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1 Introduction

The AdS/CFT correspondence establishes a duality between a boundary conformal gauge
theory and a string dual where N „ 1{gs at constant ’t Hooft planar coupling, with N being
the gauge group rank and gs the string coupling. A general puzzle appearing at finite N
is that the number of boundary gauge theory states at fixed conserved charges decreases
due to trace relations while non-perturbative states in the gravity theory become lighter at
increasing gs. A way out of this apparent contradiction is to call on some kind of stringy
exclusion principle [1, 2].

A context where this issue can be addressed is the study of finite N corrections to the
superconformal index [3] of a supersymmetric gauge theory with gravity dual. These are
corrections that in many instances take the form of a giant graviton-like expansions [4] and
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originate from gauge theory states with R-charge of order N . Let us denote by IN pqq the
superconformal index with q collectively standing for the set of fugacities. Finite N effects
admit the (typical) representation1

IN pqq “ IKKpqq

«

1`
8
ÿ

k“1
qkN IGG

k pqq

ff

, (1.1)

where IKKpqq ” I8pqq is the N Ñ 8 limit of the index and the key property of the
quantities IGG

k pqq is that they do not depend on N , at least at generic points in fugacity
space. Thus, (1.1) encodes the full finite N dependence of the index as a sum of corrections
that are non-perturbative at large N .

The naming of the expansion is due to the fact that finite N corrections to the large N
index are captured on gravity side by certain wrapped D-branes BPS large “giant” configura-
tions. This interpretation was developed on a quantitative level in the works of Imamura
and collaborators [5–14] (see also [15]) where a systematic analysis of finite N effects in
superconformal index from wrapped branes was carried out. In that approach, the factor
IKKpqq is the contribution to the index from supergravity Kaluza-Klein BPS states (hence the
label). The “classical” factor qkN comes from the classical action of the wrapped brane, with
k being a topological wrapping number. The remaining non-trivial pieces IGG

k pqq represent
the index of fluctuation modes on the wrapped brane, a non-trivial superconformal theory
with BPS reduced supersymmetry.2

The relation between (1.1) and a possible manifestation of a stringy exclusion principle
lies in the fact that contributions at increasing k have typically alternating signs. As an
illustrative paradigmatic example, the 1

2 -BPS index of 4d N “ 4 U(N) SYM theory on
S1 ˆ S3 takes the form (1.1) with (R is a Cartan of the SUp4q R-symmetry and pqqN is
the Pochhammer symbol)

ISYM
N pqq “ Trp´1qFqR “

1
pqqN

, pIkpqq “ p´1qk q
kpk`1q{2

pqqk
, (1.2)

where the trace is restricted to 1
2 -BPS states. The factor p´1qk inside pIkpqq suggests the

emergence of an extra bulk grading [20, 21]. As remarked in [22], this grading is closely related
to the fact that the giant graviton expansion from the bulk is an Euclidean functional integral
calculation where higher order terms are saddles with k coinciding giants. The bulk grading
leads to cancellations that implement the exclusion principle and are necessary for the index
to reproduce black hole physics as shown recently in [23, 24].3 The extra grading emerging in

1For instance, the term qkN may be replaced by qakN with some constant a. Also, the index k is often a
multi-index. In the present discussion, these details are not relevant.

2Working on the gauge theory side, apart from AdS/CFT, the expansion (1.1) was shown to arise counting
invariants in any unitary matrix model [16]. The expansion can be derived by free-fermion methods and
interpreted as an instanton expansion in gauge theory in [17]. The first and second terms in this free-fermion
expansion were derived in [16] and [18]. The expansion obtained by this approach is exact but does not agree
term by term with the wrapped D-brane expansion. This is not a contradiction because at mathematical level
the index itself does not determine pIkpqq in (1.1), see for instance [19].

3Outside the context of giant graviton expansions, it is known that states in the index with charge of order
N2 can reproduce the entropy of supersymmetric black holes in AdS5 [25–30].
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the giant graviton expansions suggests that open strings on D-branes are presumably not
dual to physical states of the boundary gauge theory. As recently pointed out in [21], they are
objects that cancel out the redundancies among states at finite N or, in other words, are dual
to massive auxiliary ghost states on the boundary. Technically, this holds for normalizable
states, while other states associated with open strings on D3 giants are dual to gauge theory
physical operators with R-charge of order N [31–33].4

From the above considerations, a key achievement in this context is the ability to evaluate
the brane indices IGG

k pqq in (1.1) on the gravity side of any given model. This is interesting
already at leading wrapping k “ 1 because the superconformal theory of fluctuations on the
BPS wrapped D-branes (breaking a fraction of the original supersymmetry) is non-trivial
and depends on the wrapping geometry.

