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Abstract. We consider the torsional rigidity and the principal eigenvalue related
to the Laplace operator with Dirichlet and Robin boundary conditions. The goal
is to find upper and lower bounds to products of suitable powers of the quantities
above in the class of Lipschitz domains. The threshold exponent for the Robin
case is explicitly recovered and shown to be strictly smaller than in the Dirichlet
one.

Mathematics Subject Classification. 49Q10, 49J45, 49R05, 35P15, 35J25.

Keywords. Robin boundary conditions, Principal eigenvalue, Torsional rigidity,
Shape functionals.

1. Introduction

Elliptic boundary value problems involving Robin boundary conditions share many
structural and analytical similarities with those formulated under Dirichlet bound-
ary conditions. Nevertheless, the Robin case also exhibits distinct and subtle phe-
nomena that are of considerable mathematical and physical interest. In the present
article, we focus on exploring the relations between two fundamental quantities as-
sociated with the Laplace operator under Robin conditions: the principal (or first)
eigenvalue and the torsional rigidity of a domain.

Throughout the paper, we denote by € an open bounded subset of R? with a
sufficiently regular boundary (for instance of Lipschitz class). Its Lebesgue measure
is denoted by ||, and without loss of generality we shall assume that |Q] = 1 in
order to simplify the presentation.

Let $ > 0 be the Robin parameter, the first eigenvalue \g(2) of the Laplacian
with Robin boundary conditions is defined as the smallest A for which the boundary
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value problem
—Au = du in
{&,zH—ﬂu =0 on 0
admits a nontrivial solution, where 0, denotes the outward normal derivative on

0. Equivalently (see for instance [10, Section 4.2]), A\g(£2) can be characterized
variationally as the minimum of the associated Rayleigh quotient

As(9) =mm{fﬂ 'V“'Qd”“’f:ﬁgi“ AT H1<m\{o}}, (11)

where H?~! denotes the Hausdorff d — 1 dimensional measure.

The second quantity of interest is the torsional rigidity Tj(€2) which, in the
context of elasticity theory, represents the resistance of the domain 2 to torsion
under boundary conditions of Robin type. It is defined by

Tg(Q) = / wg dac,
Q
where wg denotes the unique weak solution of the Poisson problem

—Au=1 in
dyu+ fu=0 on 0.

We refer to [1] for an extended presentation of problems involving the Robin tor-
sional rigidity. Equivalently (see for instance [10, Subsection 4.5.1.2]), T3(2) admits
the variational representation

_ (f “d$)2 ) 1
T5(Q) _max{fQVudeiﬂfaﬂUQdel cu€H (Q)\{O}}. (1.2)

When S = 400 the Robin condition degenerates into the Dirichlet condition
u =0 on 9. In this limit, the corresponding quantities A\ (2) and T (2) reduce
to the classical Dirichlet principal eigenvalue and Dirichlet torsional rigidity respec-
tively, and the minimization problems (1.1) and (1.2) are naturally restricted to the
Sobolev space Hg (). It is well known (see for instance [10, Proposition 4.5] for the
eigenvalue and [16, Theorem 3.1] with f =1 for the torsional rigidity) that

lim As() = Ao (Q d  lim Tp(Q) = To(Q). 1.3
Sim As(€) (@) and - lim Ts(Q) () (1.3)

Our main goal is to investigate shape optimization problems involving the
interaction between these two fundamental quantities. For an overview on shape
optimization problems we refer to the books [9], [22] and [23]. Specifically, for a
fixed 6 > 0 and a given real exponent ¢ > 0 we consider shape functionals of the
form

Fp,4(Q) = As(Q)T5(Q). (1.4)
We are particularly interested in determining the extremal values of the functional
Fg , among all domains € of fixed measure:

mg = inf {Fp4(Q) : Q] =1}
{Maq:SHp{Fﬁ,q(Q) [0 =1} (15)
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In the following, since the Robin parameter ( is fixed, we often omit it from the
notation and simply write F,, mq, M,.

