Stochastic Environmental Research and Risk Assessment (2025) 39:1345-1358
https://doi.org/10.1007/500477-025-02916-2

ORIGINAL PAPER

®

Check for
updates

Covariance models through difference between Matérn families
D. Posa'

Accepted: 15 January 2025 / Published online: 26 February 2025
© The Author(s) 2025

Abstract

It is well known that Whittle-Matérn family represents one of the most utilized class of covariance functions because of
some special features which are capable to describe several correlation structures. However, one of the main drawbacks
of this last family concerns its failure to model negative correlation structures. In this paper, utilizing the Whittle—Matérn
family, new classes of covariance models, suitable to model negative correlations, have been presented and their properties
have been analyzed. The new families are flexible enough because they allow to choose covariance models which always
present positive values in their domain, as well as covariance models which are negative in a subset of their domain. On
the other hand, all the traditional hole effect models, proposed in the literature, essentially stem from the Bessel family
and they are characterized by the same features, i.e., they present a countable infinity of zeros and a parabolic behaviour
near the origin. Conversely, the models proposed in this paper are characterized by a complementary behaviour, which
cannot be detailed by all the classical hole effect correlation models: they are essentially characterized by just one zero,
moreover they are able to describe various behaviours near the origin (linear and parabolic), as well as different behaviours
concerning the concavity in proximity of the origin (upwards and downwards). In summary, they can describe correlation
structures which cannot be detailed by the Whittle—Matérn family.

Keywords Covariance functions - Spectral density function - Negative correlation

1 Introduction

Whittle—Matérn class (Matérn 1980) is a flexible parametric
family capable to describe several spatial correlation struc-
tures: indeed, this class of covariance models is appropriate
to analyze a large set of behaviors thanks to the parameters,
which control the range of correlation as well as the smooth-
ness of the random function. The exponential model and the
model introduced by Whittle (1954), commonly used in
hydrology (Meija and Rodriguez-Iturbe 1974; Jones 1989;
Creutin and Obled 1982) for two-dimensional random
fields, represent some special cases. On the other hand, it is
well known (Handcock and Stein 1993) that the Gaussian
covariance function (c.f.) represents a special case of this
class, when the smoothness parameter goes to infinity.
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Guttorp and Gneiting (2006) gave a summary of the
important properties of the Whittle-Matérn family and a
detailed discussion of its history. Several contributions on
this last class of models can be found in Apanasovich and
Genton (2010), Apanasovich et al. (2012), Guinness (2022);
in particular, Lindgren et al. (2011) detailed the connections
between stochastic partial differential equations and Matérn
family.

Although the Whittle-Matérn family of c.f.s is admissi-
ble in any dimensional space, however the same class pres-
ents some severe drawbacks: indeed, it is strictly decreasing
and it is always positive (Stein 1999), for these reasons it
forecloses the possibility to model negative correlation
structures.

In most of the applications negative correlation is often
described through hole effect models or damped oscillation
models, as detailed by various authors (Ma and Jones 2001;
Journel and Froidevaux 1982; Asghari 2015). Apart from
the just mentioned geological and mining applications, in
the last years hole effect models have been employed to
describe the fluctuating spatial structure of functional mag-
netic resonance imaging data to enhance the detection of
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activated brain regions, considering both the nonlinear
physical relationship between the proximate voxels and
the functional relationship between distant voxels (Ye et al.
2015). However, it is suitably to underline that all the tra-
ditional hole effect models essentially stem from the Bessel
family and they are characterized by the same features, i.e.,
they present a countable infinity of zeros and a parabolic
behaviour near the origin. As a consequence, c.f.s character-
ized by just one zero and a linear behaviour near the origin
cannot be described by the family of the hole effect models.

C.f.s with negative values can be encountered in various
applications, as underlined by various authors (Pomeroy
et al. 2003; Xu et al. 2003b; Levinson et al. 1984; Yakhot
et al. 1989; Shkarofsky 1968; Xu et al. 2003a). One particu-
lar example characterized by negative correlation, involving
the Gaussian and Matérn family, has been given in Gregori
et al. (2008). A special family of infinitely differentiable
Bessel-Lommel c.f.s that always exhibit an hole effect and
are valid in R™, where m > 2, was derived by Hristopulos
(2015), although the exact functional form of these c.f.s is
not exactly the same for different dimensions. The permis-
sibility for the linear combinations of two real spatial or
spatio-temporal c.f.s (or variograms) isotropic in space, in
all dimensions, has been investigated by Ma (2005): it was
found out that the resultant covariance may be just available
in certain finite dimensions if one of the coefficients of the
linear combinations is negative. Recently a hybrid spectral
approach for generating covariance kernels which is based
on physical arguments has been presented in Hristopulos
(2024); in particular, some covariance models characterized
by negative values have been provided. Moreover, in Hris-
topulos (2024) it has been proved that a scale-dependent
family of c.f.s, obtained as a reparameterization of the Gen-
eralized Cauchy family, converges to a particular case of the
Matérn family. Further up to date contributions and devel-
opment concerning Whittle-Matérn family can be found in
Faouzi et al. (2022), Porcu et al. (2024), Wang et al. (2023).
On the other hand, Alegria et al. (2024) recently have derived
a hybrid Cauchy-Matérn model, which allows to index both
long memory and mean square differentiability of the ran-
dom field, and a hybrid hole effect Matérn model which is
capable of attaining negative values (hole effect) while pre-
serving the local attributes of the traditional Matérn model.