In the approach of Imamura et al., brane indices are obtained by heavily relying on the
unbroken superconformal symmetry of the wrapped brane which is cleverly mapped to the
boundary symmetry algebra. This approach provides the brane indices IGG

k pqq in terms of
the index of a simpler boundary SCFT by analytic continuation in fugacity space.

Recently, the analysis of (leading) finite N corrections to refined superconformal indices
was reconsidered by direct semiclassical analysis of branes wrapped in a twisted string
background with peculiar mixing terms in the metric and supporting forms. The twist terms
implement the geometrization of fugacities present in the definition of the index.

This programme has been accomplished for the superconformal index of the 6d p2, 0q
theory on S1

β ˆ S5 (β being the length of the thermal circle) whose finite N corrections are
reproduced by semiclassical M2 brane wrapped on S1 ˆS2 in a twisted M-theory background
AdS7 ˆ S4 [34]. A similar analysis has been performed for the “mirror” case of the index of
3d N “ 8 supersymmetric level-one UpNq ˆUpNq ABJM theory on S1

β ˆ S2 whose finite N
corrections are computed by semiclassical M5 brane wrapped on S1ˆS5 in twisted AdS4ˆS

7

background [35]. To recall, the leading non-perturbative correction to the unrefined index
in the two cases had the following form (see appendix A for notation)

Ip2,0qN pqq “ Ip2,0qKK pqq

„

1´ q

p1´ qq2 q
N ` Opq2N q

ȷ

, q “ e´β , (1.3)

IABJM
N pq1q “ IABJM

KK pq1q

„

1´ 1
6N

3
ˆ

q1

pq1, q1q7
8

` . . .

˙

qN ` Opq12N q

ȷ

, q1 “ e´
1
2β . (1.4)

The correction in (1.3) has the form (1.1), with the leading brane index IGG
k“1pqq being a

rational function of q. The result for ABJM in (1.4) is different in two respects. First, the
dependence on q is no more rational, but involves instead an infinite product. Second, the
brane index has an extra N dependence apart from that in the classical factor qN . The
correction indeed has an overall N3 factor plus subleading corrections in 1{N denoted by
dots in (1.4). This is a common feature of unrefined indices. As we mentioned before, the
expansion (1.1) — with N independent brane indices IGG

k pqq — holds at generic points in
4The relation between giant brane configurations and the exclusion principle was already in the original

studies of giant gravitons that were discovered by considering large angular momentum BPS particles moving
in sphere part of AdSn ˆ Sm. At high momentum they become spherical branes (due to the role of the form
fields supporting the geometry) expanding in Sm with the stringy exclusion principle being same as condition
that brane radius cannot exceed sphere one [2].
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fugacity space. Additional polynomial dependence on N may occur in unrefined indices and,
more generally, in refined indices at special varieties defined by algebraic relations between
fugacities. This is a form of “wall-crossing” phenomenon [4, 20, 36]. As explained in [35],
in the gravity calculation extra powers of N come from zero modes of fluctuations on the
wrapped brane which are removed (or regularized) when generic fugacities are switched on.

1.1 Summary of results

In this paper, we apply the same strategy back to the simplest and more familiar case of 4d
N “ 4 UpNq SYM theory where finite N corrections to the index on S1

βˆS
3 originate from D3

branes wrapped on S1 ˆ S3 in twisted AdS5 ˆ S5. In particular, we will focus on the refined
Schur index for which a wealth of useful results are available [36–39] and that was treated by
the symmetry analytic continuation approach in [8]. One motivation for extending the analysis
in [34, 35] to the N “ 4 SYM case is that recently a similar (but complementary) analysis
of the 1

2 -BPS index appeared in [21, 22]. There, the superconformal index is computed by
localization of the wrapped brane fluctuations, i.e. exploiting supersymmetry from the start.
In particular, and by construction, one keeps only contributions surviving supersymmetry
cancellations. Thus, gapped sectors can be dropped, including non-constant modes on S3,
reducing the problem to the study of a supersymmetric quantum mechanical particle moving
in two dimensions in a constant magnetic field.