The Dirichlet case corresponding to 5 = 400 has been extensively analyzed
in [7] and [8] (see also [2], [3]). In the present work, we turn our attention to the
more delicate situation where 8 < 400, and we highlight an interesting phenomenon
that emerges in this regime. Indeed, while it is known that my 4 = 0 if and only if
q > 2/(d+2), we establish that mg , = 0 if and only if ¢ > 1/(d+1), independently
of the value of 3, in spite of the asymptotic behavior described in (1.3).

As for the Dirichlet boundary condition, the case ¢ = 1 deserves particular
attention. Indeed, we prove that M; = 1 by carrying out a detailed analysis of the
asymptotic behavior of solutions in appropriately and finely perforated domains.
This result is similar to what is known in the Dirichlet setting. However, in the
Robin case the characteristic size of the perforations is different, which leads to a
different scaling, even though the final conclusion remains the same.

The combination of Theorems 4.1 and 4.3 allows us to bound from below and
from above the first Robin eigenvalue Ag(€2), or equivalently the principal frequency
of a membrane () elastically supported along its boundary, in terms of powers of the
corresponding Robin energy. More precisely

mTs(Q) T < Ag(Q) < Tp(Q) ™!

for a suitable positive constant m and for every domain Q with |Q] = 1. It is
interesting to notice that the upper bound is analogous to the one of the Dirichlet
case, while the lower bound has a different optimal power.

The paper is organized as follows. In Sect. 2, we recall some preliminary ana-
lytical results and technical tools that will be employed in the subsequent analysis.
Section 3 is devoted to the Dirichlet case 8 = +oo, for which several sharp results
are already known; we summarize and reinterpret them in a unified framework. In
Sect. 4, we turn to the Robin case 8 < +o00, which presents new challenges and a
richer phenomenology. Finally, in Sect. 5 we conclude by outlining a number of open
problems and conjectures that, in our view, deserve further investigation.

2. Preliminary Results

If we consider Az or Tz only, the related optimization problems are well-known and
we have the following results. Here and in the following we denote by B a ball in
R? with unitary Lebesgue measure.

e We have Ao(B) < Ao(9) for every Q with |Q2] = 1. This inequality is
known as Faber—Krahn inequality.

e We have To(B) > Too(Q2) for every Q with [Q2| = 1. This inequality is
known as Saint- Venant inequality.

e We have for every 8 < 400 A\g(B) < A3(Q2) for every Q with |Q| = 1. This
inequality was proved in [5] in the case d = 2 and in [20] for any dimension d.
In [11] the same result is obtained by means of a free discontinuity approach
in spaces of functions of bounded variation.
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e We have for every 8 < +o0
T3(B) > Tp(Q?) for every Q with [Q] = 1. (2.1)

This inequality was proved in [11].
The main difference between the Dirichlet case 8 = 400 and the Robin case
B < +o0 is in the scaling properties. We have for every scaling factor ¢t > 0

Ao (t92) = t72As ()
Too (1) = tIT2T (),

while, if § < 400 we have

/\3 (tQ) = t_QAt/g(Q)
{Tmm) _ 21,0, 22

An easy comparison, by using either H} () or constant test functions, gives for
every {2

AS(©) < A (@) n p T 0D

)
BHI-1(0Q)

In particular, for a ball B, of radius r we have

Ag(Byr) < 72 Xoo(B1) Ar~13d

Ty(B,) > r*2T, (By) v rd+1%,
where wq denotes the Lebesgue measure of the unit ball in R?. Some more precise
estimates hold, as recalled below.