A negative correlation in time series analysis can be
found in the field of agriculture and in financial data, char-
acterized by high frequency, whereas in spatial data analysis
negative correlation can be found in medical, biological and
physical problems (Griffith 2019; Hu et al. 2018).

The main aim of this paper is to provide a further devel-
opment and generalization, valid for any dimension m of the
Euclidean space R™, of the results given in Posa (2023), in
order to utilize the Whittle—Matérn class with the purpose
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to get c.f.s able to describe negative correlation models. As
already underlined, most of the classical hole effects cova-
riance families present several limitations for modelling
negative correlations structures. Utilizing a general recent
result (Posa 2021), conditions under which the difference
between two c.f.s belonging to the Whittle—Matérn family
is still a c.f., have been explored, together with their flex-
ible and broad range properties: indeed, the models pro-
posed in this paper are characterized by a complementary
behaviour, which cannot be detailed by all the classical hole
effect correlation models. In particular, they can assume
negative and/or positive values by appropriately adapting
the values of the parameters and they are characterized by
just one zero. Moreover, this new family of c.f.s is able to
describe various behaviours in a neighborhood of the origin;
at this purpose, some c.f.s can present a linear behaviour
with downwards concavity, which cannot be described by
the Whittle—Matérn class of models: for example, the expo-
nential model, which belongs to the Whittle—Matérn class,
is characterized by a linear behaviour and upwards concav-
ity near the origin, whereas the Gaussian model, which also
belongs to the same class, presents a parabolic behaviour
and downwards concavity in a neighborhood of the origin.

In order to underline that the admissibility of a c.f.
strongly depends on the dimension m of the Euclidean space
R™ in which the same c.f. is defined, it will be detailed that,
most of the times, this relevant aspect is forgotten; at this
purpose, the various examples described in Ma and Jones
(2001) are not valid in R? or R3.

The results of this paper are essentially devoted to iso-
tropic c.f.s: please note that these particular families are the
basis to construct anisotropic c.f.s; moreover, isotropic c.f.s
cover a significant role in the theory of turbolence (Batch-
elor 1982), on the behaviour of ocean waves (Longuet-
Higgins 1957) and road roughness modelling (Kamash and
Robson 1978).

This paper is divided in the following parts: in Sect. 2,
some peculiarities of isotropic c.f.s are described, in particu-
lar the Whittle—Matérn class of c.f.s has been briefly treated,
together with some results on this class of models. In Sect. 3
the new families of c.f.s have been introduced, whereas in
Sect. 4 a parametric analysis on these new classes and some
relevant results have been given and properly represented.
The outputs of this kind of analysis are particularly flexible
and useful for many practitioners.
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2 A brief overview on isotropic covariance
functions and Whittle-Matérn family

In the present section a brief outline on isotropic c.f.s and on
Whittle-Matérn family has been provided. In the literature,
the standard results on isotropic c.f.s and on Whittle-Matérn
family, given herafter, can be found in various textbooks
and papers (Handcock and Stein 1993; Hristopulos 2020;
Schoenberg 1938; Yaglom 1987).

2.1 Isotropic covariance functions

Bochner’s theorem (Bochner 1959) completely character-
izes any continuous c.f.; indeed

C:R™—=C,

where R™ is the m-dimensional Euclidean space and C is
the set of the complex numbers, is a c.f. if and only if it can
be expressed as follows:

C(s) = /m exp(iw’'s)dF (w), (1)

where i is the imaginary unit and F is a finite and non
decreasing measure.
If the measure F is absolutely continuous, then:

C(s) = /m exp(iw’s) f(w)dw, )

where the function f, usually called spectral density (s.d.), is
non negative and f € L'(R™).
If C € LY(R™), then:

1

f(w):W

/ exp(—iw?'s)C(s)ds, 3)

and f is continuous.

If is isotropic, ie., C(s)=C(s), where
5= || || = /> v, s7, hence a real function, and

o0
/ s"HO(s)|ds < 00, mEN, m>2,

0
then:

m ® Jimj2—1y(ws)

C(s) = (2m) /2/0 %w 12§ (w)dw, s> 0, 4)

where J is a Bessel function of order (m/2 — 1). In this
case, the expression of the s.d. function is given hereafter:

Jmy2—1)(ws)
w(m/2*1)

flw) = s™2C (s)ds. (5)

),

In the literature there exist relevant results for isotropic c.f.s
which rely on completely monotone and Bessel functions
(Schoenberg 1938; Polya 1949; Yaglom 1987).

2.2 The Whittle—-Matérn family

In this section a brief overview on the Whittle—Matérn fam-
ily, well known in the literature (Handcock and Stein 1993;
Matérn 1980), has been given. In particular, the class of
Whittle-Matérn c.f.s is given hereafter:

C(s; A\, v) = AD(As,v), A>0,v>0,A>0, (6)
where D(L,v) = LYK, (L), K, is the modified Bessel
function of second kind, A\ and v are, respectively, a scale
parameter and a smoothness parameter and L = As. The
above class of ¢.f.s is admissible in any dimensional space.
One of the general expression of the function K, in (6) is

given hereafter:

I'(v+1/2)(2s)”
VA

 cos(t))
o (L2 s2)rHi/2

K, (s;)) = dt, 7)

and the s.d. fof the Whittle-Matérn class is also provided:

2= (v +m/2)A%

f(w; )\, 1/) = X(ﬂ-)m/Q (U}2 T )\2)u+m/2’

x> 0. (8)