Instead, our analysis will be more direct and will be based only on the conformal properties
of the fluctuations. The brane index calculation will thus require a generalization (in presence
of various fugacities) of the operator counting method in [40–42] as in our previous applications
in [34, 35]. For the unrefined Schur index of N “ 4 UpNq SYM in S1

β ˆ S3, we will reproduce
the expansion of the exact result in [38], i.e. the leading wrapping correction to the index

ISYM
N pqq “ IKKpqq

„

1´ pN ` 2q qN`1 ` Opq2N q

ȷ

, (1.5)

which is similar to the 6d p2, 0q case in (1.3). Again, the enhancement factor of N originates
from zero modes of fluctuations and is absent in the flavored (or refined) Schur index
ISYM
N pq, uq depending on an additional fugacity u dual to certain R-charges. In this case,

finite N corrections have a dependence on N fully encoded in the classical factor qN with the
brane indices being N independent quantities. The detailed generalization of (1.5) reads

ISYM
N pq, uq “ IKKpq, uq

„

1`
ˆ

uN`3Gpq, uq ´ u´N´1Gpq, u´1q

˙

qN`1

1´ u2 ` Opq2N q

ȷ

, (1.6)

where the function

Gpq, uq “ ´
p1´ u2q2

u2
pu´1q;u´1, qq2

8

pu´2, u´1qq8pu2, u´1qq8
, (1.7)

is smooth for u Ñ 1 and admits a Taylor expansion around q “ 0.
As a byproduct, the analysis of the index in terms of a twisted partition function allows

one to discuss the supersymmetric Casimir energy [43–46] of the fluctuations on the wrapped
brane. This quantity ED3

c appears in the general relation

Z1pS
1
β ˆ S3q “ e´βE

D3
c pI1pqq, (1.8)
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where Z1 is the one-loop partition function of fluctuations and pI1pqq the associated leading
brane index. The resulting value of ED3

c will be checked to match the regularized sum over
fluctuation modes of the zero point combination of Cartan charges defining the index. In
particular, for the Schur index, we will get ED3

c puq “ 0 for generic u, and ED3
c p1q “ ´1

in the unrefined limit.
To frame our analysis in a more general perspective, let us summarize the current status

of finite N corrections to superconformal index at large N . As we overviewed, there are
three possible approaches available so far:

a) In the first approach, one uses unbroken superconformal symmetry to predict the brane
index as the analytic continuation in fugacity space of a simpler boundary SCFT index.
This was started in [5] by examining the index of S-fold theories and subsequently
applied to many other models.

b) The second (recent) approach exploits supersymmetry to localize fluctuations on the
wrapped brane. In this framework, the analysis is reduced to considering ungapped
sectors, like the supersymmetric quantum mechanical model of [21, 22] for the 1

2 -BPS
index of N “ 4 SYM.

c) The third approach, adopted here and previously in [34, 35], directly exploits only
conformal symmetry on the brane worldvolume. For each fluctuation, one determines its
associated partition function on a background with suitable twists related to the index.
The different contributions are finally combined in supersymmetric way (fluctuations
belong to a multiplet of the preserved superconformal symmetry).

It is certainly useful to have several independent techniques available. However, as we
explained, the most interesting physical problems raised by (1.1) require going beyond the
leading wrapping contribution in order to analyze the specific cancellations among higher
order contributions. It is thus important to critically assess the methods in (a), (b), and
(c) from this point of view. As a general comment, at wrapping order k, fluctuations on
the wrapped brane are expected to belong to a Upkq gauge theory, living on the stack of
k branes [4]. In method (a), higher wrapping contributions were computed by introducing
ad hoc rules to handle the holonomy integrals of the Upkq theory. Finding a general rule
seems to be an open problem, see [13, 14] and [20] for recent developments. In method (b),
k-wrapping contributions to the 1

2 -BPS index were (not surprisingly) computed by promoting
the supersymmetric quantum mechanical model to a matrix one with fields being Upkq

matrices. This promising approach worked well in the 1
2 -BPS index of N “ 4 SYM. It

remains to see how the localization approach extends to other models and for refined indices.
Finally, method (c) has been applied so far only to the leading wrapping contribution to
the index. As we mentioned, it has still to be extended to the direct analysis of fluctuations
for the multiply wrapped brane by considering suitable conformal Upkq gauge theories for
each fluctuation. We hope that the interplay between the above-mentioned approaches will
eventually lead to some consistent method to compute at any higher order the finite N

contributions to superconformal indices.
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1.2 Plan of the paper