T5(Q) > Too(Q) V

Proposition 2.1. For every r > 0 we have:

B Caf3
— < \3(Bp) < ——— 2.3
dr(1+ pBr) — o )_r(l—l—ﬂr) (23)
where Cy is a constant depending only on the dimension d, and
d+1 d+2
Wy [T r
T5(B,) = — . 2.4
5B =" (5 + 752) (2.4)

Proof. Estimates (2.3) can be found in [27], while equality (2.4) comes by a direct
computation in polar coordinates. ]

We recall the classical Gagliardo-Nirenberg inequality in H*(R9):
HUHLz(Rd) < CHVUH%(Rfl)HuH;fW) for every u € H' (Rd), (2.5)

where 0 = d/(d+2) and C is a constant that depends only on the dimension d. The
inequality above clearly holds for functions u € HJ ().

In the following we need a variant of the Gagliardo—Nirenberg inequality above
for functions in H'(§); we recall the inequality below, as obtained in [29].
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Theorem 2.2. For every open bounded subset 0 of R* with a Lipschitz boundary
there exists a constant C > 0 such that

a/(d+1) 2/(d+1)
/ u?dr < C[/ |Vul|? dx +/ u? d'Hdl} [/ [ul dm]
Q Q o9 Q

for allu € HY(Q)N LY (). Moreover, the constant C depends only on d and on Q).

Proof. See Proposition 4.2.9 of [29]. O

3. The Case of Dirichlet Boundary Conditions

The optimization problems for the shape functionals F, in (1.4) have been exten-
sively studied in the Dirichlet case § = +o0o. We recall in the present section the
most important results and we refer to [15] for a general result on shape optimiza-
tion problems with Dirichlet boundary conditions. We start by the minimization
problem in (1.5).

Theorem 3.1. In the case 3 = +oo the following facts hold for the quantity mq in
(1.5):
- for every ¢ > 2/(d + 2) we have my = 0;
- for every q < 2/(d + 2) we have my > 0; in addition, the value my is reached
by the ball B.

Proof. The first assertion can be proved by taking as {2 the disjoint union of a ball
Bs and of N balls B, with § > ¢ and wy(6% + Ne?) = 1. We have

q
Fy() = 6722 (B1) (0742 + NeTH) Toe (By) )
= Fy(B1)0 2 (092 + £2(1/wq — 6%))°.
By taking €2 < 692 we obtain

F

2(Q) = Fy(By)s—2Hatt?),

and the first assertion is proved by passing to the limit as § — 0.

For the second assertion, the equality m, = F,(B) when ¢ < 2/(d + 2) was
proved in [25] and [26]; for an extension to some nonlinear cases we refer to [6].
We give here a simple proof of the inequality m, > 0, that can be obtained by the
Gagliardo—Nirenberg inequality (2.5). In fact, if u is a first eigenfunction of —A with
Dirichlet boundary conditions, by the definition (1.2) of T, we obtain

fQ]Vude (fQudalc)2 q
V2 (fQWuPd:r)

B <|Nu|r;3m||u||zm)>2
||U||L2(Q)
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By the Gagliardo—Nirenberg inequality (2.5) we have

YVl 2\ 797
GRS (MR

O\ ullze)
—q—0
1 (1—q—0)/2<||u||L2(Q)>1 4
— L@ Il ez .
g A=) el

Now, the Faber-Krahn inequality, the fact that 1 — ¢ — 68 > 0, and the Holder

inequality, give
1 (1-q-0)/2
F,(Q) > 6(AOO(B)) e

Hence, taking the infimum over all Q with |Q] = 1, gives
1 1—q—6
as required. O
We now pass to the quantity M, in (1.5).

Theorem 3.2. In the case 3 = +oo the following facts hold for the quantity M, in
(1.5):

- for every ¢ < 1 we have My, = +00;

- for ¢ =1 we have M, = 1;

- for every ¢ > 1 we have My < +00;

- there exists ¢ > 1 such that for every q > q the value M, is reached by the ball
B.

Proof. The first assertion follows by taking as {2 the disjoint union on N balls By,
with wgNe? = 1. This gives

Fy(Q) = £ 2N oo(B1) (Ne 2T (By))! = Fy(By)e 24,
so that, passing to the limit as € — 0, we have M, = +00 when ¢ < 1.

