted by q]({), q,(;), q({), q(T+)

, and q(c’),
q(C” , respectively. The multifield surface loads applied at the top and

bottom surfaces of the shell are described by the following relation:

q =2 (a1,a2) (44)
withi =1,2,3,D,T,C. Here, qﬁ,f) and Ejff) (a1,a2) denote the magnitude
of the multifield load and its surface distribution at the top and bottom
surfaces, respectively. The virtual work SLs can be computed by inte-
grating the various energetic contributions over the top and bottom
surfaces. This leads to the relation reported below [58]:

=)
8Ly = / / ( (a;)(sug*) +q 00y + Gy, U5 + qb,sag ) + qu(SATH
0

a az

)
+ (agy SUL) 458Uy + Gl oUy) + gyl oag) + T saTt 4
0

00

17

Hodes

where a,g_) = qE_) +q§e},1 and 65_:“) = q§+) + ql(g;,z for i=1,2,3 are the
global mechanical surface loads. Note that the quantities HY) , H({) and
I-ﬂfr),H(;) are the geometric scaling factors introduced in Eq. (4), eval-
uated at { = —h/2 and ¢ = h/2, respectively, while C* = p®I MK is
defined by Eq. (34). By expressing the virtual variation of the 3D mul-
tifield configuration variables using the higher-order generalized kine-
matic model from Eq. (5), the virtual work is, then, expressed in terms of
virtual variation of the generalized configuration variables of the theory,
accounting for any 7-th kinematic expansion order. In this way, Eq. (45)
can be conveniently rewritten as follows:

)
e §AC(’)) HOH -

(45)
6AC(+))H§+)I'I(2+))A 1A zdal daz
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Fig. 7. Representation of the distributions along the thickness direction of 3D electric primary (a) and secondary (b) variables of a cylindrical panel-1 for the point
located at (s1,s2) = (0.25L1,0.25L,). Comparison against 3D FEM results and effect of multifield coupling.

N+1
Ly = / / Z(qlséu +qeuy) +q50uy +qhop”

()
+ ﬁ&g(f) +M(§K(7) A1A ydarday
To C

00

i) ()

where §).4%.3%. 45,4,

()

(46)

‘Ic.; are the generalized external loads,

which are derived at each point of the physical domain for an arbitrary ¢
=0,...,N+1 from the following relations:

qls = qls Fgl - )H(i)

@ = qZS 'Fe O H
6%? = qss Fs O H

qu = qu F‘El el )H<
qTx - qu Fil s )H(
qu = ‘I(‘.s It )H<1

T

) +q<+> <z>al<+>H§+>H;+>

q F(l ay +)H H
)4 q F(l ag (+ H§+) H(2+)
+ q(+)F(1 ag (+ H5+)H(2+)
-4 q F(l s (+ H% ) H(2+>
)4 qC‘:)Fr a6 (+ H5+)H(2+)

47)

The mechanical surface loads qleﬂ(, quﬂ(, defk induced by an elastic
foundation at the top and bottom surface of the shell solid are evaluated
using the well-known Winkler-Pasternak model [58]. In this model, kljr R

sz and k3f represent the elastic stiffnesses of the linear springs oriented

along each a4, a5, principal direction, while G}i) is the shear modulus
of the elastic foundation:

(£) _ () 77(£)
Qi = _klf U(1

q(sz)k =k US" (48)
o = ks U5 + GV, U

18



F. Tornabene et al.

Thin-Walled Structures 215 (2025) 113423

—— T T T T 1 T x
« 1-D - 30 FEM » 1-D - 3D FEM K
084 T.D . ELDZLY R osf —T-D - ELDZLTY s 1
WT-E-D, - ELDZL? ] ok SHT-E-D,. - ELDZLT ' S
CT-E-Dy, - ELDZLT - T-E-Dy,, - ELDZLT] ‘,.'
2Dy, « ELDZLT 4 04b H-T-E-D,,. - ELDZL7| J :
b - T-E-D, - ELDZLY o —H-T-E-1),, - ELDZLY| J
1 = N v E
R .n
{ = of . 4
— "
p b o2k .l 4
»
DAF e D4k F 4 <
Q& “ D6 c’ b
>
o8 p oBf _.' 4
1 ( . ' " P i
21 o 01 02 03 a4 0% 08 "4 A I 1 2
0] h|
1 T T T T T 1 T T T
® 1-D - 3D FEM » 1.D - dD FEM 4
08N T-D - ELDZLT 1 oAt —T.D - ELDZLY 4 1
el ~HT-ED, - ELDZL | ik I-T-E-D,. - ELDZL7 s |
L~ H-T-E-D,,, - ELDZL] —H-T-E-Dy, - ELDZL7] "
o4l H-T-ED,. - ELDZLT| : o4} WT-ED,, - ELDZLY| & :
—~  |P=HT-E-D,, - ELDZLT s —H-T-E-D,, - ELDZL7| &
oy 02 41 o 02f 2 - 1
> 2~ -
- OF 1 = of - 9
= — 4
Soat 1 Soaf § ~
.
DAF . Daf } 4 .
«
ook K oo g :
P
D8 - AN .l 4
- s N A A 2 2
01 0 o1 08 -8 -2 0o 2 4
hg
1 T T 1 . w— - T
=8 s 1-D - 4D FEM 5
osf 4 1 osf —T-D - ELDZLT : 1
' H-T-E-D, - ELDZLY <
[T A - osh - - .
: |~ H-T-E-De. - ELDZL] 18
a4p R oaf 0T e+ ELDZLT . .
-~ o~ . T-E-D, - ELDZLT %
oy 0 1 o9 o2f - .
S~ S <
~ op 1= of . 4
~— S :
—~ B
02 - 02k - -
v e 1-D - 3D FEM S <
0AN—T-D « ELDZLT - 04f . 4
H-T-E-D,, - ELDZLY *:
OB H-T-E-Dy - ELDZLY 1 08F 8
ol WT-ED,, - ELDZLY 4 o8k 4
—H.T-E-D,, - ELDZLT s
B a1 M " "
23 238 24 245 25 255 28 268 27 2 5 . 7 8
0;4 ";;
(a) (b)

Fig. 8. Representation of the distributions along the thickness direction of 3D thermal primary (a) and secondary (b) variables of a cylindrical panel-1 for the point

located at (s1,52) = (0.25L1,0.25L,). Comparison against 3D FEM results and effect of multifield coupling.

As particular case of Eq. (48), the Winkler model for the elastic
foundation is obtained by assuming Gf(i) = 0. The Laplacian operator
V(Z ., is evaluated at { = £h /2 using curvilinear principal coordinates, as

expressed in the following relation:

By introducing the generalized kinematic model from Eq. (5) to ex-

press the displacement field components U(li), U(zi), Uy

(+)

in Eq. (48), the

following definition is obtained for the generalized actions q(lfifk, q(zfiﬂ(,

h R, |

A3AL(HO) 00 2a3Ry (HO) HY) 0o

1 2

h BRII

V@—( 1 2022+ 1 2022+< 1 0A,
A2 (H(li)) da3 A2 (H(zi)) da;

1 A, h &) 0 +< 1 0A,
A% (H)" 00 2a3Rs ()" 0 ) 0m A

L oAk ai) 1)
AL (HET)" e 2a3R ()" 0 ) 00

A (H) 0 2A5RS (1) Y 0%

(49)
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Fig. 9. Representation of the distributions along the thickness direction of 3D hygrometric primary (a) and secondary (b) variables of a cylindrical panel-1 for the

point located at (s1,52) = (0.25L1,0.25L,). Comparison against 3D FEM results and effect of multifield coupling.

q(ngk associated with the elastic foundation for an arbitrary z = 0,...,N +

1:

@ _ (=) p(Day (-
q{efk*_(klf F;(7 )

5 = — (K OO HE 1)

n

Fla:

configuration variables, are collected into the vector q(s’)

(q})

(0 @)

45 4% 4t

q(T’S) q(C’S) ]T. In this way, the loads derived from Eq. (47)

can be expressed in the vector form as q*) = q\") + q(ej,,)(, which is expressed

)y ay

FUmOHOH,) 4 kPO pbs O }ﬂ;))u(l’) =L

+) ng)az(ﬂ HY) H(;))u(;) _ 7L%"2a2u(§)

uy

(@)

(50)

qggk = _((kg;) — G}—>v({))F;Das(—>F§l)aa(—)H<1—)H<2—> + (k(sjt) _ G)(c+>v(2+))Fr(’z)aa(+)F51)a3(+)H§+)H<2+))u(;) _ _Lf(;':ga;iagu(;)

The generalized surface actions derived in the previous equation are

conveniently organized into the vector qg,)( =

) (7) (r
[q(leﬂc ek q3¢zﬂ< 00 0]

T
s

defined for each 7= 0, ..., N+ 1. The actions associated with mechanical
and multifield external loads, which do not depend on the magnitude of

in expanded form as 9 = [¢{7 ¢ ¢ i ¢ q(cf)]T. The governing

equations of the coupled hygro-thermo-electro-mechanical problem are
derived for a stationary configuration of the doubly-curved shell solid
under multifield external actions. To this end, we evaluate the virtual
variation of the total energy of the system, denoted by SE. Referring to an

20
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Fig. 10. Representation of the distributions along the thickness direction of the hygro-thermo-electro-mechanical configuration variables of a cylindrical panel-2 for
the point located at (s1,s2) = (0.75L1,0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

arbitrary time interval [t;,t2] with t; <t,, the application of the Master
Balance principle [58] yields the following relation, where 6L = 8Lt +6L¢
+06L; is the virtual work of the multifield external actions, while §Y is the
virtual variation of the internal energy of the doubly-curved shell solid, as
introduced in Eq. (38):

t ty

/6Edt= /(6Y—5L)dt= 0

t

(51)

t

The virtual work of the external actions consists of three distinct
parts: 8L, represents the virtual work of the external surface loads
applied at the top and bottom sides of the solid, as derived in Eq. (46),
8Ly is the virtual variation of energy associated with the reference en-
tropy of the system, and 5L is related to the reference chemical potential
fixed at an arbitrary point of the shell. These terms are derived from
integrating the quantities 7 and i¥) over the entire solid, as shown
below, taking into account arbitrary variations in the absolute temper-
ature and the moisture concentration:
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Sk

1
(5LT = — Z / //ﬁ(k)(SAT(k)HleAlAzdaldagdC
k=1

fe a1 az

(52)

a1
1
ﬁ(k)(SAC(k)HleAlAzdaldade

il

k=1
(e o az

The present formulation is based on thermodynamic equilibrium
conditions, which imply that the energy contributions 6Lt,5L¢ in the
previous equation are set to zero. By introducing the energy contribu-
tions from Egs. (38), (46), and (52) into the Master Balance principle of
Eq. (51), and applying the integration by parts rule, the multifield bal-
ance equations are derived for doubly-curved shell structures employing
higher-order theories. The corresponding boundary conditions are also
derived in this procedure [58]. Referring to an arbitrary z-th order, the
following relations are obtained, presented in compact matrix notation:
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6 6
D DgEn 4+ q =3 D E +q +q =0 (53)

i=1 i=1

where the generalized balance operators D" withi =1, ...,6 are:

D, 00 0 00O 0 00O0OO 0 00O0OO
0 00O0O0O D, 00 00O 0 00O0O0OO
0O 00O0O0O v D, 0 0 00O
Dgn — 0 00 0O0O , D;}az — , D;as — Q ,
0O 0 0 0 O O 0O 0 0 0 0 O 0O 0 0 0 OO
0O 00 O0OTDO 0 0 0 O0OTO 0 0 0 O0O0OTDO
0O 0 0 0 0O 0O 0 0 0 0 O 0O 0 0 0 0O
- - - - - - (54)
0O 0 0 O0 OO 0000 O O 00 00O O
0O 0 0 0 0O 0 000 0 O 0 0 000 O
w |0 0 0000 » 0000 0 O . |00000 o
D, = —ray . Dg® = » Dg* =
0 D, 0 0 0 O 0 00O 0 O 0 0 00 O0 O
0 0 00O0O 0 000D, O 000O0GO O
0 0 0000 0000 0 O 0000 O0 DS
The sub-operators D' with i=1,..,6 are reported below in
extended form:
—x 1 0 1 0A, 1 0A, 1 0A;, 1 0 1 0A; 1 i
D= — =2 =2 ki okt -1
@ |:A1 0(11 +A1A2 60!1 A1A2 (3(11 A1A2 6012 A2 6012 +A1A2 0(12 R1 0 0 0_
— 1 0A 1 0 1 0A 1 0 1 0A 1 0A 1 T
D™ =|_ kel S kel S . 2 Z2 il 1
@ |: A]Az 60:2 A2 0(12 +A1A2 ()(12 A1 ()(11 +A1A2 601 A]Ag 0(11 0 Rz 0 0_ (55)
—a 1 1 1 0 1 0A, 1 0 1 0A; 1
D)°=|— — 0 0 —— — —— — 0 0 -1
@ |: Rl R2 A1 6(11 +A1A2 6(11 Az 6(12 +A1A2 6(12 ]
—sa, —a — 1 0 1 0A 1 0 1 0A ]
D*=—D® D% = |~ e - 7 ek N |
o =Pa =D = |5 YA A, da A, da  AA, dam
T) 7): ), 7): 7) 7)
Performing all matrix multiplications, the generalized balance i 6T§ <13 T§ “ @ i aTg “ Té “ Mfl 7N§ “ 7N(z “ _ S(Br)az
equations presented in Eq. (53) take the following expressions [58]: Ay Oy AAp 0 Ay day  ArAjp dap R, R
(7)
+
TN NGO oAy 1 NG NG oAy | NG oA, N
A 1 6(11 A 1A2 0&1 A2 daz A 1A2 0(12 A 1A2 6(12 =0
N oA, | T P 4 gt ® @ & @)
Aq1A, doy R, ! & LaDl ! Dy ! @_‘riaDZ ! D, ! %_D(r)m +q(r) =0
=0 Al 6(11 A1A2 a(ll A2 0(12 A1A2 aaz 8 Ds
1 aN(zt)ag N(Zr)(lz 0A, 1 aN(lfz)ag Ngrz)ag 0A, Iv(zrl)az 0A, iaHY){ls +H;r)a5 M_2+i aI_I{Zr)as H(zr)us aA_l_H(z)as +q(1) o
_ _ P i = 3 Ts —
Az 6(12 A1A2 002 A] dal A1A2 001 A1A2 6(11 Al 0(11 A1A2 13(11 A2 0a2 A1A2 ()ag
(1) (7)ax
CNTR oA TR pom g 10C7% ¢ 0A, 1 aCY®  CY 0AY e o
A1A 5 Oa R 2 2 res St —— -G +q¢ =0
1432 2 2 A] (30!1 A]Az 6(11 Ag ()(12 A1A2 (3(12
=0 (56)
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As previously stated, the boundary conditions derived from Eq. (51),
are applied to the four edges of the rectangular parametric domain.
These conditions specify particular values for either the generalized
configuration variables or the generalized secondary variables. For the
edges of the parametric domain located at a; = a% or a; = a}, the
following relations are considered:

N _N( or uf =a?
NGE=N* or uf =af
T =T7% or uf =uf 57
(Dag _ (0aa (0 _ 7@ 57)
DY =D," or ¢V =¢
HY™ =H]" or &) =¢"
clo — le or M =x

where u(1 9, u(z)

u3 a¢ f( )R ) and N(T N;)zaz’T(I)%’B(;)W’Hq)%
17 “ denote the prescribed values of configuration and secondary var-
iables, respectively. Following a similar procedure, the boundary con-

ditions for the edges located at @, = a% or a» = o), within the physical
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=0, U(Q _ u(3) _

—0, ud—ul =

Iv(lf)a 1
Iv(g)‘lz

¢(1)
d,(f) — 5(1)

=0 =k =0 at a;=0a% or a; =a!
=0 at a,=ad% or a,=d},
(59

By introducing the expression for the generalized secondary vari-
ables =% in terms of vector 8 as given by Eq. (43) into the higher-
order multifield balance relations of Eq. (53), the fundamental equa-
tions are derived. These equations relate the unknown field variables
vector 8 to the vector @) of multifield surface actions. The following
relation is thus obtained [58]:

—x®

N+1 . N+1 N+1
3 L0 4 q = S LE0 ) +qP =3 <L(m) _ L%)) &0
n=0 n=0 n=0

+q(sf) —
(60)

The fundamental matrix L™ is evaluated at each point within the
rectangular parametric domain for each 7,7 =0, ..., N+ 1 as follows:

ll|-.|Irlr| v, ¢ !II:III o, .Il.llr_.l'l!""" ll|.llr1----.--. I :II-I.J.
girmheses _ pisoha i,
E mi - 2 . )
0 0 ]
] ] o
o I _ _ _ _ _ (61)
DA Dy - DALy B AT Dy | D
DA D D ALl e gl | D Al e “Dy;
ﬁl';l 1 bl g E;I; ﬁ::’. h'_‘ 1 s D;ul EI';I | ﬁ :‘ “II’ i, I}.l. Y gy, _I].:I_
D" D, g S r_1‘u AGTHE2 | DA™
u n ﬁl-lrl I::III L, Drl ﬂl';u ltl T ey iy I}.IJI‘
0 0 [ By Al b | Bl Al s
domain are derived, with u 3 ,¢ f & and Ny, () N(Zf)m2

T(zr)as75(;)(14717(;)(1576(;)% representmg the prescrlbed values of the un-
known variables and generalized stress resultants:

M NG or wf i

NO= =N or W) =)

T =T o uf =i 59
D(;‘ g _ 5(;)‘14 or ¢(1) 5(1)

H(;)us _ H(zr)as or 5(1) _ E(r)

cms = E-;fm or x@ —z®

As a particular case of Eqgs. (57) and (58), the Simply-supported (S)
boundary condition is defined as follows:

23

Note that the terms L}::l)alal ,L};:z)azaz,L}Zs)am are evaluated from the
higher-order expression of the actions induced by the Winkler-Pasternak
elastic foundation, as shown in Eq. (50). The solution of the fundamental
Egs. (60) is determined by using the well-known Navier’s method. To
this end, the curvilinear abscissa s; = 51,52 with s; € [s9,s] is consid-
ered, where the quantities L; = s} — s? for i = 1, 2 represent the lengths
of the parametric lines along the coordinate directions a1, @3. Each
element of the unknown field variable vector 6 is expanded using a
double trigonometric series by setting N = M = + oo, thus leading to
the following expressions:
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N M
® _ © cos(M* >- <m” >
U’ (s1,82) = U;,.cos( —s; |sin| —s:
s = 30> Uieos (P Join (s,
N M
@ nn mn
U, (§1,82) = U,,.sin{ —s; |cos|( —s:
Plorsa) =3 S Ugin (s Jeos ()
N M
_ () nr ) . (mﬂ )
Uy’ (51,82) = U, sin| —s; |sin{ —s
3(1 2) ;;mﬂ L11 L22
(62)
N M
nn mn
PO (s1,52) = Z Z @ sin (L—sl>sm <L—52>
n=1 m=1 1 2
N M
nr mn
ED(s1,5,) = E(”sin(—s )sm<—s )
(s1,52) ;; N S
N M nr
il (sl,sz):zZnglsin(L—h)sm(L sz>
n=1 m=1 1

In the previous relation, the variables of the formulation are
expanded across the physical domain for each 7 = 0,..., N + 1. There-

(0 =0 K introduced for

=nm> “‘nm>

fore, the wave amplitudes U U UY o)

eachn=1, .,Nand m = 1, ..., M, are the unknown variables of the
problem. Following the same approach, the generalized external surface
loads, derived from Eq. (47), are expressed as follows:

N M
. . (mzn
=y 3 Q" cos (Es 1) sin (L—s 2>

2

(63)
N M

_ (1) s nr . mr

= E E QremSin <L—lsl sin (Es 2>

The wave amplitudes from Eq. (63) are collected within the vector

T s

snm - [lenm (221m Q<315)nm Q](Dzs>nm Q'(I‘?nm Qgs)nm] : Slmllarly’ the
T . .

vector UM =[ul uP Ul @l =0 KO] is introduced,

which contains the wave amplitudes of the unknown variables of Eq.
(62). By substituting Eq. (63) into Eq. (47), an effective expression for
the elements of the vector Q). is obtained, in terms of wave amplitudes
Q) and Q%)  witha=1,2,3,D,T,Candi = 1,...,6, as obtained from
the Fourier expansion of the multifield surface loads at the top and
bottom surfaces of the 3D solid. One gets:

e
Qanm = stnm Fha( )H< -4 Q2 ) Fln(r H(1+)H<2+)
Som = QSsnm FUsOHH) + QY FOs O HVHY (64)
QDsnm = QD Das(= )H<1 s QDsan(l s +)Hg+)H(2+)
Tsnm QTmm B )HHHH +Q(+) Das(+ HHH
Qo = QP TH Y+ QP HLHG

At this point, some assumptions are made regarding the materials
within the laminate, as shown in Ref. [58]. In particular, it is assumed
that the laminate follows a cross-ply stacking sequence. To achieve this,
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it is assumed that the material orientation angle, as defined in Eq. (26), is
set to either 9% = 0 or 9% = 47 /2. In addition, some elements of the
matrices introduced in Eq. (23) are assumed null, based on the following
expressions:

cycd o o ol
cved 0o 0o o c
o_| 0 0 ¥ 0 0 o
c - —
0 0 0Cy 0o o0
0 0 0 0C¥ o
chch o 0 o
¥ 0 o
—(k) _
I'=|o 1) o
(k)
0 0 Iy
o o0o0p® 0o o
(k) -
=0 000 p¥ o (65)
s P 0 0 0 pi
7K —_(k) =(k _(k
T, =[z)] 25 000 2]
(k) _(k) — |
T, :[ea’? €y 000 e
(k |
T, =[0 0 ofy], [0 0 g5]
(k)
. k;, 0 0 . yg';> 0 0
— k
0 0 kY 0 0 i
. X 0 o . s 0 0
_ C o L
I‘X 0 (22> 0 7Fs - 0 (22) 0
0 0 xgg 0 0 sy
=(k) = (k)
=&, Tc é 12 :fzz