In section 2 and 2.2 we discuss the algebraic aspects of superconformal index of N “ 4 theories
in 4d and its Schur specialization for N “ 4 UpNq SYM. In section 3 we summarize the
results of [8], i.e. the approach based on exploiting analytic continuation of the preserved
superconformal symmetry on the wrapped D3 branes. In section 4 we introduce a twist
in AdS5 and study the fluctuations of D3 branes wrapped on a S1 ˆ S3 inside deformed
AdS5 ˆ S5. The explicit spectrum of scalar, fermionic, and gauge fluctuations on the brane
are determined. All fluctuations turn out to be conformal fields on S1 ˆ S3 with constant
holonomy along the thermal cycle. By computing the associated partition functions using an
extensions of the operator counting method, we reproduce in section 4.4 the leading wrapping
finite N contribution to the unrefined index. The N dependent enhancement in (1.5) is
explained in terms of brane fluctuations zero modes, similar to what happens in the ABJM
index [35]. We also discuss the supersymmetric Casimir energy of the system of fluctuations
on the wrapped D3 brane. Finally, in section 5, we deal with the refined index with an extra
fugacity coupled to R-charges by adding extra twists in S5.

2 N “ 4 superconformal index

For a N “ 4 theory on Rˆ S3 with PSUp2, 2|4q symmetry the superconformal index [3] is
defined as (notation is u “ pu1, u2, u3q)

Ipq, y,uq “ TrBPSrp´1qFqH`J`J̄y2JuR1
1 uR2

2 uR3
3 s , u1u2u3 “ 1 , (2.1)

where H is the dilatation operator, J, J̄ left and right-handed spins5 and RI are three Cartan
generators of the R-symmetry sup4q. In terms of traceless RIJ generators of SUp4q, with
RII “ 0, we have explicitly R1 “ 1

2pR
1
1 `R2

2 ´R3
3 ´R4

4q, R2 “ 1
2pR

1
1 ´R2

2 `R3
3 ´R4

4q,
R3 “ 1

2pR
1
1 ´ R2

2 ´ R3
3 ` R4

4q. The BPS condition depends on the specific supercharge
used to define the index and can be taken to read

H ´ 2J̄ ´ 2R1
1 “ 0 . (2.2)

It is convenient to change basis of fugacities and write

Ipq, y, u, vq “ TrBPSrp´1qFqH`J`J̄y2JuR1´R2 vR2´R3s , (2.3)
u “ u1, v “ u1u2 . (2.4)

For an arbitrary N “ 2 superconformal theory there is a corresponding chiral algebra and
the Schur index [47] is a specialization of the superconformal index giving the chiral algebra
vacuum character [48]. In our conventions, the Schur limit is y “ v “ 1,6 i.e. the trace

Ipq, uq “ TrBPSrp´1qFqH`J`J̄uR1´R2s . (2.5)
5They are suitable generators of the group SUp2q ˆ SUp2q, being the Rˆ S3 version of the Lorentz group

in R1,3.
6Often, the index is defined tracing qH`J̄ ȳ2J and Schur limit is ȳ “ q

1
2 . In our notation ȳ “ q

1
2 y and the

Schur limit corresponds to y “ 1. The Schur index gets contributions only from states obeying the additional
BPS condition H ` 2J ` 2R4

4 “ 0 and this allows to replace H ` J ` J̄ “ H ´ R3.
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2.1 The N “ 4 Maxwell multiplet

The N “ 4 Maxwell multiplet is a single free vector multiplet with components
Fab, λIa, ϕIJ , λ̄

I 9a, F̄ 9a9b, where I, J are SUp4qR indices and ϕIJ is in the 2-antisymmetric
representation (with a reality condition). This multiplet transforms as a short representation
of the superconformal algebra and its index is obtained from the plethystic exponential

IMaxwellpq, y, u, vq “ PErpIMaxwellpq, y, u, vqs “ exp
„ 8
ÿ

n“1

1
n
pIMaxwellpqn, yn, un, vnq

ȷ

, (2.6)

with the single particle index [49]

pIMaxwellpq, y, u, vq “
q pu` vu´1 ` v´1q ´ pq2y ` qy´1q ´ q2pu´1 ` uv´1 ` vq ` 2q3

p1´ q2yqp1´ qy´1q
. (2.7)

In the unflavored Schur limit y “ u “ v “ 1, we get

pIMaxwellpqq ” pIMaxwellpq, 1, 1, 1q “ 2q ´ 2q2

1´ q2 “
2q

1` q
, (2.8)

where ´2q2 comes from the unflavored indices of a N “ 2 vector multiplet and 2q from
a N “ 2 hypermultiplet.