In the second assertion, to prove that M; < 1 it is enough to consider the
solution w of the PDE

u=20 on 09,

and take it as a test function for Ao.. This gives

Fl(Q) < Jo IVl dz (widx)2 _ (fﬂwd$)2
= Jow?dz [ |Vw|2de [ |w]?dx
and, by Holder inequality, we conclude that M; < 1. The proof that M; = 1 is
more delicate and we refer to [4]; a simpler proof, that uses capacitary measures
(for which we refer to [9]), can be found in [§].

To prove the third assertion it is enough to write
-1
F(2) = Fy(Q) (T ()"

By the inequality F;(2) < 1 and the Saint-Venant inequality T (2) < Too(B), we
obtain

{—Auzl in Q

Fy(Q) < (Tw(B)",
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so that M, < (TOO(B))qfl.
For the last assertion we refer to [7], where this property was conjectured under
the name of reverse Kohler—Jobin inequality, and to [14], where it was proved. [

4. The Case of Robin Boundary Conditions

In this section we consider the Robin case § < 4+00. We start by studying the case
of my.

Theorem 4.1. In the case 3 < +oo the following facts hold for the quantity mg in
(1.5):

- for every ¢ > 1/(d+ 1) we have my = 0;

- for every ¢ < 1/(d+ 1) we have mg > 0.

Proof. The first assertion can be proved by taking as ) the disjoint union of a ball
Bs and of N balls B., with § > ¢ and wg(6%+ Ne?) = 1. We have by (2.3) and (2.4)

F,(Q) ~ 571<(5d+1 +N€d+1)>q
=01 (6" +e(1/wa — 6%))".
By taking ¢ < §9*! we obtain
F,(Q) ~ o~ 1Hald+),

and the first assertion is proved by passing to the limit as § — 0.
For the second assertion, by the definition of the torsional rigidity 7j3, denoting
by u the first eigenfunction of —A with Robin boundary condition on 92, we have

Fo () > fQ |Vu|? dw—kﬂfaQ u? dH1 (fQuda;)2 a
P = fQ u2 dx fQ |Vu|? de + ﬁfaﬂ u2 dHI-1
= [fsz [Vul? dx + Bfafz u? deil] liq[fsz “dx] “
fQ u? dx '

If g=1/(d+ 1), using Theorem 2.2 we have

d/(d+1) 2/(d+1)
/ u?dx < Cg[/ |Vu|? dz + 3 u? d’Hd_l} [/ udm]
Q Q o0 Q

with a constant Cg > 0 which does not depend on €2 when || = 1. Precisely, if C
denotes the constant of Theorem 2.2, we may take

Cy=C(BA1)" 7.

If ¢ < 1/(d + 1) we have, by the Saint-Venant inequality stating the optimality of
B for the Robin torsional rigidity (see (2.1)),
q—1/(d+1)

71/(d+1)
Fp.4(2) = Fp1/(a4+1) () [T(2)]* > Fp1/(at1)(Q) [T5(B)] :

and the assertion now follows from the case ¢ = 1/(d + 1). O
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Remark 4.2. Notice the difference between the threshold 2/(d + 2) of the case 8 =
+o00 and 1/(d+1) of the case 3 < +00. Then, for 1/(d+1) < g < 2/(d+2) we have
mg,q = 0 for every < 400, while ms, 4 > 0. This in spite of the fact that Ag(£2)
and T3(€2) tend to Ao (2) and Too (€2) respectively, as 3 — +oo, and so

,Bhrf Fg 4(Q) = Fso 4(2) for every Q.

We now pass to consider the case of M,. In the following theorem, we prove
the finiteness of M, for ¢ > 1, and the equality M; = 1 that we obtain by means
of homogenization. To do so, we construct a suitable sequence of smooth domains
with a periodic lattice of smooth holes. We inform the reader that some parts of
the following proof, namely the estimate on the eigenvalues (4.3), could also be
deduced within the abstract framework devised in [24, Theorem 1] (which can be
seen as the Robin counterpart of the classical results in [17]); nevertheless, we give
an independent complete proof for the sake of self-containment.