Finally, the geometric properties of the doubly-curved shell solid, are
defined accordingly to the ELW approach from Eq. (1). More specif-
ically, it is assumed that the reference surface r(a;,a2) is characterized
by uniform principal radii of curvature and Lamé parameters, as defined
in Eq. (3):

aﬂ+MA .
1
05", 0s™

IR ;

A; = cost=> =
05", 0s™

=0, R;=cost=>

(66)

Under these assumptions, the lengths L 1, L , of the parametric lines of
the reference surface along a1, a, can be expressed as follows, setting
R 1 = R2 =R:

- 5(1J =R(p, — 9)
s9 =R(8; — &)

s1=R(p —¢,) —L1 :s%

67
s2=R(8—9) —Ly=s;— ©7

In the previous equation, the 2D parametric domain is assumed to be
rectangular with [a%,a}] x [a%,a] = [¢%,¢Y] x [9%,9%]. In the case of
a circular cylinder with curvature k., =1 /R, = 0 and radius R; =R,
the curvilinear abscissae are s; = R(¢ — ¢,), S2 =Y, while the lengths
of the parametric lines are L; =s} —s? = R(¢; —¢,) and L, = s} — s3.
Similarly, for a circular cylinder with curvature k,; =1/R; =0 and
R, =R, itisassumed thats; =y, s, =R(d—9)andL; =s! —s%, L, =
s3— 83 = R(91 — 9). Finally, for a rectangular plate with null curva-
tures 1 /R; =1 /R, =0, the curvilinear abscissae are denoted by s; =
x,s» =Y, and the parametric lines are characterized by the lengths L, =
st— % L, = st — 9. It should be noted that the introduction of the
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Fig. 11. Representation of the distributions along the thickness direction of 3D strain components of a cylindrical panel-2 for the point located at (s1,52) = (0.75L1,
0.25L5). Comparison against 3D FEM results and effect of multifield coupling.

geometric assumptions outlined in Eq. (66) simplifies the expression of

the generalized multifield constitutive coefficients A" “%  hich

rsnm (pq)

were introduced in Eq. (42). In this way, the introduction of Egs. (62)-
(63) into the higher-order multifield fundamental Eqgs. (60) leads to the
following linear algebraic system:

e

jjnm

The complete expression of the coefficients of the matrix i:n?
can be found in Appendix L.

It should be noted that Eq. (68) provides the exact solution of the
differential equations for N = M = + co. However, when a finite value
is selected for N, M, a semi-analytical solution is obtained with a suffi-
cient level of accuracy. Using a compact notation, Eq. (68) is expressed

as:

[ Febao, _ lembags, vy ey fleakas, | fledney | Aot Todel T Tl T
T B L'.'m... L]:n.- h-l Luu. 4§ [ U;:_. Q"_ 'D'
£ g Jan i e o ar, 71 P Jan i,y e, Flra i, plem o, 7L Jony i £
lam I gl "Ll'nh-u 'L:ln- L:nu 'L:j-- L:r._ = U;ﬂ, hL 0
ole]  Epe gk e e | e | e | g [l | | [] o -
by " S by | lemheim oy v i
w=) mul ] g0 Elrlv-l: E‘r:uul;m ERL E:m LJT: E;:-'-u ¢".r.| mL 0
s gtine Eubm | Ao | Babn | g |l | 1l [ |©
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Fig. 12. Representation of the distributions along the thickness direction of 3D stress components of a cylindrical panel-2 for the point located at (s1,52) = (0.75L1,

0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

[

3. Generalized differential and integral quadrature

N N+

M
Z (69)
n=1 m=1 n=0

1
~(ﬂ1)U
Ll’l m 1(':3!)1 Q.E;l;’ll) = O

In the present section, we introduce the fundamental aspects of the
GDQ method here used in the post-processing phase of this research. The
method is based on the definition of a rectangular computational
domain, based on a non-uniform grid distribution of sample points [85].
For this purpose, the well-known Chebyshev-Gauss-Lobatto (CGL)
harmonic distribution is employed. Referring to the interval [a,b], if the
total number of sample points is I o, the position of an arbitrary element
x; with i=1,...,Iq is obtained from that, denoted by,x; on the
computational grid, using the following expression:

b—a i—1
?(1_COS(IQ—1”>> +a (70)

X1, _
ﬁ(Xi—X1)+x1 =
X[Q—xl

Xi=

In this way, the n-th order derivative of an arbitrary smooth function
f =f(x) with x € [a,b] at point x;, as defined in Eq. (70), is evaluated
using the values f(x;) assumed by the function f at each j-th point of the

26

grid, as follows [85]:

" Lo
Fe) =0 =S 1)
X=X j=1

In the previous equation, gl-(j”) represents the GDQ weighting co-
efficients, which are evaluated using a recursive methodology [85]
involving the first-order derivative of the Lagrange polynomials, deno-

ted by 7% (x;) and Sf(l)(xj), evaluated at points x; and Xx;j,

respectively:
(n-1)
Sij .
—) i#]

Xi—X;j

O (xy)
(i = x;) W (x;)

1 1 —1
¢ - —n<§§j>€§»" )

(72)

=

Io
-2

=)

i=j

When Eq. (72) is applied to the computational interval [ — 1,1], the

corresponding weighting coefficients ”g'i(j")

,la, b)

are transformed into glg."),

associated with the interval by wusing the coordinate
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Fig. 13. Representation of the distributions along the thickness direction of 3D electric primary (a) and secondary (b) variables of a cylindrical panel-2 for the point
located at (s1,52) = (0.75L1,0.25L,). Comparison against 3D FEM results and effect of multifield coupling.

transformation from Eq. (70). This yields the following expression for
(n).
G ¢

o (f—“z - 21)"3_,1)
i Xig—x1)

The integrals in Eq. (42), along with those required during the post-
processing phase, are computed using the T-GIQ numerical method.
Building on the GDQ rule introduced in Eq. (71), the T-GIQ method [85]
employs a Taylor series expansion to approximate the integral of a given
function f = f(x) with x € [a,b] over the interval [x;, x;] C [a,b] with i,j
=1,...,Iq, where I is the number of discrete points. If f(xx) represents
the value of the function at the discrete point x, with k =1,...,Iq, the
following relation is used:

73)

X

[rwac=3 wisa
k=1

X

74)

27

Here, wg fork =1, ...,1q are the T-GIQ coefficients for the quadrature
formula. To derive the expression for wg, the integral in Eq. (74) is
decomposed into the sum of two integrals, as shown below:

X% XX

X

[feoax- /Tf(X)dx - /Tﬂx)dx

Xi

(75)

The integrals in the previous relation are expanded using the Taylor
series as follows:

3

B ($—)Cj)r+l of
T de

Jria -2 _as

r=
Xi

(76)

Xi r:

Il
o

X

The derivatives of r-th order in Eq. (76) are numerically computed
using the GDQ method from Eq. (71), resulting in the following
expression:
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Fig. 14. Representation of the distributions along the thickness direction of 3D thermal primary (a) and secondary (b) variables of a cylindrical panel-2 for the point

located at (s1,52)

r+l N 1 ( r+l N
/ (x)dx = erﬂ r+1 uzﬁk (o) = — 21 r+1 lZng X)
X
1 r+1
i mzl x‘) (r _ (xifxi) (r) flxe) =
- 2r+l r+ 1)1”!’( 201 (r+ 1)15jk k)=

xz) r+1

(ZZ’“H-I) (g(r) + (_1)H2€;1?)>f(xk) = ;ng(xk)

7

M

Recalling that [x;, x;] C [a, b], the integral of the function f over the
interval [a=x;,b=Xxy| can be expressed as the sum of all the integrals in
Eq. (77) over the interval [x;,x;]:

28

= (0.75L1,0.25L ). Comparison against 3D FEM results and effect of multifield coupling.

b N-1 Xit1 N-1 B
frmac=3 [ sooas =55 (S )
=1 5 =1 \ k=1
= ( Zwﬁi”))f () = > wiF(xi) 78)
k=1 i=1 k=1

4. Post-processing recovery of multifield variables

Once the solution to the differential Eqs. (69) is obtained, the
reconstruction of the multifield response of the 3D solid is performed. To
this end, a grid of discrete points of size I+ x 1 is introduced within each
k-th layer of the stacking sequence, based on the CGL distribution from
Eq. (70), located within the interval [{y,{y,;] along the thickness
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Fig. 15. Representation of the distributions along the thickness direction of 3D hygrometric primary (a) and secondary (b) variables of a cylindrical panel-2 for the
point located at (s1,s2) = (0.75L1,0.25L,). Comparison against 3D FEM results and effect of multifield coupling.

direction. The arbitrary element of this grid is denoted by ¢ (:'fl) withm =

1,...,Ir, and it is determined using the following relation [58]:

i + 4k
2

g gy
niently introduced. This vector is then assembled into the vector ¢ =
[E1 o G Gl = [€DT e 9T g0T] of size 1 x 1, where 1
denotes the total number of layers. The index m is defined such thatm =
(k — 1)Ir + m. It should be noted that the introduction of the discrete
grid along the thickness direction, as described in Eq. (70), results in

conforming discrete points at each interface between adjacent layers.
This is particularly important for reconstructing primary and secondary

Cen +¢k heo
2 2%mt

m

79)

C(k) _ o — CkE

2 wt

m

T
In this way, the vector &% = [ ] is conve-

variables that exhibit stepwise profiles. In other words, the relation ¢ (,kT)

= (f = ¢ xiy = G ges1)1 18 satisfied at the interfaces within the elements
of vector ¢. Finally, a 2D discrete grid of size Iy x Iy is defined within the
physical domain, expressed in terms of curvilinear abscissae s 1,s 5, using

the CGL grid from Eq. (70). The position (s1;,52) of an arbitrary sam-
pling point of this grid is derived by the following expression:

j—1
(1 — cos (IM 1 n)) (80)

-2

1 )) L
)|, So =

Ll l—
sli—E(l—cos(1N71 5

Note that sq; € [0,L1] and sy € [0, L,]. Using Eq. (5), it is then
k
i

possible to obtain the 3D distribution of each element of the vector AE

where 6%.}).) is the vector of the unknown configuration variables from the
higher-order theory, associated with the z-th kinematic expansion order
and evaluated for the point (sy;,s ) within the physical domain:

© _NSpk s
o T
Al = D _Foimd)