2.2 Schur index of N “ 4 UpNq SYM

For a gauge theory with multiplets in the representations R of the gauge group, the index
is [3, 50]

IN pq, y, u, vq “
ż

DU
ź

R

exp
„ 8
ÿ

n“1

1
n
pIRpqn, yn, un, vnqχRpU

nq

ȷ

, (2.9)

where integration is over Haar measure of gauge group and χ is a representation character.
For N “ 4 SYM with gauge group UpNq, we need to consider a Maxwell multiplet in the
adjoint of UpNq. In the unflavored case, this gives the expression [38]

ISYM
N pqq “

q´N
2{4ηpτq3N

πNN !

ż π

0
dNα

ś

iăj ϑ1pαi ´ αj , qq
2

ś

i,j ϑ4pαi ´ αj , qq
, (2.10)

where α are gauge group holonomies and definitions of elliptic functions are in appendix A.
The index may be evaluated at finite N expanding in powers of q and integrating over

α. For the lowest values of N , this gives

ISYM
1 pqq “ 1` 2q ` q2 ` 2q3 ` 2q4 ` ¨ ¨ ¨ ,

ISYM
2 pqq “ 1` 2q ` 4q2 ` 4q3 ` 6q4 ` ¨ ¨ ¨ ,

ISYM
3 pqq “ 1` 2q ` 4q2 ` 8q3 ` 9q4 ` ¨ ¨ ¨ ,

ISYM
4 pqq “ 1` 2q ` 4q2 ` 8q3 ` 14q4 ` ¨ ¨ ¨ .

(2.11)

The exact result was derived in [38] from (2.10) and takes the giant graviton expansion form

ISYM
N pqq “

1
ϑ4p0q

8
ÿ

k“0
p´1qk

„ˆ

N ` k

N

˙

`

ˆ

N ` k ´ 1
N

˙ȷ

qkN`k2
. (2.12)
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The coefficients of the expansions (2.11) stabilize for N Ñ 8 and correspond to the series

IKKpqq ” ISYM
8 pqq “

1
ϑ4p0q

“

8
ź

n“1
p1´ q2nq´1p1´ q2n´1q´2 “

8
ź

n“1

1` qn

1´ qn
, (2.13)

whose explicit first terms are

IKKpqq “ 1` 2q ` 4q2 ` 8q3 ` 14q4 ` 18q5 ` 28q6 ` ¨ ¨ ¨ . (2.14)

The generating function IKKpqq reproduces the index of BPS Kaluza-Klein modes of the
supergravity multiplet in AdS5 ˆ S5 [3]. Including systematically the large N exponentially
suppressed terms in (2.12), we can write the large N expansion of the unflavored index as

ISYM
N pqq “ IKKpqq

„

1´ pN ` 2q qN`1 `
1
2pN ` 1qpN ` 4q q2N`4 ` Opq3N q

ȷ

. (2.15)

The flavored Schur index is obtained starting from the following replacement in the Maxwell
single particle index

pIMaxwellpqq “
2q ´ 2q2

1´ q2 Ñ pIMaxwellpq, uq ” pIMaxwellpq, 1, u, 1q “ qpu` u´1q ´ 2q2

1´ q2 .

(2.16)
The first term in the numerator comes from the N “ 2 hypermultiplet and is due to the extra
fugacity uR1 where R1 is a R-symmetry Cartan taking values ˘1 on the complex scalar and
its conjugate in that multiplet. In this case, the large N Kaluza-Klein factor takes the form7

IKKpq, uq “ PE
„

uq

1´ uq
`

u´1q

1´ u´1q
´

q2

1´ q2

ȷ

. (2.17)

For u ‰ 1, we don’t have a simple explicit expression for the index ISYM
N pq, uq at finite N

generalizing (2.12) and a derivation of the large N expansion (2.15) is non-trivial starting
from the localization formula (2.9).

3 D3-brane index from analytic continuation

In the approach of Imamura et al., see in particular [5, 11], the general index (2.1) for N “ 4
UpNq SYM can be computed at large N as the triple sum

ISYM
N pq, y,uq “ IKKpq, y,uq

8
ÿ

k“0
pqu1q

k1N pqu2q
k2N pqu3q

k3N ID3
k pq, y,uq , k “ pk1, k2, k3q .