Theorem 4.3. In the case 3 < +oo the following facts hold for the quantity M, in
(1.5):

- for every ¢ < 1 we have M, = +00;

- for ¢ =1 we have M, = 1;

- for every ¢ > 1 we have My < +ooc.

Proof. The first assertion follows by taking as {2 the disjoint union on N balls B,
with wyNe? = 1. This gives by (2.3) and (2.4)

Fq(Q) ~ 5_1(N€d+1)q ~ 5—2+2q7

so that, passing to the limit as € — 0, we have M, = +o00 when ¢ < 1.
In the second assertion, to prove that M; < 1 it is enough to consider the
solution w of the PDE
—Au=1 in Q
Odyu+ Pfu=0 on 0,

and take it as a test function for A\g. This gives

< Jo IVw?dz + 3 [, w? dH* (wid:r)2 _ (fgwdx)?'
- Jow? dx Jo IVw|?dz + 3 [, w2 dHI=L [ Jw]? dx
and, by Hoélder inequality, we conclude that M; < 1.

In order to prove the third assertion it is enough to write
Fy(Q) = F(Q)TEH () < MiT§H(Q)

and to use the inequality M; < 1 and T3(Q2) < Ts(B) seen in Sect. 2.

It remains to prove that M; > 1, for which we have to construct a sequence
Q,, such that lim,, F1(Q2,) > 1.

We start considering a unit cube Q1 = (0, 1) perforated by small balls arranged
on a periodic lattice. For N € N let us subdivide 7 in a cubic grid of side 1/N
and for £ € {1,..N}? let = 7 denote the centers of the cubic cells. Remove now balls
with center z; and radius

F1(Q)

k

TN:iNd/(d—l)’ k>0
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and observe that, for N large enough, the balls above are disjoint and well contained
in Q1. Let Q% = Q1 \U;B(zz rn) and define the surface measures

KN = Z’Hdil I_aB(l‘ZJ‘N) :
7

Observe that
pn (RY) = k4 dwgy (4.1)
where wy is the £%measure of the unit ball in R?. We now claim that
pun — =k tdwglg, £ in HH(RY). (4.2)

A proof of (4.2) is given in the appendix.
We now prove that

lim inf Ag(Q%) > Bk dwg. (4.3)

To do this, consider the L2-normalized eigenfunctions ux of Q% (we omit the depen-
dence on k to shorten the notation). We clearly prove (4.3) under the nonrestrictive
assumption that supy A\g(Q%;) < +o0.

Step 1. We extend (un)y to a bounded sequence (iiy)y C H'(Q1). To do so,
we construct a vector field Vy € C(Q1;R?), which on each periodicity cell is such
that

1
Vn(z) =2 —270n B(zyry), Vi =0 outside B (% 2N> )

This vector field can be constructed to have uniformly bounded Lipschitz constant
d
with respect to N: indeed, a radial cut-off function between a ball of radius k/N -1

and the one of radius 1/2N has derivative of order N, while |z — 2] < % on each
cell. We now use the Rellich—Pohozaev identity

J

[(div Vi) (%WUNP - ABUSV) — (Vuy ® Vuy) : VVN] d

k

N
2

= / {&,u]\; (VN . VUN) - <%’qu|2 - )\5qu> (VN . V)] de_l,
o0k, 2

which can be proved testing the equation —Auy = Aguy with V - Vuy and inte-
grating by parts, also using the equality

1
Vuy - (D*un) V) = 5V - V(|[Vun]?).
Recall that, on B(zp ) one has
Vn(z) = (z — xp), VN'V:(J}—.I‘Z)'V:—‘ZL‘—ZL’[‘:—F.

Furthermore
k
VN'VUN:(.CC—J}Z)'VUN:— ] ayuN.

d—1
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No term on 0Q); appears, as Vy = 0 on Q7. Using Robin boundary conditions
O,uny = —fuy, the equality then becomes