=0

(81)

Following a similar approach, the discrete version of the higher-
order definition equations from Eq. (18) is used to derive the elements
(k)

of the vector 7, , which represents the 3D multifield primary variables:

29
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Z (kt) (xl (7)a;

(im) (i) (82)

ym

=0 i=1

The primary variables derived from Eq. (82) are then used to
determine the in-plane multifield secondary variables, which are con-
tained within the vector ¥, by applying the 3D constitutive relations
from Eq. (22), while taking into account the material assumptions out-
lined in Eq. (65). The following relations are, thus, obtained:

_ C (k) (k) ok *(k

Thin-Walled Structures 215 (2025) 113423

=(1)
Ti31) —

=(1)
Ta3(ij1)

qls(y (85)
q25 (if)

On the other hand, the boundary conditions for an arbitrary k-th
layer with k # 1 of the laminate are expressed in terms of the stress
compatibility conditions at the interface between the (k — 1)-th lamina
and the k-th layer:

KT

(k) (k) ) \(
01 (ijm) = 11 im € 1(jm) T C12 (ijm) € 2(ijm) T C13(1)m €3(ijm) ~ P31(im) © 3(m) ~ Z11(ijm) l)m ell(um AC l]m)
(k) (k C k) =(k) (k) \(
0 3(ijm) ClZ(l]m ljm y T sz (i) € 2(ijm) T C23(ijm)€ 3(m) — P3a(m) © 3(m) zzz (ijm) AT (ijm) ezz um AC (ijm)
(k) _ (k)
Tragm = Csﬁ(ifmﬂ’ 12(im)
(k) #(k) (k) o (k)
D my = Pragim? 13m) T 111 m © 1jm)
() (k) ek (83)
= 2(ijm) p25 (ijm) }/ 23(Um + 122 (ijm) & 2(ijm)
_ k)
hY, 1(ijm) = ku(ym ijm) + ¥ X gm A Lgm)
vk (k)
h 2(ijm) k22(1}m ijm) + ¥ 22m) A 2(5m)
( ) k) (k)
) = %01 ) 552 A 1
(k) _ (k) <k (k)
2tim) = Xz20m & 2m) & 5 225m) 2m)
On the other hand, the secondary variables associated with the out- 70 — 71
of-plane principal direction ¢ are not derived from Eq. (82). Instead, they 13(5((k-Dig+1)) ~ 13(5((k-1i)) (86)
are obtained from the balance equations for a doubly-curved 3D solid. 7o )

More specifically, the out-of-plane shear stresses rgkg) and 'cgg are deter-
mined from the 3D equilibrium equations, expressed in curvilinear
principal coordinates, referred to the thickness direction ¢ [58]:

TZB(ij((k—l)IQ+l)) - 723(17((1(71)1,1))

Once the solution of Eq. (84) is obtained through Eqs (85)-(86), the
=
13(3(10)) =

loading conditions 7 = q1 l] and 7 723 (1) = q2 ) at the top sur-

dryy <k>< 2 1 ) 1 doy”
=1 44y + = :
a Ri+{ Rax+¢ A1(1+¢/R1) 0
AlAz(]. +C/R2) ()0(1 Az(]. +C/R2) 6(12 AlAz(]. +§/R1) 6(12
face, corresponding to the in-plane loads, are used to adjust the cor-
rected solution. To this end, the following expressions [58] are
67(2’2 4 T<k)< 1 4 2 ) _ 1 a(;(Zk) I
a P\R1+¢ Ra+¢ A>(1+¢/R>) Oar
(84)
AlAz(l-‘rC/Rl) 0(12 Al(l -‘ré’/Rl) 6(11 A1A2(1 +é’/R2) 6(11

The boundary conditions associated with the first-order differential
equations in Eq. (84) are provided below for the first layer (k = 1) in the
stacking sequence. These conditions are physically related to the loading
conditions at the bottom surface, located at { = — h /2:

considered for any arbitrary point within the 3D solid, located at (s 10, S 25,
Cm) within the discrete domain, where m = 1,...,Uy:
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Qi) ~ T h +) =0
k) k (i(t1e))
my = Tam) T B tntg o g B0 s((ua) <§ +ﬁ>
" (87) 3(ijm) 3(ijm) h m- 9
Do) ~ Ty h ® _Z0
W (i(1r2)) ( ) ¢~
Toqi = T. +— |t 5 k (k) Ds (i) 3(ij(11 h
23(jm) — “23(ijm) h m Ty ?/<3()ijm) _ 93(ijm) z ( )) é/m +§
91
Once the actual distribution of r(k> and r<k> shear stresses is deter- q(” B E(D 1)
mined from Eq. (87), the same procedure is applied to obtain the 3D h%%_jm) - H(;‘()ijm) + I1s) — "3(5(11a)) <§m T B)
distribution of the normal stress 53 The equilibrium equation reported h 2
bel dopted: o g
elow is adopte S g sty 53(1_]_(”(2)) : +h
3(ijm) (ijm) h m o
00'3 T (k)( 1 T 1 ) o 1 01(1’;) Tglg 6A2 )
o Ri+¢ R2+( A1(1+¢/R1) 0y A1As(1+C/Ry) 0oy 88)
R SR Y VRN (R
A2(1+§/R2) ()(12 A1A2(1+C/R1) 602 R1+§ R2+€
It should be noted that the 3D balance equations used in the recovery
Similarly, the 3D balance equations associated with electricity, procedure are the first-order differential equations, where y® =
thermal conduction, and moisture diffusion are solved to determine the Yo ( g(k)) with ¢® ¢ €4 xsa] is the unknown variable. All these equa-
through-the- thickness distribution of the out-of-plane electric flux a“é), tions can be expressed in a general form as:
thermal flux h'%) 3, and mass concentration flux c ®. oy
s+ a0y ® () = b (¥ 92)
9./ W)( 11 ) B 1 9:/%) ¢ o) €
o T 3\R1+¢ Ra+¢ A1(1+¢/R1) O

© where a® = a® (¢®) and b® = b® (¢®)) are the corresponding vari-
A (QI/ 1 Ry (ZAZ ; (89) able coefficients, which are expressed in terms of the quantities
+ o
12 2 T ) ) B(f> (Zj(k)),B(;) (¢®) as follows, setting c,d = 1,2:
1 0.7% %) 0A,

Ay(1+(/R2) 0my  A1Ax(1+(/R1) 0oy a® (¢®) :#{Nﬁ
1 2

B (§<k>) BY (¢¥)
Ry +¢®  Ry+¢®
The solution of Eq. (93) takes the following integral-based form for

93
with .o/ <k = (k h(3 ,c(g) Note that the quantities ./ 1) =9 <k) h<k) c(';) ©3)
and ,7/ ® 7(’( h 3 c(g are determined from the constitutive relations,
as shown in Eq. (83). The boundary conditions associated with the first-

U (Y) =

order balance equations in Eq. (89), which are derived from the loading
s . . o eachk =1,..,L
conditions at the bottom side and the interface compatibility, are
expressed as: ¢®
_Alk) (k) (k) ( #(k
Y Y9 () = e A% () / AN ()0 () g 4y
%3(51) = Das(ij) o
G0 L0
k=1 = T 31 = s i) o (e0) ¢®
- —=(1) =) _ AR (k) g ®) (k) 94
R a1y = G € FE)d™ + ¥ 94)
WO &
a1y = sty !
(90) The term A% = A® (¢®) occurring in the previous relation is a
o“; e Dir41) = c‘;gzg(l(;{ Dir) primitive function of the coefficient a® = a® (¢™) from Eq. (93). A
//( ) —(k-1) closed-form expression for A% is provided below:
36t-1r+1) = 7 3(((k-1)1r)
kAL = i k1) ®) (0 0 (1) gr®
Rate-+1) = Bagtteosyny AP (") = / a®(¢W)de
o =ch.0 c a
3({((k-1)1r+1) = C3(((k-1tr) log((R1 ) Ry + ¢) ) Ry # 0o,Ry £ oo
ond
The solution of the relations in Eq. (89) through Eq. (90) yields the — 1°g<(R2 + ¢t )) ) Ry =00,Ry # o0 (95)
— c
quantities 53, , ’J;(Lm),h(?@m),c( sjm - Finally, the balance under multi- log<(R1 +¢v) ) Ry # o0,Ry =0
field loads applied at the top surface is satisfied through the following 0 Ri=Ry=o0
linear correction [58]: On the other hand, f® = f® (¢®)) assumes the following relation:
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(Ry+¢Y )C(Rz +) Bt
W (g0) = ) (R2+C9)"b0(c%)
PEDT ey )
p (c )
The evaluation of the quantity f according to Eq. (96) at the discrete

points ¢,, with m =1, ..., 1I; along the thickness direction yields the
following definition of the column vector f of size [Iy x 1:

'(¢®) R1# 00,Ry # 0
Ry =00,Ry #x
R # ©0,Ry =

R1 :Rz =0

(96)

9 = g% o b"% = gPp® 97)

where the vector b®) of size Iy x 1 contains the discrete values of b®) as
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WHRB® 4

c<k Zwl% (€0 +yP=y® (101)
i=1

Finally, the out-of-plane primary variables are determined from the
3D constitutive relation by inverting Eq. (22). The following linear

system is, thus, considered [58] at each discrete point within the solid:

® ® ®

A® ® _p® Angm 0 X1 jm) B im) 102

(ijm) X l]m (ijm) 0 AR < B (k) ( )
220im) | | X2m) 2(im)

(k)