(3.1)
Notice the slight change of notation pIk Ñ ID3

k , cf. (1.1), to emphasize the specific case under
consideration. The N -independent factor IKKpq, y,uq is the N Ñ 8 index, i.e. the index
counting gauge invariant operators at large-N , ignoring trace relations, and agrees with the
index from BPS Kaluza-Klein supergravity modes on AdS5 ˆ S5. The triple sum in (3.1)

7For u “ 1, we get IKKpq, 1q “ PE
„

2q
1´q

´
q2

1´q2

ȷ

“ PE
„

1
2
ř8

k“1p3´p´1qk
qqk

ȷ

“
ś8

k“1

´

1
1´qk

¯ 1
2 p3´p´1qkq

“

p1´ qq´2
p1´ q2

q
´1

p1´ q3
q
´2

p1´ q4
q
´1

p1´ q5
q
´2

p1´ q6
q
´1

¨ ¨ ¨ , in agreement with (2.13).
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represents a sum over D3 branes wrapped kI times, I “ 1, 2, 3, over the cycle ZI “ 0 in S5,
i.e. |Z1|

2 `|Z2|
2 `|Z3|

2 “ 1. The generators RI in (2.1) are associated with phase rotations in
the ZI plane. The classification of the relevant BPS wrapped branes was analyzed in [51, 52]
where it was shown how to build supersymmetric cycles in backgrounds AdSn ˆ Sm that
generalize giant gravitons. In particular, for D3 branes in AdS5 ˆ S5, any analytic constraint
fpZ1,Z2,Z3q “ 0 defines a supersymmetric configurations which is 1

2 , 1
4 , or 1

8 -BPS depending
on the number of arguments of f . The simplest case fpZ1q “ 0 gives a 1

2 -BPS solution and
multiple zeroes are associated with a number of concentrical spherical giants, see [53] for
a discussion of the related geometries.8

The factor
ś

IpquIq
kIN in (3.1) comes from the classical action of the wrapped brane.

Finally, the index ID3
k refers to the gauge theory on the wrapped D3 brane which is a

Gk “ Upk1q ˆ Upk2q ˆ Upk3q quiver gauge theory with three bifundamental hypermultiplets.
This index is by construction independent on N . Thus, the expansion (3.1) has the form of a
giant graviton expansion with each term having the weight qkN`δk , where k “ k1 ` k2 ` k3
is the total wrapping and δk is a non-negative integer.

As conjectured in [11], the brane index ID3
k is given by a Gk holonomy integral similar

in structure to (2.9), i.e. schematically,

ID3
k pq, y,uq “

ż

DU PErID3,vec
k pq, y,uqχvecpUqs PErID3,hyp

k pq, y,uqχhyppUqs , (3.2)

where ID3,vec
k , ID3,hyp

k are the contributions from vector and hypermultiplets in the quiver
gauge theory. In (3.2), integration over U “ pU1, U2, U3q with UI P UpkIq is a schematic way
to represent the integration over holonomies that implements singlet projection. Similarly,
the factors χvecpUq and χhyppUq represent suitable group characters, cf. (2.9). Details of the
integration cycles are a key issue not completely understood and recently discussed in [13].
Here, we will focus on total wrapping k “ 1 where holonomies are trivial and also quiver
hypermultiplets are absent. Hence, after the relabeling pZ1,Z2,Z3q Ñ pX,Y,Zq for simpler
notation, the expansion (3.1) reads

ISYM
N pq, y,uq “ IKK

„

1`qN
ˆ

u1 ID3
X pq, y,uq`u2 ID3

Y pq, y,uq`u3 ID3
Z pq, y,uq

˙

`Opq2N q

ȷ

, (3.3)

where ID3
X ” ID3

1,0,0 “ ID3,vector
1,0,0 , etc. The vector multiplet index on D3 is again the plethystic

exponential of a single particle index conjectured in [5, 11] to be9

pID3
X pq, y,uq “ 1´ p1´ q´1u´1

1 qp1´ q2yqp1´ qy´1q

p1´ qu2qp1´ qu3q
. (3.4)

Using (2.4), this reads, cf. eq. (4.35) of [5],

pID3
X pq, u, vq “

1
qu ´ q

´

y ` 1
qy

¯

1
u ´ q

` 1
v `

v
u

˘

` q2
´

y ` 1
qy

¯

` q2 2
u ´ q3

p1´ q{vqp1´ qv{uq
. (3.5)

The expressions for pID3
Y , pID3

Z are similarly obtained from (3.4) by permuting u1, u2, u3.
8The sum over three cycles ZI “ 0 in (3.1) deserves a comment. Looking for simplicity at wrapping one,

we need to consider the family of configurations aX ` bY ` cZ “ 0. It is parametrized by CP2 and we need to
sum over fluctuations around a representative in each of the three covering patches ZI ‰ 0.