/k [(div Viv) [Vun]? — 2 (Vuy ® Vuy) : Vi — Ag (div Vi) u?\,} dx
QN
)\
- ¥ / Vounl? + 2220 5| ane,
OB(zprN) Nd Nd—l

7e{1,..,N}d

Now, the eigenfunctions are normalized in L?, and we assume the eigenvalues (and
hence the Robin form) to be uniformly bounded; furthermore, Vy are bounded in
C'. We therefore get the existence of a constant C' depending on d, k, sup y Ag(25,),
and (3 such that

/ \Vu|2de1<CNdl—£
feqr,.. Ny OB@ETN) N

Define ux as the harmonic extension inside each ball; it holds the estimate (see for
instance [21, Page 20], which also hints at the proof of the inequality)

/ \Vin|?de < - / |V,un|?dHL,
B(zgrN) d—1 OB(zz7rN)

> Vi |? dz < C.

7e{1,..., N} Blzprn)

whence

Combining with the bound on [[Vun|[p>(qx ) yields that [[Vin|r2(q,) is bounded
by a constant depending on d, k, supy Ag(Q% ), and 3. As we also have

k
/ U?V dH1 < )‘B(QN) ’
001 B
the claim is proved.

Step 2. We now consider the weak-H!(Q1) limit u of the sequence @y, which
exists up to a subsequence, and prove the inequality

lim inf/ ud dpy = 1}\1;1& inf/ a3 duy > k41 dwd/ u? de. (4.4)

N—oo

The first equality is trivial, as uy = 4y on the support of uy. As for the lower
semicontinuity inequality, fix M > 0 and a smooth cutoff 0 < ¢ < 1. Then

lgninf/ A duy > hmmf min{(¢iy)?, M} duy.
— 1 Q1

The truncations min{(¢tx)?, M} converge weakly in H} to min{(¢u)?, M}. Using
(4.2) we then have:

Jim min{(¢ty)?, M} duy = / k4 dwg min{(éu)?, M} da.
—JQs 1

Passing to the limit ¢ 1 1 and M — oo gives (4.4).
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Step 3. We prove (4.3). To this aim, it suffices to notice that, since the functions
G converge strongly to u in L?%(Q1), so do then unlor by Vitali’s theorem. As
the functions uy are L?-normalized, it must then hold ||lu|[z2(g,) = 1, so that (4.3)
directly follows from Step 2.

Step 4. We finally prove M; > 1. To this, we first consider a sequence t%; | 1
so that |tk QK | =1 and observe that by the scaling property (2.2) we deduce

1
WAg(Q’X,) : (4.5)
As for the torsion part, we trivially estimate with the test function w = 1, and
together with (4.5) and (4.1) we get

k
Fﬁ(t?VQ?V) = (tljcvid+1 ﬁ(Hd—l((;\g(f;]_Vi_)kd—ldwd)
With the liminf as N — 400, using (4.3), we have
Bk dwy
(HA=1(0Q1) + k4 tdwy)

which entails the conclusion when & — +oo. O

As(th Q) >

MlZﬁ

Remark 4.4. An alternative proof of the inequality M; > 1 can be obtained by
means of a y-closure argument; we give a short sketch below.

We first observe that, since both Ag and Tz are continuous with respect to the
~y-convergence, we also have

My =sup {Fi(p) : pe M}

where M denotes the vy-closure of the class of open sets Q with |Q2] = 1. By ap-
proximating a smooth surface 92 by means of very rough surfaces, as in Fig. 1,
we obtain that the class M contains all the problems with a Dirichlet condition on
02, hence also the class of y-limits of Dirichlet problems. The v-closure of Dirichlet
problems has been fully identified in [19] as the class of capacitary measures, that is
the measures that vanish on all sets of capacity zero. Then we have that M contains
all the capacitary measures.

In fact the class M is strictly larger than the class of capacitary measures. To
see this one could consider the case of smooth domains converging to a domain with
a (possibly smooth) fracture (see, for instance, [11-13,18]). More precisely, take a
smooth surface S in an open set €2, an € neighborhood S, and Q. = Q\ S.. We
have that the Robin energies on the sets ).