As can be seen, the unknown vector X, is split in two components,

defined in Eq. (93). Furthermore, the symbol ® denotes the well-known namely X(fzi'm) — [713 a7 8(;()1_'"1) gg?i'm)] and X(g()i'm) —
. ) _ g (k) . (k) Yl yl (ij i i i
Hadamard product, while G¥ = diag(g®)). The arbitrary element gy, of ® w 17
the vector g is evaluated as follows: [gs(ijm) A3(ym) ] The coefficient matrices All (im and A22 (im) take the
following form:
d
( +C,’,‘1)C(R2+C(,',?) Rioo.Ry# 0 =(k) —(k) —(k) |
g — ) Ra+¢ ®)* Ry = o0,Ry # oo 98) Caaim Casgm Caagm —Pagm
m — (k) (k) (k) (k)
(R1+¢™) Ri#o00,Ry=o0 Al _ Casm Cssam Casgm) —Pssijm)
_ _ 11(m) = | (k) (k) (k)
1 Ri=R,=c0 34m) Casgm) Casgm —Pesgm (103)
—(k —(k (k)
The integral in Eq. (94) is evaluated within each k-th lamina over the p3z:(1jm) P 35(ijm) ng)(ijm) l33(ijm)
interval [, {.1] using the T-GIQ rule, as presented in Eq. (78): © -
A (k)
) () R | Fszam Ya3m
N . N Ir 20m | S <)
—A(¢® k k k k k i i
/ e AL )b(§< >)d§< ) — f(C( ))d( ) Z (Wirh *Wm)f(gf;[)) 33(jjm) °33(ijjm) |
k) m=1 .
¢ & " Finally, the elements of the vectors B&k()ijm) = [b%m)
Ir T T
_ lig( #(k) (k) (k) (k) — [pk (k)
= Zwklf(cr.") (99) b imb3(m Dagmy | and Bz(ym = [bs(ijm) bgim | are evaluated as fol-
m=1 lows:
being CE;:) a local thickness coordinate. In this way, Eq. (94) takes the
k) _ (k) =k (k) =k (k) (k) (k) =(k) (k) = (k)
b im = T13m — Crawm € 15m) — Co2am € 265m) — Castam? 1265m) + P 14im) '51<i,-m P oagm) & <ijm)+
(k) AT
+z13<ijm)AT @m) T 313 (ijm) AC (ijm)
kK (kK (k) (k) (k) (k) (k) (k) = — (k)
B5lim) = Tom) — C 15m€ 1(gm) — C25(m € atgm) — C s6(im? 125m) P raGm) & 1 ijm ) P & lm T
~ (k)
+ Z23<um AT (m + €23m AC i)
k) _ (K (k) (k) (k) (k) (k) = (k (k)
b'sim = @ 35m) — Cragm € 1m) — C 23m)E 20im) — Cse (ijm) Y 12(ijm) +p 13 @im) © 1(gm) +pz3 im) © 20m) T
_ (k) ~ (k)
+z33(ijm)AT @m) T e33 (iim) AC iim)
& _ K =k) (k) (k) (k) = (k) 7K ) 7K (k)
batm = 7 sgm) — P 31gm€ 105m) — P 32m)€ 25m) — P 36m)? 1265m) ~ Lizm) & 1 (ijm) = Laggm) & afym
K
5k
33 (ijm) AT ym) g33 (ijm) (ijm)
following matrix form:
o _ _pl Al k> (k) (k) <k> o (k)
G2 a0 Tt £yt = (@) WG K K il B
= beiim) = Csim) — X130im) O15m) — X 23(m) 9 2(m) ~ S13(m) A1 m) ~ S 23(5m) 2 (im)
(100) (104)

Finally, Eq. (100) is simplified by assuming G* = I, based on the
fact that ;, {;<<R1,R ; for an ordinary doubly-curved shell. This leads to
the following relation:
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Note that the procedure outlined is based on the evaluation of in-
plane secondary variables from Eq. (83), starting from the primary
variables obtained in Eq. (82), without ensuring the equilibrium along
the thickness direction, a-priori. Therefore, the recovery of primary and
secondary variables must be repeated by using the primary variables
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Fig. 16. Representation of the distributions along the thickness direction of the hygro-thermo-electro-mechanical configuration variables of a spherical shallow shell
for the point located at (s1,s2) = (0.25L1,0.75L ). Comparison against 3D FEM results and effect of material variation.

obtained from Eq. (102) within the constitutive relationship in Eq. (83),
until a convergence is achieved between two subsequent iterations of
the procedure.

5. Applications and results

In this section, some numerical investigations are presented where
the higher-order ELW formulation introduced in the paper is applied to
derive the multifield response of curved panels. Following the approach
outlined in Eq. (1), the geometry of each panel is fully described from
the reference surface equation. In this context, a rectangular plate is
described as follows [58]:

r(s1,s2) =r(x,y) = —xe, +ye; (105)
where (x,y) € [0,L1] x [0,L3], being L1,L, the geometric sizes of the
plate. In this case, itis 1 /R; =1/R,=0and A; = A, = 1. On the
other hand, the structure named Cylindrical panel-, is described by the
following reference surface [58], characterized by 1 /R, =0, Ry =R
andA; =R, A, =1:

r(9,y) = Rcos9e; — ye, + Rsinde (106)
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If the a; direction is straight with zero curvature, the Cylindrical
panel-II is obtained [58], whose reference surface is given as follows:

r(x,9) = Rcosde; — Rsinde, + xe 3 (107)

Notethatl /R; =0,R, =RandA; =1,A, =R.Finally, in the case
of a spherical shallow shell, the reference surface is characterized by
R] :Rz :RandA1 :Az =R.

The materials involved in the lamination scheme consist of two
phases: cylindrical fibers of barium titanate (BaTiO3), oriented along
the thickness direction, and an isotropic matrix of cobalt ferrite
(CoFe ;0 4) where the fibers are dispersed. The homogenized material
properties are derived from the analytical expressions reported in Ap-
pendix II, based on Ref. [72], and are collected in Table 2. The ho-
mogenized materials are transversely isotropic with a; — a3 as the
isotropic plane. All the details regarding the geometric dimensions of
each panel, as well as the lamination schemes adopted in the simula-
tions, can be found in Fig. 1. Furthermore, in some simulations, arbitrary
variations of the material properties have been considered, following the
distributions detailed in Table 1. In this way, it is possible to obtain new
configurations for the unit cell of the multifield material under consid-
eration, in line with the representation reported in Fig. 2. The
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through-the-thickness distributions for the variation of the material
properties are represented in Fig. 3. The multifield external loads are
distributed within the physical domain according to Eq. (44). Following

the Navier approach in Eq. (64), the amplitudes Qf,},fm, Qfg,fm are evalu-
ated from the Fourier expansion of Eq. (63), reading as:

M
nr mrn
E Q(i) cos <—sl) sin (—sz)
£ 1snm Ll L2

+)
47 (s1,52) =

N M
nz mrw
q(zf)(sl-,sz) = Z Z Q(zf,fmsm (—sl> cos (—sz>
n=1 m=1 Ly L,
N M
nr . (mn
4 (51.52) = > Y Qhsin (L—sl>s1n (L—sz>
n=1 m=1 1 2
(108)
N M
. (nx \ . (mn
q5) (s1,82) = Z Z QYY) sin (—sl> sin (—sz>
n=1 m=1 1 2
N M
. (nx \ . (mn
¢G5 =3 3 Qi sin (—sl> sin (_32>
n=1 m=1 Ly L,
N M
. (nx \ . (mzx
qgi)(Sth) = Z Z Qg,)lmsm (—sl> sin <—sz>
n=1 m=1 L L,

Similarly, when a specific value of the unknown variables is enforced
at the top and bottom surface, in line with Eq. (9), the following dis-

tributions are conveniently introduced, setting N = M = 1:

N M (%) nr . (mn
=" TUyncos 5 )sin( 72

N
U(i) _ U(i) . (N7 . (mr
5 (51,52) ; ; 3nnsin( 7751 )sin| sz
(109)
N M
) . (nx 7
APD) (s1,5,) = A s1n<—s >sm<—s)
$(s1,52) ; ; b L L
N M
ATE) - AT%sin (s, Vsin [ T
(s1,52) ; ; + sin( 71 )sin( s
N
ACH) (s1,55) = ACPsin (Es )sin (ms )
(1 2) ; ; s I 1 I, 2

A first preliminary investigation is conducted on a simply-supported
rectangular plate consisting of four layers with different thicknesses and
made of materials with multifield properties. The lamination scheme is
(MAT — I\MAT — III\MAT — II\MAT — III), while the homogenized
constitutive coefficients, derived from the homogenization procedure
outlined in Appendix II, can be found in Table 2, as previously stated.
More specifically, MAT-I and MAT-III are characterized by fiber volume
fractions equal to Vy = 0.2 and V; = 0.6, respectively, while the volume
fraction of barium titanate in MAT-II is V; = 0.4. Furthermore, in MAT-
II, the homogenized constitutive matrix is multiplied by a scale factor
equal to 1/3. In this way, the lamination scheme contains a softer layer
exhibiting stretching effects, leading to complicated deformation be-
haviors. The structure rests on a Winkler elastic foundation with linear
springs of stiffness kg}) =5x10"°N/m?® and k;}) = k;}) =0N/m?
located at the bottom surface. Furthermore, it is subjected to a me-
chanical pressure of magnitude qg) = —5 x 10*N /m? with sinusoidal
distribution (n =m = 1) applied at the top surface. In addition, thermal

fluxes with sinusoidal distribution (n =m = 1) and magnitudes §<T+5) =—

34

Thin-Walled Structures 215 (2025) 113423

1x102J/m? and Gy, = —2.7 x 10 J /m? are applied at { = h /2 and
{ = — h/2, respectively. Regarding hygrometric loads, two moisture
concentration fluxes with magnitudes g =5 x 107 kg/m? and §g, =
1 x 1077 kg/m? are applied to the panel. The rectangular plate is also
subjected to sinusoidal distributions of surface charges at the top and
bottom surfaces, withn =m =1, characterized by magnitudes equal to
g1 =4x10°C/m? and g,) = 8x 107°C/m?2, respectively. The
present simulation is intended as a preliminary assessment, developed to
validate the model against a reference solution. More specifically,
thermo-mechanical (T-D), hygro-mechanical (H-D), and electro-
mechanical (E-D) 3D models are developed using a 3D FEM commer-
cial software, employing 96768 parabolic brick elements and 408,689
nodes. Furthermore, the higher-order semi-analytical formulation pre-
sented here is employed to determine the multifield response of the
panel, taking into account the ELDZL7 kinematic model, as described in
Eq (6). The thickness functions are developed using Jacobi polynomials,
assuming y = § = 0. The results of the simulations are presented in
Tables 3-10, which show the distribution of the 3D configuration vari-
ables, as well as the primary and secondary variables, along the thick-
ness direction for the point located at (0.25L;,0.75L,) within the
physical domain. As observed, the ELW model, combined with the re-
covery procedure, accurately predicts the results from 3D FEM while
offering a significant reduction in computational cost due to its semi-
analytical approach. In particular, Table 3 shows that for electro-
mechanical simulations, the out-of-plane configuration variables
exhibit slope variations in their profiles, with parabolic distribution
within each lamina. This highlights the importance of using zigzag
theories and higher-order kinematic models to achieve accurate results.
This is also confirmed by the results in terms of 3D strain components in
Table 4. While in-plane strains are linearly distributed along the thick-
ness direction, the ¢ 3 profile follows a piecewise linear distribution. The
out-of-plane strain distortion components y 5,755 exhibit a parabolic
distribution, except in the third lamina, where a discontinuity is
observed, with polynomial dispersion. All these aspects are well
captured by both 3D FEM and ELW models, demonstrating excellent
accuracy. Regarding the 3D stress components presented in Table 5, the
heterogeneity of the lamination scheme causes the in-plane stress
components 61,0, and 71, to display significant slope variations in the
third lamina, indicating that this layer is the softest region within the
laminate. Further observations on the o5 distribution along the thick-
ness direction reveal that both 3D FEM and ELW model satisfy the
external loading conditions under a mechanical pressure. In addition,
the presence of a Winkler-type elastic foundation induces an additional
pressure from the bottom side, which depends on the displacement field
components at this point, as prescribed by Eq. (48). This factor is very
important for applying the post-processing recovery procedure, since
the external loads depend on the configuration variables, and require
calculating the load magnitude at the selected point before applying the
equilibrium conditions at the external surfaces of the solid. As shown in
Table 3, the through-the-thickness distribution of the electric potential
requires a higher order kinematic model since it is characterized by an
arbitrary dispersion with parabolic profiles and slope variations, espe-
cially in the third lamina. In any case, the results based on an ELDZL7
model, exhibit an excellent agreement with the 3D solution. Similar
considerations can be applied also to the electric primary and secondary
variables presented in Table 6. More specifically, the in-plane compo-
nents of the electric field vector follow a parabolic distribution with
slope changes at each interface, while the out-of-plane component
shows a stepwise linear distribution. The electric flux components vary
significantly between adjacent laminae, especially for in-plane compo-
nents. The out-of-plane electric flux follows a linear distribution along
the thickness direction with a zigzag effect. Above all, this example
demonstrates that in fully coupled simulations of laminated structures,
higher-order kinematic models with zigzag functions are essential, even
when the structure exhibits linear displacement field distributions, since
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Fig. 17. Representation of the distributions along the thickness direction of 3D strain components of a spherical shallow shell for the point located at (s1,52) =
(0.25L1,0.75L ). Comparison against 3D FEM results and effect of material variation.