9The definition of the index in [11] has fugacities qH`J̄ ȳ2J uR1
1 uR2

2 uR3
3 . To match our definition of the index

we need to identify ȳ “ q
1
2 y.
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The index (3.5) is computed in two ways, both relying on the broken superconformal
symmetry on the D3 brane. By a direct computation, see appendix A of [11], the modes on
the brane are organized in multiplets of the reduced superalgebra (the wrapped brane breaks
half of the 32 supersymmetries and preserves a SUp2|2q ˆ SUp2|2q superalgebra) and the
index is evaluated by summing the separate contributions with the result (3.5). Alternatively,
one can rely on the automorphism between the supersymmetry algebra on the boundary and
on the wrapped D3-brane. This gives the analytic continuation relation

pID3
X pq, y, u, vq “ pIMaxwellpq1, y1, u1, v1q ,

q1 “ q
2
3u´

1
3 , y1 “ q´

1
3u´

1
3 v, u1 “ q´

5
3u´

2
3 , v1 “ q´

1
3 yu´

1
3 ,

(3.6)

that expresses the wrapped brane index in terms of the index of the Maxwell multiplet living
on the boundary. Starting from (2.7) and using (3.6), one gets again (3.5). This second
method is somehow impressive since it reduces the wrapped brane index to a computation
in the free boundary conformal theory. Similar analytic continuations have been exploited
in later works on finite N correction to the index in different models, like the M-brane
indices considered in [9].

3.1 Schur specialization

The refined Schur index is obtained by specializing y “ v “ 1. From (3.6) we get

pID3
X pq, uq “ pIMaxwell

´

q
2
3u´

1
3 , q´

1
3u´

1
3 , q´

5
3u´

2
3 , q´

1
3u´

1
3

¯

. (3.7)

For y “ v the following scaling invariance holds

pIMaxwellpq, y, u, yq “ pIMaxwellpλ´1q, λ2y, λu, λ2yq . (3.8)

Hence, taking λ “ pq´
1
3u´

1
3 q´

1
2 “ pquq

1
6 we can write pID3

X pq, uq in terms of the Maxwell
Schur index

pID3
X pq, uq “ pIMaxwell

´

pquq´
1
6 q

2
3u´

1
3 , pquq

1
6 q´

5
3u´

2
3

¯

“ pIMaxwell
´

q
1
2u´

1
2 , q´

3
2u´

1
2

¯

. (3.9)

Using (2.7), or taking the Schur limit in (3.5), this is

pID3
X pq, uq “

1
uq ´

2
uq ` q2

1´ 1
uq

. (3.10)

As discussed in [8], the general formula (3.1) simplifies to

ISYM
N pq, uq “ IKKpq, uq

8
ÿ

k1,k2“0
puqqk1N pu´1qqk2N q2k1k2 ID3

X,k1pq, uq I
D3
Y,k2pq, uq . (3.11)

In (3.11), we recognize the index of a system of k1 D3 branes and k2 D3 branes wrapped on
the two 3-cycles X “ 0 and Y “ 0. Also, due to the Weyl reflection relation

ID3
Y,kpq, uq “ ID3

X,kpq, u
´1q , (3.12)
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one can compute (3.11) from the X “ 0 index ID3
X,k alone. As in (3.9), this is related by

analytic continuation to the Schur index of the N “ 4 SYM theory with gauge group Upkq

ID3
X,kpq, uq “ ISYM

k

´

q
1
2u´

1
2 , q´

3
2u´

1
2

¯

. (3.13)

In particular, the leading contribution to the giant-brane expansion is

ISYM
N pq, uq “ IKKpq, uq

„

1` qN
ˆ

uN ID3
X pq, uq ` u´N ID3

X pq, u´1q

˙

` Opq2N q

ȷ

, (3.14)

where
ID3
X pq, uq ” ID3

X,1pq, uq “ PErpID3
X pq, uqs . (3.15)

Using expression (3.10), this evaluates to

ID3
X pq, uq “ ´

uq

1´ uq

8
ź

n“1

r1´ pu´1qqns2

r1´ u´2pu´1qqn´1sr1´ u2pu´1qqn`1s
, (3.16)

or, in terms of q-Pochhammer functions (A.4),

ID3
X pq, uq “ ´uq p1´ u2q

pu´1q, u´1qq2
8

pu´2, u´1qq8 pu2, u´1qq8
. (3.17)