1
/ |Vu|2dx+ﬂ/ u? dH!
2 Jo, 09,
I-converge (as € — 0) to the energy

1

/ \Vu|*dz + 3 u? dHI! +ﬁ/ (u2++u2,) dH1,
2 Ja\s 09 5

which cannot be represented by a capacitary measure. In the expression above u_
and u, are the left and right traces of the Sobolev function wu.
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e ——————
- | —~——

FIGURE 1 Approximation of a smooth boundary by means of rough boundaries

In particular, the «-closure of Robin problems contains all the capacitary mea-
sures cdx with ¢ > 0. Then, taking as €2 the ball B, we have that

My > X3(B,c) Ts(B,c)
for every constant ¢ > 0, where

2 2 d—1 2
Aﬂ(B,c)Zmin{fB Tl et Blype 1 telpre ueHl(B)\{O}}
B

and

_ (fBUdI)Q ) 1
Ts(B, c) _max{fB W d$+6f33 w2 dH4-1 +CIB wdr ue H (B)\{O}}

From the expressions above we obtain

)\g(B,C) = )\[3(3) +c

and
1

To(B.) 2 Graim) +

Therefore, we have
Ag(B) +c
HI=1(OB) + ¢
for every ¢ > 0, and the inequality M; > 1 now follows by passing to the limit as
¢ — +00.

MlZB

5. Open Questions and Remarks

In this section we raise a couple of open and challenging questions in the case
B < +oo of Robin boundary conditions. Because of the lack of scaling property
for the functional Fj, the proofs available in the Dirichlet case cannot be easily
extended, and we believe it would be interesting to prove (or disprove) them.

The first question is concerned with the Kohler—Jobin inequality: in the Dirich-
let case it reads as

mg = Fy(B) for every ¢ <2/(d+ 2).
We have seen in Theorem 4.1 that in the Robin case § < +oo the threshold (if any)

cannot be the same because m, = 0 for every ¢ > 1/(d+1). So the first question is:
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(Q1) in the Robin case f < 400, is it true that for every ¢ < 1/(d+ 1), or at least
for q below a smaller threshold, the Kohler—Jobin inequality

mg = Fy(B)
holds?

A positive answer to the question (Q1) above would be rather natural since as
q — 0, the term Tg in the expression of the functional F,, becomes less and less
relevant, and the ball B actually minimizes the limit case ¢ = 0, where F, simply
reduces to Ag, as recalled in Sect. 2.

The second question is concerned with a possible analogous of Theorem 3.2 for
M, when ¢ is large enough (reverse Kohler—Jobin inequality). We have seen that in
the Dirichlet case 8 = +o0o we have

M, = F, q(B )
for every ¢ above a suitable threshold ¢. So, a natural question is:

(Q2) in the Robin case 8 < +00, is it true that for every q above a suitable threshold
qs the reverse Kohler—Jobin inequality

M, = F,(B)
holds?

Again, a positive answer to the question (Q2) above would be rather natural
since as ¢ — 400 the term Ag in the expression of the functional F, becomes less
and less relevant, and the ball B actually maximizes the limit case ¢ = +o0, where
F, simply reduces to T}, as recalled in Sect. 2.
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Appendix
The following appendix is devoted to the proof of (4.2).

Lemma 5.1. (Surface measure homogenization) The measures jiy converge in H ™"
(R%) to
= k¥ dwy £?
where wq is the volume of the unit ball in RY.
Proof. For the sake of brevity, we set
VN =[N — K-

A direct computation shows that vy tends to 0 narrowly; our aim is to show that
|[vn || z7-1@®ay — 0. By construction it holds vy (R%) = 0. We recall that the H~*
norm can be expressed as Fourier integral via

. P
lowosuoy = | T e
Un(£)