If v =n+1/2,n € N, then the Whittle-Matérn family is
simply the product of a polynomial of order n with an expo-
nential, as specified hereafter:

C(s;n+1/2) =
_ <7\/2n+1»s> (n+1)! <2\/2n+1-s)"4, (9)
I U )l = il(n —
p 7 il (n—1) p
where A = 7”2“. Some simple expressions, for some val-
ues of the integer n, are given below (Hristopulos 2020):
e v=1/2, n=0,
V2me™t 1
Ki,5(L) = C(L;1/2) = LY? Ky ;5 (L);
() = 2T (L5172 (D)
e v=3/2, n=1,
L
Ks)5(L) = \/7(L + 1) T8/ C(L;3/2) = L3/2K3/2(L>;
o v=5/2, n=2
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V2T e L
Ks)5(L) = T(LQ + 3L+ 3)m,

C(L;5/2) = L**K;5(L).

Lemma 1 Let f(s)= P,(s)-exp(—as),a>0,s>0,
where
P,(s) :Zaisi, n>1,

i=0

then the function f'shows a behaviour which is parabolic in
proximity of the origin if:

a; = a- ag.

Proof Note that f'(s) = exp(—as) - [P, (s) — aP,(s)],
hence f/(0) =0 <= a; = a- ag.
(]

Corollary 1 The subset of the Whittle-Matérn family given
in (9) displays a behaviour which is parabolic in a neighbor-
hood of the origin if n > 1.

Proof Note that in (9) ¢ = @7 aw=1 a; = 2Z+1;

hence, according to Lemma 1, it is straightforward to show
that a1 = a - agp.
O

As already underlined in the Introduction, the Whittle—
Matérn family converges to the Gaussian c.f. as v — oo in
(6).

Different applications concerning field temperature, wind
field, soil and sea beam data utilize the Whittle—-Matérn fam-
ily because of its flexibility for modelling various correla-
tion structures. However, as specified before, a significant
restriction of Whittle-Matérn c.f.s concerns their failure
to model negative correlations, because the same family is
always positive in any dimensional space.

3 Covariance models through differences
between Matérn families

The overall question which involves the difference between
complex c.f.s has been discussed in Posa (2021).

In this section, taking into account these last results, some
relevant and useful outcomes concerning the difference of
Matérn c.f.s will be provided. The resulting families of c.f.s,
achieved through the above difference, are characterized by
various behaviours in proximity of the origin, in addition
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to the fact that can present negative and/or positive values
accordingly to the parameters which characterize the same
class. In particular, these results can be considered a further
development and a generalization of the ones obtained in
Posa (2023).

Theorem 1 Let C, k = 1,2 be Whittle-Matérn c.f.s as in
(6) and consider

C(S; @) = ADl(Ll,lll) — BDQ(LQ,I/Q), A>0,B>0, 10

© = (A, B, Ay, Ao, v, 1), (10)
where:
Di(Li,vi) =

© Jimja—1)(ws) )
— m/2 Sm/2= D)) sz e N Ndw. G o—
= (2m) /) sz Y filwy Ny vi)dw,  1=1,2,
with
f(’UJ)\ l/‘) .

filw; \iyvi) = # i=1,2,

and the s.d. falready defined in (8).
Then C defined as in (10) is a c.f. if and only if:

G(w; ) =
_ AT T 4 my2) A (w4 )
= B2e-D (v +m/2) /\gw (,wz + )\%)1/1+m/2

1 wwer,. (D

Proof Note that

C(s;0) =
o [ Jmja—1)(ws) ..
- (2ﬁ>m/z/ (s(/ri/zlz(fl) )u‘ PIAS (wi A, 1) = Bfa(w; A, v2)] duw,
0 :

where (Af; — Bf2) is integrable, since f; and f> are inte-
grable, hence Cis a c.f. if and only if (Af; — Bfs) is as.d.
function, i.e.,

(Afi = Bfs) >0 <= G(w;©)> 1.
O

Remark. A necessary condition in order to verify this last
inequality is that: v > 11, otherwise if o < 14 then:

lim G(w;®) = 0.

w—r 00

Some special cases of the previous Theorem are given here-

after. At this purpose, in order to lighten the mathematical
formalism concerning the next results, let’s define:
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R=A/B, I1= /X2, Iy =X/,
di =M\ — 2, do =y — Al

Corollary 2 From Theorem 1, if 1 = v5 = v, then (10) is a
c.f. if and only if:

, w? + A2 v+m/2

in particular, if:

Ihb>1 = 1 < 1,* <R, (13)
if:
h>1 = 1<li™<R. (14)

Corollary 3 From Theorem 1, if [; = Iy = 1, then (10) is a
c.f. if and only if:

T(va+m/2)_,.

LTV

T(vy +m/2) (15)
<= R>(m+2ny —1)(m+2ny —3) - (m+2ny +1),

taking into account the properties of I' function, with
ve=ng+1/2, 11 =n; +1/2and ny > ny.
Note that inequality (13) is independent from the dimension
m of the Euclidean space R™, unlike inequalities (14) and
(15).

Remark. Of course, if B=0orifly =l =1, =15
and R > 1 in (10), then the standard Whittle-Matérn class
is obtained.

3.1 Some families of isotropic covariance functions
with V1 = Vg

In this section, some special cases of Corollary 2 have been
considered, in particular, some special classes of c.f.s have
been selected, i.e, c.f.s as in (9), obtained as the product of
a polynomial with an exponential, as well as the Gaussian
c.f. which is a particular element of the Matérn family, as
already underlined; specifically, some models with the same
parameter v have been chosen.