other configuration variables can exhibit a more complex behavior.
The same plate is then studied under thermo-mechanical loads, with
the results presented in Tables 7-10. Unlike the E-D simulation, the T-D
analysis reveals a more complex through-the-thickness distribution of
displacement field components, especially for the U; component, which
exhibits a polynomial distribution, as predicted by the 3D FEM solution.
The use of the higher-order kinematic model enables an accurate pre-
diction of this behavior, as demonstrated in Table 7. The temperature
distribution is linear with different slope variations. The most signifi-
cative variation in the temperature profile occurs in the third soft layer,
which shows the highest level of isolation. As far as the 3D strain
components is concerned, Table 8 points out that £ and ¢ » distributions
are almost linear, while €3 exhibits a linear profile within each layer,
with a translation of the distribution from one layer to its adjacent one.
Furthermore, in-plane distortion y,, is found to be linearly distributed
along the thickness direction, while the out-of-plane components y ;5
and y 53, derived from the recovery procedure, are characterized by a
more complicated distribution, and assume a null value at the top and
bottom surface, in line with the 3D finite element solution. It should be
noted that the third layer, which is the softest lamina within the lami-
nation scheme, experiences higher strain distortions compared to the
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other layers. The 3D stresses in Table 9 show a piecewise linear distri-
bution of in-plane components along the thickness due to the hetero-
geneity of the lamination scheme. On the other hand, the out-of-plane
shear stresses 713 and 7 o3 are linear in first and the fourth layers, while a
parabolic distribution with slope changes at the interfaces is observed in
the second and third laminae. Finally, the 63 distribution follows a
smooth polynomial pattern along the entire laminate thickness, with the
extreme values consistent with the external loading conditions. The
primary and secondary variables of the heat conduction problem,
derived from both 3D FEM and ELDZL7 model, are reported in Table 10.
The temperature gradient components are characterized by a linear
distribution with zigzag behavior at each interface, in agreement with
the reference results. Moreover, the in-plane secondary variables differ
significantly between adjacent laminae due to the high variability in the
lamination scheme of the thermal conductivity. As far as the out-of-
plane thermal flux component is concerned, a linear distribution is
found along the thickness direction, with an evident slope variation in
the third lamina. This is due to the fact that the out-of-plane thermal
conductivity does not significantly vary between metal and ceramic
phase. On the other hand, the thermal conductivity of the central lamina
is reduced with a scale factor, therefore thermal flux variations are more
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Fig. 18. Representation of the distributions along the thickness direction of 3D stress components of a spherical shallow shell for the point located at (s1,52) =
(0.25L1,0.75L ). Comparison against 3D FEM results and effect of material variation.

evident. Next example examines a simply-supported circular cylinder,
with a reference surface defined by Eq. (106). The cylinder has a radius
equal to R; = 0.12m, with length L, = 0.20m, and consists of three
layers of smart materials, following the lamination scheme (MAT —
I\MAT — II\MAT — I). The structure is subjected to a uniform me-
chanical pressure of magnitude ') = —1 x 104N /m2 applied to its top
surface. In addition, a hydrostatic moisture flux distribution along a;
axis is applied at the top surface, with magnitudes q(c*ﬁ = — 8 X
107 kg/m?, while a uniform moisture flux with q%ﬁ =-2x
1077 kg/m? is considered at the bottom surface. A sinusoidal distribu-
tion with n = m = 1 and magnitude ATEH = —1K of temperature vari-
ation with respect to the reference absolute temperature T is assigned
at the top surface, while the bottom surface is maintained at a constant
temperature variation with AT_(;) = OK. For the electrical boundary
conditions, the bottom surface is electrically grounded with an electric
potential equal to A$(s_> = 0V, while the potential A$(S+) = 0.5V with
sinusoidal distribution is applied at the top surface. The multifield
response of the cylinder is evaluated using the ELW semi-analytical

formulation by assuming N = M = 150. Uniform distributions of
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external loads are modelled within the semi-analytical Navier solution
of Eq. (69) by assuming the following expression of the semi-analytical
coefficients Q,(lf,zm with @ = 3,C for each n =1, ...,ﬁ andm =1, ...,1\~/I,
following the trigonometric expansion of Eq. (64) [58]:

4qas

(&) . (1 — cos(nz))(1 — cos(mx))

snm_

(110)

To model the hydrostatic distribution [58] within the semi-analytical
Navier solution, the following expression is used for the quantity
withs = C:

4qu;;n cos(nz)(1 — cos(mx))

Qo = (111D

When performing multifield simulations, various coupling orders are
considered. More specifically, H—T —E —Dy. represents a model where
the constitutive matrix of each layer is defined as in Eq. (22). In contrast,
H-T—-E-D, simulations consider hygro-thermo-electro-mechanical
=T =T =T, =Ty = 0. In the
case of H—T —E —Dp, analysis, the 3D constitutive matrix of Eq. (22) is

used with T = f;k) =0is

. . "
interactions by assuming I‘f))

= 0, while the assumption T\ =T} =Ty’
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Fig. 19. Representation of the distributions along the thickness direction of 3D electric primary (a) and secondary (b) variables of a spherical shallow shell for the
point located at (s1,52) = (0.25L1,0.75L2). Comparison against 3D FEM results and effect of material variation.

made for H— T — E — D, Results are presented in terms of 3D
configuration, primary, and secondary variables at the point (0.25L,
0.25L,) within the rectangular parametric domain, as shown in
Figs. 4-9. Model validation is conducted by comparing results to a 3D
FEM simulation from commercial software consisting of 81920 para-
bolic brick elements and 350273 nodes. This analysis explores the
coupling between mechanical elasticity and electrostatics (E-D simula-
tion), thermal conduction (T-D simulation), and moisture diffusion (H-D
simulation). In addition to these preliminary results, multifield simula-
tions are performed (H-T-E-D), incorporating all these interactions
within a single model. Referring to uncoupled simulations (H — T — E —
D,.), the superposition principle is applied, solving equations without
coupling electric and thermal fields, or thermal conduction with mois-
ture diffusion. In contrast, H—T —E —Dy, simulation considers the full
coupling between mechanical elasticity, thermal conduction, mass
diffusion, and electrostatics, taking into account even the pyroelectric,
the thermophoretic and the thermal diffusion terms within the total
energy of the structure. Finally, H—T —E —D¢,. and H—T —E —Dp re-
sults correspond to multifield simulations considering pyroelectric and
hygro-thermal coupling, respectively. The thickness plots of configura-
tion variables are reported in Fig. 4. In E-D, T-D, and H-D simulations the
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ELDZL7 model aligns closely with the predictions from 3D FEM. In-plane
displacement field components are linearly distributed through the
laminate thickness, with U 3 showing uniform dispersion in E-D and T-D
simulations. However, a characteristic zigzag pattern appears for this
quantity in the H-D case. Another interesting aspect is that introducing
different couplings in the model affects the overall cylinder deflection,
aligning it closely with the H-D simulation configuration. In terms of
electric potential variation, a zigzag behavior is observed in E-D prob-
lem, becoming very evident in all H-T-E-D simulations. This behavior
results in profiles that significantly differ from those associated with
simple electro-elasticity. In contrast, temperature profiles remain unaf-
fected by different couplings between physical phenomena, consistently
displaying a linear through-the-thickness distribution in each simula-
tion. Similarly, moisture concentration is not influenced by the presence
of an electric field within the solid except in the H—T —E —Dy,, simu-
lation, where an additional moisture concentration variation arises due
to thermophoretic effect. For 3D strain components shown in Fig. 5, ¢, is
characterized by a linear distribution in all simulations, similarly to
what happens in ¢, in T-D and E-D analyses. However, H-D and H-T-E-D
simulations display a zigzag distribution in these in-plane strain com-
ponents. The in-plane distortion y ;, maintains a linear distribution in all
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Fig. 20. Representation of the distributions along the thickness direction of 3D thermal primary (a) and secondary (b) variables of a spherical shallow shell for the
point located at (sq,s2) = (0.25L1,0.75L »). Comparison against 3D FEM results and effect of material variation.

simulations, while 3 shows an abrupt variation in the central core,
particularly evident in H-D simulation. As a result, multifield simula-
tions are characterized by the same behavior, where various coupling
effects affect the ¢ ; strain component because a deviation in the profile
is observed. In contrast to strains, the 3D stress components in Fig. 6
reveal in-plane normal stresses 0, and o, with different values within
each lamina, while the out-of-plane stress ¢ 3 shows a smooth variation
consistent with the external loads in E-D and T-D analyses. However, the
H-D analysis predicts a significative slope inversion in both 3D FEM and
ELW simulations. The in-plane shear stress 7, appears almost linear
through the laminate thickness, with abrupt changes at each interface.
This aspect is also featured in multifield simulations, particularly be-
tween the second and third layers. On the other hand, smooth parabolic
profiles are found for the out-of-plane shear stresses in E-D and T-D
simulations, while H-T-E-D simulations display 713 and 7,3 with zigzag
patterns and parabolic distributions within each layer. A significant
increase in the shear stress magnitude occurs in the bottom layer, with a
corresponding decrease in the second lamina. A similar behavior is
observed for the in-plane electric field components, reported in Fig. 7,
which primarily result from the combined effect of the additional strains
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induced by thermal expansion. Furthermore, in H—-T —E—-D,, and
H —T —E —D, simulations curves deviate from the results of uncoupled
H-T —E —-D,. simulations due to pyroelectricity. In all numerical in-
vestigations, electric field components show a linear distribution along
the thickness of each layer, while in-plane electric flux vectors exhibit
smooth curved profiles within each lamina, with a piecewise distribu-
tion across the laminate. The out-of-plane flux component consistently
shows a linear distribution in all multifield investigations. Regarding
thermal primary and secondary variables in Fig. 8, multifield coupling
induces a shift only in the out-of-plane temperature gradient profile,
while in-plane quantities §, and 6, are linearly distributed in all cases.
Each thermal flux component exhibits a variation in its profile due to
hygro-thermal coupling, while the electric field does not affect these
quantities. Finally, for the mass diffusion problem, the 3D primary and
secondary variables in Fig. 9 display smooth linear or parabolic profiles
in some simulations, while fully-coupled multifield cases yield a zigzag
pattern. The thermophoretic effect in fully-coupled scenarios causes a
deviation of both in-plane and out-of-plane mass fluxes, from H-D-based
predictions. In addition, since the external mass fluxes are applied at the
external sides of the cylinder, the out-of-plane flux c¢ 3 assumes the same
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Fig. 21. Representation of the distributions along the thickness direction of 3D hygrometric primary (a) and secondary (b) variables of a spherical shallow shell for
the point located at (s1,s2) = (0.25L1,0.75L ). Comparison against 3D FEM results and effect of material variation.

value at the extreme surfaces of the cylinder regardless of the coupling
between the physical phenomena involved.