Let us notice that vy € C* and vy (0) = 0. In particular, the ratio 2] is bounded

as § — 0. Now, denoting by G the Green function of —A in R? and recalling that
G= ﬁ, we have
N *(€)

/Rdlé\z de = (Con,ow) (5.1)

where (-,-) denotes the duality product between functions and measures. We thus
get the thesis if the last right hand side tends to zero; equivalently, passing to the
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antitransforms, we prove! that (G * vy,vy) — 0. This latter limit can be split as
follows:

(G pns ) = 2(G s ) + (G p, ).
As G * pu is a C*! function by elliptic regularity, and using the narrow convergence
of un to p (and their compact support), it suffices to show that

NI (G * i, ) = (G * iy ) (5.2)

To this aim, let us define, for any £ > 0, the continuous functions
Ge(z) := [G(x) — G(e)] L{ju|>c}-

where, with a small abuse of notation, we denoted G(|z|) = G(z) since G is radial.
For any fixed € > 0 it holds

Wi [(Ge v, pn) = (Ge * iy )] = 0 (5.3)

since the sequence (G.xpun )y converges to G, *p uniformly. Moreover, by monotone
convergence, one gets

lim [{Ge * i, 1) — (G * p, )| = 0 (5.4)
It further holds

(Ge % iy, i) — (G * s )| < 2 / G — ) dyin (x) dpi (y)

{lz—yl<e}

=2 Z/ G(x —y) dH" (x) dH ™ (y)
7 (BB(:CZ,TN)XBB(mZ,rN))ﬁ{|x7y|§s}
+2)°

ity

Let us split the analysis into off-diagonals and diagonal terms. We only discuss

here the case d > 3. Concerning the off diagonal terms, we observe that, for any
i # j and N sufficiently large

/ Glo = y) dH ) a1 ()
(8B(af[,7’]\]) XBB(acﬁ,rN))ﬁﬂx—y\Se}

1 2k 1
|$_y’:|($_$i)_(y_xj)+(mi_l‘ﬁ)|2|$5_$ﬁ|_2rN:N_E>ﬁa
thus,

1
% > x —y| > |rr— x5 = —.
e 22—yl > fop—apl = 5
We thus get

Z/ / G(@ = y)L{ja—y|<ey AH" (2) dH ™ (y)
Z;éﬁ OB(zzrNn) JOB(xz,rN)

Yor a rigorous justification of this anti-tranformation, one may first consider mollifiers o. and apply
the Parseval identity to the duality between G * (g- * V), regarded as a tempered distribution, and
the Schwartz function g, * vn; additionally, the formula for the Fourier transform of a convolution
is justified in this setting, and, since gz * Ux is pointwise dominated by Dy, one may pass to the
limit in the left-hand side of (5.1).
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1
<223 1y / / L @) i (y)
ez {lx -Tp‘<25} B(mE,TN) 6B(z5,rN) ‘xi_ mﬁ‘d_2
#P
2d=2d=1 1{|ra—m~\<25} {\m»—m |<2€}
< L pl—= — p
- N2d Z |x[_$ﬁ|d—2 Ndz Ndz ’:Cﬁ_xﬁ‘d 2

45
{|ac~fxp|<2€}
e

for an arbitrary choice of £ € {1,... N}¢, since the second sum gives by simmetry

a result which is independent of £. Now, the right-hand side above can be seen as a
Riemann sum as N — +oo for the integrable function W, so that we get
L

{|:Ea—zp‘<2€} / 1 2
— ———dx = Ce".
Ndz |xﬂ_:€ﬂ|d 2 {\x—xe:|§25} |x_l’f‘d_2
On the other hand, when N is large enough, with the change of variables x =
T+ rNu, Y =27+ TNV the diagonal terms can be estimated with

1 1

d—1 d—1
Nd SHXSHmd% (w) dH (v) — 0,

as the integral is finite thanks, for instance, to [28, Theorem 9.7].
Putting together the above estimates with (5.3) and (5.4), we get (5.2) by first
letting N — 400 and then € — 0, and this concludes the proof. U
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