Corollary 4 Assigned the isotropic exponential c.f.s in R"™:

C1(L1) = exp(—La),
i >0, L; = N\;s,

Cy(La) = exp(—Lo),
i=1,2,

corresponding to n = 0 in Eq. (9), then the function defined
hereafter

C(Ly,Lo; A, B) = Aexp(—L1) — Bexp(—Ls), 16
A>0,B >0, (16)

is an isotropic c.f. in any dimensional space R™ if and only
if:

1<Ilb<R or 1<l <R'™. (17)

Proof As previously specified, note that the exponential c.f.
is a particular case of the Whittle-Matérn class (v = 1/2),
hence in accordance with Corollary 2, (16) is a c.f. if and
only if

1<lb<R or 1<l <R'Y™,

O

Corollary 5 Assigned the following isotropic c.f.s in R"™:

Cy(Ly) = (Ll + 1) exp ( — Ll),
A1 >0, >0,

Cy(La) = (L2 + 1) exp ( — Ly),

corresponding to n = 1 in Eq. (9), then the function defined
hereafter

C(L1,Ly; A, B) = A(L1 + 1) exp (— L1) — B(La + 1) exp ( — La), 18
A>0,B>0, (18)

is an isotropic c.f. in any dimensional space R™ if and only
if:

1<lL><R or 1<l <R'™ (19)

Proof As previously specified, both the c.f.s C; and Cs
are special cases of the Whittle-Matérn family (v = 3/2),
hence in accordance with Corollary 2, (18) is a c.f. if and
only if

1<lL><R or 1<l <RY™,

O
Taking into account that for v — oo the difference between
elements of the Matérn family corresponds to the difference

between two Gaussian c.f.s as a function of the argument
(\s) as detailed in (6), the following result can be provided.

Corollary 6 Assigned the isotropic Gaussian c.f.s:

Ci(L1) =exp(—L3}), Co(La)=exp(—1L3), M\ >0,X >0,
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corresponding to v — oo in Eq. (9), then the function
defined hereafter

C(Ly,Ly; A,B) = Aexp (— L) — Bexp (— L3), A>0,B>0, (20)
is a c.f. if and only if:
1 <1 < RY™, 21

Proof According to Corollary (2), the family (20) is a valid
class of c.f.s if and only if:

2 2\ 1% 2 2\ m/2
o[ W+ X; w? + A3
Al () (Z2)" o1 e

(22)

Since v — oo, then the previous inequality can be satis-
fied if [y > 1; as a consequence, according to Corollary (2),
1<l < Rl/ m,
a

All the results of this section, which can be very useful
for practitioners for selecting appropriate correlation mod-
els, are summarized in Table 1.

3.2 Some classes of isotropic covariance functions
with )\1 = )\2

In this section, some special cases of Corollary 3 have been
considered, in particular, some classes of c.f.s have been
selected, i.e, c.f.s as in (9), obtained as the product of a poly-
nomial with an exponential, specially, some models with the
same parameter .

Corollary 7 Assigned the following isotropic c.f.s in R"™:

Ci(L)=exp(—L), Co(L)=(L+1)exp(—L), L=2Xs, A>0,

corresponding to n = 0 and n = 1, respectively in Eq. (9),
then the function defined hereafter
C(L;A,B) = Aexp (— L) = B(L+1)exp(—L), A>0,B>0,

(23)

is an isotropic c.f. in any dimensional space R™ if and only
if:

R>m+1. (24)
Proof The c.f.s C; and Csy previously defined, are partic-
ular cases of the Whittle-Matérn class with v = 1/2 and

v = 3/2, respectively; hence in accordance with Corollary
3,(23) is a c.f. if and only if:

I'(3/2+m/2)

R>2 5 s m2)

<~ R>m-+1;

in particular, if m = 1 then R > 2, if m = 2 then R > 3, if
m = 3 then R > 4.
a

Corollary 8 Assigned the following isotropic c.f.s in R"™:

Ci(L) :eXP(—L)7
L=Xs, A>0,

Co(L) = (L* + 3L+ 3)exp (— L),

corresponding to n = 0 and n = 2, respectively in Eq. (9),
then the function defined hereafter

C(L;A,B) = Aexp (— L) — B(L* + 3L+ 3)exp (- L),

A>0,B>0, (25)

is an isotropic c.f. in any dimensional space R™ if and only
if:

R> (m+1)(m+3). (26)

Proof The c.f.s C; and Cy previously defined, are partic-
ular cases of the Whittle-Matérn class with v = 1/2 and
v = 5/2, respectively, hence in accordance with Corollary
3,(24) is a c.f. if and only if:

I'(5/24m/2)

> T a2t m)

< R>(m+1)(m+3);

Table 1 Summary of the results in Sect. 3.1, with the same v, where ® = (A, B)

C(L1, L2; @) Ae~T1 — Be~ L2
Cisac.f 1<l <R, or
1<l <RY™
L.B 1<la < R,or
1<l < RY™
PB 1<l2:R7
C(L1,L2; ®) >0 1<lp<R
C(L1,L2; ®) < 0 1<l < RY™