A further investigation is conducted on another circular cylinder,
named “Cylindrical panel-2, to explore the coupled response of the
laminate under multifield loads. Detailed information about the geom-
etry and lamination scheme can be found in Fig. 1, with the reference
surface equation reported in Eq. (107). The top surface is provided with
a Winkler elastic foundation, using linear elastic springs oriented along
the ¢ direction, with a stiffness equal to ké}’) = 5x 10°N /m®. Electric
loads are applied by prescribing a null electric potential at the bottom
surface, namely A$(;) = 0V, and a sinusoidally distributed electric
potential with magnitude A@iﬂ =1V at the top surface. Furthermore,

the values Aéif) = ACEH = —0.05kg /m® of moisture concentration are
enforced at both the top and bottom surfaces, following a sinusoidal
distribution with n = m = 1. On the other hand, thermal loads are
uniformly distributed at the external surfaces of the shell. The thermal
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flux magnitudes are equal to q(T*Q =1J/m? and q(Tj =1.2J /m?, witha

uniform distribution across the physical domain, following Eq. (110)

with a =T, for an arbitraryn=1,...N=150and m = 1,....M = 150,
for the trigonometric expansion terms. The multifield response of the
laminate is evaluated under thermodynamic equilibrium conditions,
and the results are represented in Figs. 10-15, showing the through-the-
thickness distributions of configuration, primary, and secondary vari-
ables at (0.75L1,0.25L;) within the physical domain. The semi-
analytical solution is obtained assuming N = M = 150 and employing
the ELDZL7 kinematic model. In addition, 3D FEM models have been
developed using commercial software for validation purposes of results
for E-D, T-D and H-D simulations. These models consist of 98496 para-
bolic brick elements with 418071 nodes. As shown in Fig. 10, the
adoption of higher-order theories for the kinematic model, along with
the Murakami zigzag function, is crucial for accurately predicting the
configuration variables. While displacement field components are uni-
formly or linearly distributed along the thickness of the cylinder, electric
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potential, temperature variation, and moisture concentration exhibit
some complex distributions with slope variations nearby interfaces. The
coupling introduction among various fields leads to meaningful varia-
tions in the distribution of some variables, which requires the applica-
tion of a refined kinematic model. The 3D strain components, shown in
Fig. 11, exhibit some linear distributions for in-plane components, while
more complex profiles are observed for out-of-plane components. The ¢ 3
strain component follows a piecewise linear distribution across all
simulations, while the distortions y ;5 and y,; show some parabolic
profiles within each layer of the laminate. Results from E-D, T-D, and H-
D analyses derived from the semi-analytical solution align closely with
those from 3D FEM. The introduction of multifield coupling leads to
deviations from the distributions associated with uncoupled simula-
tions, especially for the axial strains, where a smooth variation is
observed. The effect of pyroelectric coefficients and hygro-thermal
constants are less pronounced. Furthermore, deformations due to hy-
grometric loads are higher than those induced by thermal and electric
loads. Fig. 12 presents the through-the-thickness distributions for the 3D
stress components. The vertical deflection induced by various loads
generates an out-of-plane normal stress near the top surface, attributed
to the elastic foundation springs. Parabolic distributions are found in the
first and second layers, indicating the presence of a compression state,
while a linear distribution of the out-of-plane normal stress is observed
in the third lamina which is primarily under tension. The structure un-
dergoes higher in-plane stresses when hygrometric loads are applied,
while in-plane normal stresses from E-D, T-D, and H-D cases are com-
parable in magnitude. These stresses are distributed with linear profiles
within each layer. The out-of-plane normal stresses follow the poly-
nomial distributions with their peak values at each interface. The effect
of the multifield analysis is particularly evident in Fig. 13, which shows
the results in terms of electric flux components. In agreement with 3D
FEM predictions for E-D analyses, the curves show significant variations
in H-T —E —D,, analyses, to additional strains induced by other fields,
resulting in changes in the electric field and flux. Note that the in-plane
components of the electric field exhibit a polynomial distribution within
each layer, while ensuring the continuity of the profile. The out-of-plane
electric field component & 3, instead, is linearly distributed in all layers,
but discontinuous curves are obtained. The hygro-thermo-electric
coupling effect is also visible in the primary and secondary variables
associated with moisture diffusion. In Fig. 14, the distributions of tem-
perature gradient components 67 and 6, are translated from the curves
associated with the E-D analysis when hygro-thermal coupling is
considered. On the other hand, results obtained from the superimposi-
tion of various fields, along with the pyroelectric terms, do not signifi-
cantly affect results. This is reflected in the thickness plots of hq,hy
secondary variables, where variations for in-plane thermal fluxes are
observed in the first and third layers, while the h3 component remains
largely unaffected by multifield coupling, as also happens for 3.
Finally, Fig. 15 shows the mass diffusion primary and secondary vari-
ables. In-plane moisture gradient components, denoted by 41,4 5, are not
significantly affected by multifield loads, as the curves are very similar
to those from both the higher-order theory and 3D FEM. However, a
variation in the 1 3 profile is observed for multifield simulations within
the second layer. The moisture diffusion secondary variables c1,c2,c3
differ the H-D simulations in H —T —E —Dy,. and H —T —E —Dy, analyses.
On the other hand, H—T —E —Dy. and H—T —E —Dy, results remain
consistent with those from H-D simulation.

The final numerical example investigates a doubly-curved spherical
panel made of three layers of MAT-I material subjected to hygro-thermo-
electro-mechanical loads. The constitutive coefficients of this material
are provided in Table 2. MAT-I is derived from the homogenization of
smart materials, reported in Appendix II, by assuming a specific value of
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the volume fraction of fibers, namely V; = 0.2. A representation of the
doubly-curved shell solid is shown in Fig. 1. Unlike the previous ex-
amples, this model considers an arbitrary grading of the material
properties along the thickness direction within each layer. To this end,
several distribution profiles are considered, as summarized in Table 1. In
this way, the arbitrary element of the 3D multifield material is evaluated
according to the relation outlined in Eq. (35). More specifically, a
parametric investigation is performed in which the central core of the
shell exhibits an arbitrary variation of its constitutive coefficients,
setting 5((’;) = 0and 6% = 1 in all configurations within the core, namely
for k = 2. On the other hand, in the first (k = 1) and third (k = 3) layer,
a uniform material variation is adopted with 6%() = 0. Within these
layers, the scaling parameter is selected to ensure the continuity con-
dition of the material coefficient values. The profiles in Table 1 follow
symmetric, antimetric and unsymmetric variations. A Winkler-
Pasternak foundation is modelled at the bottom surface, following Eq.
(48), with foundation stiffness parameters ké}) =5x10""N/m? and

G}f) = 5x 10°N /m?. The loading condition includes uniform distri-

butions of mechanical pressure of magnitude q(;) = —5x 10°N /m?
applied at the top surface, along with thermal loads of magnitudes
gy =1J/m?and g, =
by g} =5 x 10 7kg/m? and ¢'c; =1 x 107 kg/m?2. Electric loads are
not directly applied to the panel. Instead, the laminate is modelled by
specifying a prescribed value of the electric potential at both the top and

— 27J /m?2, and moisture fluxes characterized

bottom surfaces, namely A$(;) =0Vand A&H =0V, respectively. The
through-the-thickness distributions of the multifield configuration var-
iables, along with primary and secondary variables, are shown in
Figs. 16-21, evaluated at the point located at (0.25L1,0.75L ). These
results are computed using the present higher-order theory with the
ELW approach with N = 7, employing the ELD7 kinematic model when
no variation in the material properties is assumed because a single ho-
mogeneous layer is present. The ELDZL7 theory involving the modified
zigzag function of Eq. (10) is differently used for variable material
properties, due to heterogeneity in the laminate.

Despite the material heterogeneity, all simulations show smooth
distributions for the configuration variables with linear or parabolic
profiles, as observed in Fig. 16. Note that the kinematic boundary con-
ditions in terms of closed-circuit configuration are perfectly fulfilled by
the ELW approach. Another aspect that should be noted is that the
structure under external loads undergoes some negative values of the U3
displacement field component. However, the introduction of a uniform
material variation reduces the magnitude of Uj. The results from the
other simulations fall between these two extreme curves. The 3D strain
components are shown in Fig. 17. In-plane deformations remain unaf-
fected by the material property variations. However, the out-of-plane
strains y 13,7 o3, €3 vary with the material properties. In particular, the
profile of the out-of-plane axial strain, €3, follows a linear trend but
reflects the distribution of the material variation within the second
layer. For uniform material distribution within the lamination scheme,
we obtain smooth strain profiles. In Fig. 18, the results of the 3D stress
components are presented. The in-plane stress components follow a
linear distribution, while the stress variation in the central core is
affected by the material distribution. The appropriate selection of the
shape parameter for the uniform distributions in the external layers
prevents any stress concentration. The post-processing recovery pro-
cedure ensures that the distributions of the out-of-plane shear and
normal stresses satisfy the equilibrium conditions at both the top and
bottom sides. Particular attention must be given to the distribution of
the out-of-plane stress 63, which turns into the same point at the top
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surface, where the external mechanical pressures are applied, while they
diverge at the bottom side. This is because the displacement field
components at the bottom of the panel are influenced by the material
variation within the laminate. The 3D electric field components in
Fig. 19 are the electric flux components. The in-plane components & 1,
# o exhibit smooth parabolic distributions, with the maximum value
depending on the material distribution. The out-of-plane electric field
component & 3 reflects the changes in the constitutive coefficients
within the solid, preventing any peak values. The out-of-plane 3D
electric flux component & 3 is linearly distributed along the thickness
direction, with the lamination scheme affecting only the slope of the
curve. In-plane electric flux components &/, &, show an arbitrary
variation in their distribution due to the material heterogeneity in the
central core. Fig. 20 also shows the primary and secondary variables
related to thermal conduction. The in-plane temperature gradient
components exhibit linear distributions which are translated as material
properties vary within the shell. On the other hand, the out-of-plane
temperature gradient component 03 exhibits a zigzag behavior, with
profiles that are intermediate between those observed for homogeneous
layers, which are smooth linear curves. For the thermal flux compo-
nents, h1,h, are uniformly distributed in the first and third laminae. In
the central core, the distribution follows the material variation. The out-
of-plane thermal flux h 3 is essentially linear, but a zigzag distribution is
observed when the material properties vary across different layers.
Similarly, the moisture concentration gradient components, shown in
Fig. 21, follow a behavior similar to that of the temperature gradient
components. In case of homogeneous layers, 63 is linearly distributed,
and 4 3 exhibits a uniform distribution. The in-plane flux components c 1,
c2 show various profiles in the central core, especially for nonlinear
variations. The out-of-plane moisture flux component c 3 shows a zigzag
slope variation, while the linear curves are derived within each layer of
the laminate.

8. Conclusions

A refined ELW model has been developed for the multifield analysis
of laminated structures with double curvature under coupled mechani-
cal, electric, thermal, and hygrometric loads, taking into account various
assumptions for the description of the unknown variables along the
thickness direction. The fundamental equations have been defined in
curvilinear principal coordinates ensuring the thermodynamic equilib-
rium conditions, while also considering the effects of a Winkler-
Pasternak elastic foundation. The external loads have been applied by
enforcing the secondary variables such as the mechanical pressure,
surface charge, thermal and hygrometric fluxes, and by prescribing the
configuration variables like displacements, temperature, electric po-
tential, and moisture concentration. A semi-analytical solution proced-
ure has been used in terms of the generalized configuration variables,
with a novel post-processing semi-analytical recovery procedure, based
on the GIQ, to obtain the multifield 3D response of the solid. The model
performance has been evaluated through numerical examples, demon-
strating its capability to predict the multifield responses for structures
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with different curvatures and material compositions using a homoge-
nization approach based on the Mori-Tanaka technique. The validation
has been conducted through preliminary simulations, comparing the
results from the ELW model with those from 3D models developed in a
commercial software. Innovative results have been provided, high-
lighting the impact of coupling effects on the structural response and the
involved physical problems. Furthermore, a parametric analysis has
checked the sensitivity of the material variation on the static multifield
response of laminates. Future enhancements of the research may involve
deriving a numerical implementation for this present theory to over-
come the limitations of the semi-analytical approach regarding geome-
try, lamination scheme, and boundary conditions. This formulation has
shown a meaningful computational efficiency, providing an accurate
evaluation of the 3D response of the laminate by using a 2D model.
Moreover, it introduces new coupling effects not available in conven-
tional commercial software, offering new possibilities for exploring
applications in smart materials and structures, in addition to those
already considered within existing literature.
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Appendix I
In this Appendix we provide the extended relations for the semi-analytical fundamental coefficients fl%:wj from Eq. (68), for an arbitrary i,j = 1,
..,6andr,n =,..,N+ 1. To this end, the following definitions are considered for the elements of the generalized secondary variables resultants vector

E(T)ai:
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(A1)

In addition, the sub-matrices of the higher-order constitutive matrix A™%% in Eq. (41) are reported below in extended form:
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The expression of the coefficients I s thus derived for a given set of wave numbers n,m used in the harmonic expansion of the unknown

ynm
variables, as defined in Eq. (62), following the well-known Navier approach. In addition we provide the semi-analytical expression for the coefficients

L}Z’izzjl, with i = 1,2, 3, which appear in Eq. (68). These coefficients are associated with the stiffness contribution from the Winkler-Pasternak elastic

foundation.
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(A.3)

This Appendix presents the analytical expressions for the homogenization of a smart multifield material with hygro-thermo-electro-elastic
constitutive properties, using the Mori-Tanaka approach, as derived from Ref. [65]. The unit cell of the homogenized material consists of a cylin-
drical inclusion with a volume fraction V/, oriented along the ¢ direction, and embedded in an isotropic matrix with a volume fraction V. It is
assumed that there are no voids within the heterogeneous solid, therefore V,, +- V; = 1. The homogenization in hand is based on the full coupling,
between mechanical elasticity, electrostatic and magnetostatic fields, as well as hygro-thermal properties. In fact, the following constitutive rela-
tionship is considered for the homogenized smart material, being €1,€2,€3,712,713,723 and 61,6 2,0 3,7 12,7 13, 7 23 the strain and stress compo-

nents, &1, & 5, £3and 7 1, & 5, & 3 the electric field components and the electric flux components, 7 1, 7 o, 7 3 and % 1, % 2, % 3 the primary

and secondary variables of magnetostatic equations. Furthermore, 9 1, G 2, ] 3 and h 1, h 2, h 3 are the primary and secondary variables associated with

thermal conduction, whereas 21 , 22, 13 and €1, C 2, € 3 denote the moisture concentration gradient and the moisture flux components, respectively:
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(A4

In the analytical expressions for homogenization, the constitutive coefficients of the matrix are denoted with the subscript “m”, while those of the
cylindrical fiber are characterized by the subscript “f".
Preliminary computations

CaamlriimM11m +P214mm 11m + lllmq214m — 2d 11mP 14m — d211mc44m
(ic — gb)h + (fb — ia)e + (ga — fc)d

Jj=2Vy
a= Vm<(q 14 — 14m> (lllmm 11m — dzllm) - (d 11f — dllm) (P 14mM 11m — d 11mq 14m) — (m 11f — mllm) (q14ml 11m — d 11mP 14m)>
b= Vm<(P 14f —P l4m) (LiimMaim — d31,) = (d1yr — d11m) ( 1aml 11m — d11mP 14m) — (L117 = L11m) (P 14mM 11m — d11mq l4m)>

c=Vn ((C44f - C44m) (lllmm 11m — dzum) + (P 14f — P 14m) (P 1amM11m — d11mG 14m) + (q 14 — (4 14m> (q14ml11m — d11mP 14m)) +

+Vif ((ic — gb)h + (fb — ia)e + (ga — fe)d)

d= Vm( - (d 11 — dllm) (d11mC 44m + P 14mq 14m) + (P 14f — P 14m) (P1amM11m — d11mq 14m) + (lllf - lllm) (q214m + Caamm 11m)>+

+Vif ((ic — gb)h + (fb — ia)e + (ga — fe)d)

e= Vm<<q 14f —q 14m) (d11mC 44m + P 14mq 14m) + (C44f - C44m) (P 14mM 11m — d 11mq 14m) — <P 14f — P 14m) (q214m +C 44mMm llm))
f= Vm( - (d 11f — dllm) (d11mC 44m + P 14mq 14m) + (q 14f — Q14m) (q14ml11m — d11mP 14m) + (m 11f — mllm) (P214m + C44m111m)>+
- ((ic — gh)h+ (b — ia)e + (ga — fe)d)
f
8= Vm((P 14f —D 14m) (d11mC 44m + P 14mq 14m) + (C44f - C44m) (q1aml11im — d11mP 14m) — (q 14 —( 14m) (P214m + C44mlllm))

h= Vm( — (m11y — M11m) (d11mC 44m — P 14mq 14m) + (q 14f —¢q l4m) (P 1amM 11m — d11mq 14m) + (d117 — d11m) (@am + C aamm llm))

i= Vm( - (lllf - lllm) (d11mC 44m +P 14mq 14m) + (P 14f —D 14m) (q14ml11m — d11mP 14m) + (d 11f — dllm) (p214m + C44m111m)) (A.5)
Density
P=Vmpn+Vipy (A.6)

Elastic stiffness coefficients
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- kmkf + memkf + Vimpk
mGf + kam +mpy

k

B Mo (kmmy + V ks + V ik i + 2m ymy)
 VikmMy + kM + V ek M + 2V ymmy + 2V im2,

Ci1=Cxp=k+m
Cu:k—m

Vi (Cizr — Cram) (km + M)
mGf + kam +my

Ci13=Co=Ci3n+

Vi (C1am — C13f)2 )

Cy3=C Vil Cs3r—C T
33 33m + f( 33f 33m Viks + Vikn + mm

C44 =Cs5 = Caam +j(<P 14 — P 14m> (fe— gh) + (Caaf — C 44m) (ih — fd) + (q 14 —q l4m> (gd - ie)) (A7)
Piezoelectric coefficients

Vf(P31f *Pslm)(km +mp)
mGf + kam +mpy

P31 =Ps32 =Psim +

Vi (C 13m — Cle) (P 31f P31m)>

= \74 _
P33 =Pssm + f<p33f P3sm+ Vks & Vik +

P14 =DP25 =P14m +j((P 14f — P 14m) (ga— fc) + (Caar — C 4am) (fb — i) + (q 14f —q 14m) (ic —gb)) (A.8)
Dielectric permittivity coefficients

Ly =Loa = Lum +( (L = Lum) (g2 — ) + (P 1oy = P1am) (ia — f0) + (d 1y — diim) (ic — gb) )

Vi (P 31f *P31m>2 )

S S A
mGf + kam +mpy

(A.9)
l3g =l3gm + Vs (lssf — l3sm

Thermal expansion coefficients

 ViEfas + ViEnan

B E, (A.10)
ap=a3=1+vp)a;Vi+ (1 +vn)amVm—vian

an

Hygroscopic expansion coefficients
B VfEfbf + ViEmb

E, (A.11)
by =bsz=(1+vs)bVi+ (14 vmbmVm—vi2bn

bll

Pyroelectric coefficient

(P 31f *Pslm) (Z 11f — an)

=V 14 —VaV A.12
033 mO 33m + V5033¢ LA e — Vik; — Vokom ( )
Hygroelectric coefficient
v v VoV (P31f*P31m> (euf*enm) A13
833 = Vimgs3m + Vgs3r — Vi Vy Crim + Viky — Vikm (A.13)
Specific heat capacity
Vipecoy +V c
L= FPsCpf mp mCpm (A.14)
P
Equilibrium moisture content
Vi mMeom + Vip (Mg,
M. — mP m m P Moo f (A.15)

P

Thermal conductivity
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Kk s

R IS

ks =Vimkm+ Viks = (1= V)km+ Viks = (kf —km) Vs +kn
Diffusion coefficients

SmSf

§S11 =89y =— 174
1 2 Vme -‘erSf

S33=Vmsm+ Vyss= (1= Vy)sm+ Vsp=(sf—sm)Vy+5m

Thermodiffusion (Dufour) coefficients

Y11 =Upcs1y = Wik, Yoo =UpCSas = Vligkay, Y33 = UpCSss = v gk 33

Thermophoretic (Soret) coefficients

A A A
X11=—Kku1, Xop =Koy, X33=-—ks3
pc pc pc

Data availability

No data was used for the research described in the article.
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