A(L1 +1)e 5 — B(La + 1)~ 2

1 <12 <R, or
1<l < RY™

72 .
Ae ™51 — Be™I2

1<l < RY™

1<y <RY™ 1< <R,or
1<l <RY™
1<l*<R

1<l <RY™ 1<l <RY™

L. B. Linear Behaviour, P.B. Parabolic Behaviour
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in particular, if m = 1 then R > 8, if m = 2 then R > 15,
if m = 3 then R > 24.
a

Corollary 9 Given the following isotropic c.f.s in R™:

Ci(L)=(1+L)-exp(—L), Co(L)=(L*+3L+3)exp(—L),
L= )s,

A >0,

corresponding to n = 1 and n = 2, respectively in Eq. (9),
then the following function

C(L;A,B) = A1+ L) -exp (= L) — B(L* + 3L +3)exp (- L),

A>0,B>0, (27)

is an isotropic c.f. in any dimensional space R™ if and only
if:

R>m+3. (28)
Proof The c.f.s C; and Cs previously defined, are partic-
ular cases of the Whittle-Matérn class with v = 3/2 and

v = 5/2, respectively, hence in accordance with Corollary
3,(27) is a c.f. if and only if:

I'(5/2 +m/2)

R>2 55 msmp)

<~ R>m+3;

in particular, if m = 1 then R > 4, if m = 2 then R > 5, if
m = 3 then R > 6.

O

All the results of this section, which can be very useful for
practitioners for selecting appropriate correlation models,
are summarized in Table 2.

4 Main results and their representation

By considering the differences between two c.f.s, each of
them given by the product of a polynomial with an exponen-
tial, different situations have been analyzed, according to
the particular cases with the same values of the parameters

v and A, respectively, as shown in the Corollaries 2 and 3
proved in the previous section.

One of the main significant aspects stemming from
the results involving the difference between two Whittle—
Matérn c.f.s, involves the hugely set of situations which
these families are able to portray. These specific issues have
been suitably analyzed, such as the behaviour near the ori-
gin, which is strongly related to the regularity of the variable
under study (Chilés and Delfiner 1999; Stein 1999) as well
as the flexibility of a c.f. to be able to model positive or
negative correlation structures.

e Considering the class of c.f. defined in (16), if
1 <ly < R the same family displays a behaviour
which is linear in a neighborhood of the origin because:

lim CI(S) =-MA+ B <0.

s—0t

Moreover, if 1 < Iy < R, then

C"(s) = A Aexp(—\15) — A3Bexp(—\2s),

hence there exists the following point of inflection

L ;B
Sp=—In| = ] ey ;
F dg Ra R )

from the computation of the second derivative, if
1 < vR < ly < R there exists downwards concavity for
0 < s < sp, otherwise if 1 < ly < V'R the same family
always shows upwards concavity, hence there isn’t any
inflection point. Furthermore, if 1<y = R, the c.f.
shows a behaviour which is parabolic in a neighborhood of
the origin because: lim,_.q+ C’(s) = 0.

The c.f. (16) displays negative values if: da|s| < In (}%);

however, if [; < 1 then 1 < ls < R, as a consequence the
c.f. (16) always displays positive values. If [; > 1, then:
1 <1y < RY™. In the present case, it is straightforward to
prove that the c.f. (16) assumes negative values forall s € R
such that d;|s| > In R; then, the c.f. vanishes in sq, where:

Table 2 Summary of the results in Sect. 3.2, with the same \, where ® = (A, B)

C(L; ®) Ae—E—
B(L +1)e~t

Cis R>m+1

acf

L.B R>m+1

PB

C(L;®) >0

C(L;®) <0 R>m+1

Ae L — A(L+1)e E—
B(L? +3L +3)e™t B(L? + 3L +3)e™ T
R>(m+1)(m+3) R>m+3
R>(m+1)(m+3)

R>m+3
R>(m+1)(m+3) R>m+3

L. B. Linear Behaviour, P.B. Parabolic Behaviour
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1
So = a]DR

Note that C'(s) = —A1Aexp(—A18) + A2 Bexp(—Aas),
hence, the c.f. always assumes the following minimum
value:

1
sm = —In(l, R). (29)
dy

Moreover, if 1 < I; < RY™, the c.f. (16) always exhibits
a behaviour which is linear in a neighborhood of the origin
because: limg o+ C’(s) = =M\ A+ AaB < 0. Note that
so and s,, are independent from the dimension m of the
Euclidean space R™.

In summary, through the difference between two exponen-
tial covariances as in (16), corresponding to models with
the same parameter v = 1/2, parametric families able to
fit various behaviours are available: models characterized
just by positive values, along with models which provide
negative values, along with models with a behaviour which
could be linear or parabolic in a neighborhood of the origin.
In the case the covariance models are always positive, this
result does not depend on the dimension m of R™, as speci-
fied by inequality (13), unlike c.f.s with negative values that
must satisfy inequality (14), which depends on the dimen-
sion m of R™.

Figure la displays the performance for the difference
of two exponential models in the case that 1 < ls = R,
with the constraint A — B = 1. As previously underlined,
this set of models, considering the above values of param-
eters, assumes only positive values and displays a behav-
iour which is parabolic in a neighborhood of the origin.
The practical range is a growing function of the ratio [5.
Figure 1b displays the behaviour of the difference through
exponential models in the case that 1 < ls < R, with the

constraints C(0) =1, A=2,B=1and 1<y <2. As
previously underlined, this particular set of models assumes
only positive values and this result is independent from the
dimension m of R™. At last, the practical range is a growing
function of the ratio [5.

The solid lines of Fig. 1b display an upwards concav-
ity since 1 < Iy < v/R, hence the two solid lines do not
exhibit any inflection point; conversely, the constraint
VR < ly < R is satisfied by the dash and dash-dot lines,
hence they exhibit downwards concavity for 0 < s < sp,
where sp is the abscissa of the inflection point. In the
extreme case [ = R, corresponding to the dot line, the c.f.
exhibits a behaviour which is parabolic in a neighborhood
of the origin, whereas the remaining four lines exhibit a
behaviour which is linear in a neighborhood of the origin.

Figure 2a displays the behaviour for the difference of two
exponential c.f.s for m = 1, with the constraint 1 < [; < R,
C(0)=1,A=2,B =1,\ = 2, for various values of Az,
with the restriction 1 < [; < 2. In accordance with (29),

A1
Sm = d—ll In2l; and C(s,,) = —2—— : hence, as l; — 2,

(20) -1

C(sm) becomes even more negative. Likewise, the inter-
section point sg = 13—12 with the s axis (s > 0) becomes ever
greater as d; — 0.

Figure 2b exhibits the results involving the difference of
two exponential ¢.f.s for m = 1 when 1 < I3 < R with the
constraint{; = 2,C(0) = 1,1i.e., A — B = 1. In accordance
with (29), s, = In(2R), with C(s,) = 5.
C'(sm) becomes ever more negative by increasing the value
of B. Likewise, the c.f. vanishes for so = In R, hence sq

becomes ever greater by getting B smaller and smaller.

Hence,

e Considering the class defined in (18), the same fam-
ily is always characterized by a behaviour which is
parabolic in a neighborhood of the origin because:

Fig. 1 Difference between C(s):Ae”\ls _Be ™S C(s)zze')‘ls PRI
two exponential c.f.s: a when | pees ‘ ’ ‘ 1 ‘ ‘ ‘
1< R =l2,byfixingA— B =1, \ N
b when 1 < I> < R by fixing \ __ A=A =4 B=\=3 VN, No5 A6
_ _ _ 2" 1 \ R e
C0)=1A=2,B=1 081 08H\ v N
: \ ——A=A=2 B=A =1 : \\ \ —A=3 A=
\
\ M- — A:)\2=1.5;B=)\1=0.5 | .\‘ - )\1=2; )\2=3
0.6 1 \\ ........ A=)\ =1.2B=) =0.2 0.61 \ == AELSZA=3
\ 5 ] e )\1=1 ,\2=
@) &) \ .
\
04+ . 0.4} AN ...
\\ ~~~~~~~~~~~~ N ‘\\‘ .
N T N SN
N N ~
027 \\\ 1 0.2} AN \\.\
0 0 ' -
2 4 (a © 8 0 0.5 I ) 1.5 2
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Fig. 2 Difference between A S S _AR2S -s
exponential c¢.f.s (m = 1) with 1 C(S)_2e ! ¢ 2 1 ‘C(S)_Ae‘ i ;
1<h <R:
aA=2B=1,\ =2, for differ- _)\lzz; )\2=1_01 —A=1.9; B=0.9
ent values of Ao; b A1 =2, A0 =1, 0.8 ¢ 1 0.8+ . A i n
for different values of 4 and B, such 1 - >‘1=2; )‘2=1'2 (i A=16; B=0.6
that A— B =1 0.6 77)\]=2; )\2=1.3 | 0.6 \‘\ —— A=1.4; B=0.4
A E— A =2 A =15 \\\ . e A=1.2; B=0.2
041 N\ | —sadis 04f \ s axis
@)
0.2+
0
-0.2 : : : -0.2 : : :
0 0.5 1 () 1.5 2 0 0.5 1 (b) 1.5 2

lims_,o C'(s) = 0; moreover, it exhibits negative val-
ues if:

1 Aos + 1
1 _ .
el < (5) (i)
however, if 1 < l53 < R, then

0< Kﬁ) (if;i}ﬂ <1,¥s >0,

as a consequence the c.f. (18) cannot ever be negative. If
1 >1,then: 1 < ;) < RY/™ . in this case, it is straightfor-
ward to assess that the c.f. (18) assumes negative values
for all s € R such that:

Ais+1
1 .
dq|s| > In {R<)\23+ 1)]

In summary, the difference of two c.f.s as in (18), corre-
sponding to models with the same parameter v = 3/2, gen-
erates parametric families which present a behaviour which
is parabolic in a neighborhood of the origin; moreover, in
accordance with the values of the parameters, the same
models could be always positive, as also there exist models
which exhibit negative values as previously underlined. In
the specific case the covariance models are always positive,
this result does not depend on the dimension m of R™, as
specified by inequality (13), unlike covariance models char-
acterized by negative values which must satisfy inequality
(14), which depends on the dimension m of R™. In Fig. 3a
it is shown the behaviour of model (18) when 1 < I3 < 2,
with A =2, B = 1; as pointed out, in this case the covari-
ance models are always positive and they are characterized
by a parabolic behavior in a neighborhood of the origin:
these results are independent from the dimension m of R™.

Moreover, as the ratio lo becomes ever greater, the practical
range becomes always bigger. Figure 3b displays the perfor-
mance of model (18) which satisfies inequality (14), for the
particular case m = 1, with A = 1.5 and B = 0.5, hence
1 < l; < 3; as pointed out, in this case the covariance mod-
els are always negative in a subset of their domain and they
are characterized by a parabolic behavior in a neighborhood
of the origin. Note that as the difference d; increases, the
intersection point with the s axis decreases.

e The covariance family (20) is always characterized by a
behaviour which is parabolic in a neighborhood of the
origin because C’(0) = 0 and it always exhibits nega-
tive values in a subset of its domain because the fol-
lowing inequality: (A2 — A\3)s? > In R, is always satis-

LR At last, note that C'(s) =0

fied for all s > XA
In(l1 R)

for s,, =
m = VA

and C”(spr) > 0, hence the above

family always shows a minimum value. Figure 4a dis-
plays the behaviour of model (20), for the particular
case m =2, =1.05X =1, with C(0)=1, ie.
A — B = 1; note that, as the ratio R increases, the in-
tersection point with the s axis increases. Moreover,
Fig. 4b displays the behaviour of model (20) for the par-
ticular case m = 2, A =5, B =4, with C(0) =1, i.e.
A — B = 1: as the difference d; increases, the intersec-
tion point with the s axis decreases. It is well known
that the absolute minimum value of the cardinal sine
model corresponds to —0.217 and it does not depend
on the dimension of the Euclidean space. On the other
hand, if correlation models with just one zero, a para-
bolic behaviour near the origin and negative values less
than —0.217 are required, the new class of models given
in (20) obtained through the difference of two Gauss-
ian c.f.s, with the constraint given in (21), with m =1,
can be employed; for example, consider the following
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Fig. 3 Behaviour of model (18):
al < l® <2, with

A =2 B=1bm=1,with
A =1.5and B = 0.5 hence
1<l <3

Fig. 4 Difference between two
Gaussian c.f.s form = 2 :

a1 = 1.05, A2 = 1, by fixing

A — B =1, for different values of
Aand B,suchthat1 < l; < R1/2;
b A =5, B = 4, for different
values of A\1 and A2, such that
1<l < RY?

2 2
Cis)=7e MY - 6e Y
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09} N
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subclass of the correlation family belonging to the class
(20) where Ay =1, and A — B =1, represented in
A =1166 =1 Fig. 5: note that as the ratio /; becomes closer to R, the
: ’ absolute minimum value of the correlation model be-
- A=LIZ A=l 1 comes more and more negative.
A =108 A =1 | e All the results of Sect. 3.1, which can be very useful
for practitioners for selecting appropriate correlation
1 models, are summarized in Table 1. In summary, from

0.6 I L
0

Fig. 5 Difference between two Gaussian models for m = 1, with

1.5 2 2.5

1 < l1 < R. Note that as the ratio {; becomes closer to R, the mini-
mum value of the correlation model becomes more and more negative

@ Springer

the same results corresponding to models with the same
parameter v, it turns out that the conditions under which
a c.f. is always positive do not depend on the dimension
m of the Euclidean space R™, with respect to the con-
ditions under which a c.f. is characterized by negative
values in a subset of their domain; in this last case, the
conditions depend on the dimension m of the Euclidean
space R™.

As previously underlined, the c.f.s described in Sect. 3.2
are given in terms of the variable L = As, hence the
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values assumed by the same c.f.s do not depend on the
parameter A. In particular, the corresponding correlation
functions will be considered hereafter, i.e., C'((0) = 1.
e The correlation function (C'(0) = 1) corresponding to
the c.f. (23) can be written as follows:
C(L)=(1—-BL)exp(—L), B>0; (30)
according to (24) and to the constraint A — B =1, the
parameter B must satisfy the inequality:

€2))

The class (30) shows a behaviour which is linear in a
neighborhood of the origin because C’(0) < 0; moreover,
it always presents just one zero and it always displays nega-

tive values in the subset of its domain ] %, 400 [ The same

class always exhibits a minimum value:

B |
B =1+l
exp(1+1/B)’ B

C(Ly) =
moreover, the absolute minimum value C'(L,) of the fam-
ily (30) can be easily computed as follows:

—-B -1

Bﬁl(llr}lm)— exp(l +1/B) B mexp(l+m)’ (32)

c(Ly,) =

m

Figure 6 displays the behaviour of model (30) for the par-
ticular value m = 1: as B increases and approaches to 1,

C(L)=(1-BL)exp(-L)

e | —B=0.999 1
\\ —B=0.75
06 \i -~ B=0.55
\\\ ........ B=0.45
0.4 \\\ —L axis
(&) Y
02
0 T
0.2 ‘ |
0 05 1 o g 2 255 S0 4

Fig. 6 Behaviour of model (30) for the particular value m = 1: as B
increases and approaches to 1, which is the threshold value of (31),
the intersection point with the L axis decreases, whereas the minimum
value of C becomes ever more negative and approaches to the absolute
minimum value of (32), i.e., C(L]) = —exp(—2) =~ —0.135

which is the threshold value of (31), the intersection point
with the L axis decreases, whereas the minimum value of C
becomes ever more negative and approaches to the absolute
minimum value of (32), i.e.,

C(L}) = —exp(—2) ~ —0.135.

e The correlation function (C'(0) = 1) corresponding to
the c.f. (25) can be written as follows:
C(L) = (1 —3BL — BL*)exp(—L), B > 0; (33)
according to (26) and to the constraint A — 3B =1, the
parameter B must satisfy the inequality:

1

Be -~
< m(m +4)

m=1,2,... (34)

The class (33) shows a behaviour which is linear in a
neighborhood of the origin because C’(0) < 0; moreover,
it always presents just one zero (Lg > 0) and it always dis-

plays negative values in the subset of its domain } Lg, 400 [,
_= 4

where Lo = w > 0. Note that for the family (33)
C'=0<«= BL?>+ BL—-3B—1=0, hence the mini-
—1+y/2+13
——.
Moreover, the absolute minimum value C'(L,) of the fam-

ily (33) can be easily computed as follows:

mum value C(L,,) is obtained for L,, =

C(Ly,) = lim

m [(1 —3BLy, —
B—[m(m+4)]-1

BL2)exp (- L,,,,)} =

- 277’?(977(171) s 417[5(%124)] P {_gé )}’

(35)

where g(m) = (V4m? + 16m + 13 — 1). Figure 7 dis-
plays the behaviour of model (33) for the particular value
m = 1: as B increases and approaches to 0.2, which is the
threshold value of (34), the intersection point with the L axis
decreases, whereas the minimum value of C becomes ever

more negative and approaches to the absolute minimum
value of (35), i.e., C(L7) ~ —0.144.

e In summary, the difference of an exponential model
with a c.f. obtained as the product of a polynomial of
degree n = 1 or n = 2 with an exponential, as specified
in Egs. (23) and (25), corresponding to models with the
same ), always yields c.f.s with a linear behaviour in a
neighborhood of the origin and they are always negative
in a subset of their domain, as previously underlined.
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C(L)=(1-3BL-BL*)exp(-L)

—B=0.199 i

0.8+
—B=0.15
0.6 -~ B=0.12
e B=0.08
04+ .
—L axis
Q
0.2
0
_0.2 L J

0 0.5 1 L5 1 2 2.5 3 35 4

Fig. 7 Behaviour of model (33) for the particular value m = 1: as B
increases and approaches to 0.2, which is the threshold value of (34),
the intersection point with the L axis decreases, whereas the minimum
value of C becomes ever more negative and approaches to the absolute
minimum value of (35), i.e., C(L]) ~ —0.144

Moreover, these c.f.s always satisfy inequality (15),
hence the admissibility condition depends on the dimen-
sion m of the Euclidean space R™.
e The correlation function (C'(0) = 1) corresponding to
the c.f. (27) can be written as follows:
C(L)=(1+L—BL*exp(—L), B>0; (36)
according to (28) and to the constraint A — 3B =1, the
parameter B must satisfy the inequality:

m=12,... (37)
m

The class (36) shows a behaviour which is parabolic in a
neighborhood of the origin because C’(0) = 0; moreover, it
alaways presents just one zero (Lo > 0) and it always dis-

plays negative values in the subset of its domain | Lo, +oo|,
where

14++v1+4+4B S

Lo = 9B

0.

Note that for the family (36)
C'=0<= L(BL —2B —1) =0, hence the same class
always exhibits a minimum value:

—1-4B 1

C(Lm) = p(2+1/B)’ Ly =2+ —;

sy
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C(L}=(1+L—BL2)CXR(—L)

—B=0.999
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0.4 —L axis
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L

Fig. 8 Behaviour of model (36) for the particular value m = 1: as B
increases and approaches to 1, which is the threshold value of (37),
the intersection point with the L axis decreases, whereas the minimum
value of C becomes ever more negative and approaches to the absolute
minimum value of (38), i.e., C(L]) = ;—f ~ —0.25.

in particular, the absolute minimum value C(L},) of the
family (36) can be easily computed as follows:

—1—-4B

I -m—4
= im
B—(1/m)~ exp(2 + 1/B)

- mexp(2+m)’ (38)

C(Ly)

Figure 8 displays the behaviour of model (36) for the par-
ticular value m = 1: as B increases and approaches to 1,
which is the threshold value of (37), the intersection point
with the L axis decreases, whereas the minimum value of C
becomes ever more negative and approaches to the absolute
minimum value of (38), i.c.,

)

C(L}) = — =~ —025.

e From the results of Sect. 3.2, summarized in Table 2,
corresponding to models with the same parameter ), it
turns out that all the models are always characterized by
negative values in a subset of their domain; hence, as in
the previous case, the conditions depend on the dimen-
sion m of the Euclidean space R™.

e As it has been shown, the proposed families of c.fis
present easy expressions, hence they can be easily man-
aged from the computational perspective. As previously
underlined, most of the classes of c.f.s utilized in the
literature are always positive (Cressie and Huang 1999;
De Iaco et al. 2002a; Gneiting 2002; De laco et al.
2002b), hence they fail to handle negative correlations.
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5 Conclusions

In the present paper the difference between two Whittle—
Matérn c.f.s has been analyzed: these results provide a
further development and generalization, valid for any dimen-
sion m of the Euclidean space R™, of the ones given in Posa
(2023). In particular, the new families obtained through the
above difference present interesting features, since they are
able to model several correlation structures characterized by
different behaviours. Indeed, they are capable to describe
negative and positive correlations, as well as several behav-
iours near the origin by properly adapting the parameters
on which they depend. As underlined throughout the paper,
all the traditional hole effect models stem from the Bessel
family and they are characterized by the same features, i.e.,
they present a countable infinity of zeros and a parabolic
behaviour near the origin. On the other hand, the models
proposed in this paper are characterized by a complemen-
tary behaviour, which cannot be detailed by all the classical
hole effect correlation models: they are essentially charac-
terized by just one zero, moreover they are able to describe
various behaviours near the origin (linear and parabolic),
as well as different behaviours concerning the concavity in
proximity of the origin (upwards and downwards). Taking
into account the analysis provided in this paper, the outcom-
ing results can be particularly useful for many practitioners.
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