This expression is exact and its expansion in powers of q gives

ID3
X pq, uq “

u3

1´ u2 q ` p1´ u2qq2 `

ˆ

1
u3 ´ u3

˙

q3 `

ˆ

1
u6 ´

1
u2 ` 1´ u4

˙

q4 ` ¨ ¨ ¨ . (3.18)

Notice that one cannot use relation (3.13) to obtain an expansion like (3.18) for k “ 1, unless
Ikpq, uq is known in exact form and not as a series in q. This is because of negative powers of
q in (3.13), requiring resummation if the latter identity is naively applied to a series in q.10

For this reason, in [8], the expansion (3.18) (and its generalization to n ą 1) was obtained
by applying the analytic continuation relation (3.13) inside the gauge holonomy integral
expression of ISYM

k . After that, the integration over holonomies was evaluated by a conjectured
ad hoc choice of the contributing poles. This is a major difficulty for next-to-leading (i.e.
higher wrapping) contributions that we do not discuss here. Nevertheless, in appendix B, we
present a direct application of analytic continuation for the k “ 2 brane index starting from
the exact expression of the SYM index and avoiding pole selection rules at all.

3.2 Unrefined index and u Ñ 1 limit

Let us show how the (leading) giant graviton expansion of the unflavored index in (2.15) is
reproduced in the uÑ 1 limit. This comes from a non-trivial combination of the two terms
in (3.14) which are separately singular for u Ñ 1, but with a smooth sum.

10To explain, if we have fpqq “ 1
1´q

which has regular expansion in q, we can apply q Ñ 1{q and obtain
fpq´1

q “ ´
q

1´q
which also has a regular expansion in q. Of course, this is not visible (in particular in more

complicated cases) if we apply q Ñ 1{q to 1` q ` q2
` q3

` ¨ ¨ ¨ .
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We isolate the singular u Ñ 1 contribution to ID3
X pq, uq by writing

ID3
X pq, uq “

u3

1´ u2 q Gpq, uq, Gpq, uq “
1

1´ uq

8
ź

n“1

r1´ pu´1qqns2

r1´ u´2pu´1qqnsr1´ u2pu´1qqn`1s
,

(3.19)

where Gpq, uq is smooth for u Ñ 1. The value at u “ 1 is

Gpq, 1q “ 1
1´ q

8
ź

n“1

1´ qn

1´ qn`1 “ 1. (3.20)

Also, we can compute the derivative with respect to u at u “ 1 as follows. Taking log-
arithm, we get

logGpq,uq“´ logp1´uqq`
8
ÿ

n“1

„

2logp1´pq{uqnq´logp1´u´2pq{uqnq´logp1´u2pq{uqn`1q

ȷ

,

(3.21)

and differentiation with respect to u gives after some rearrangement

BuGpq, 1q
Gpq, 1q “

q

1´ q
`

8
ÿ

n“1

„

pn´ 2q qn

1´ qn
´ pn´ 1q qn`1

1´ qn`1

ȷ

“ 0, Ñ BuGpq, 1q “ 0 .

(3.22)

Hence,

uN ID3
X pq, uq ` u´N ID3

X pq, u´1q “

„

uN`3

1´ u2Gpq, uq `
u´N´3

1´ u´2Gpq,´uq

ȷ

q

“ ´rGpq, 1qpN ` 2q ` BuGpq, 1qs q ` Opu´ 1q “ ´qpN ` 2q ` Opu´ 1q.
(3.23)

reproducing the enhancement in (2.15).

4 D3-brane in twisted AdS5 ˆ S5 and unflavored index

As we have seen, the large N non-perturbative corrections to the Schur index are expressed
in terms of the single quantity pID3

X pq, uq in (3.10) by using (3.11) and (3.12). Here, we want
to reproduce pID3

X pq, uq by a genuine one-loop computation of the partition function on the
wrapped D3 brane with a twisted metric that geometrizes the J, J̄ and Cartan charge terms
in (2.5). A similar approach was used in [34, 35] as we reviewed in the Introduction.

Starting from the unflavored case u “ 1, the aim is thus to reproduce the remarkably
simple expression11

pID3
X pqq ” pID3

X pq, 1q “
1
q ´ 2q ` q2

1´ q
“

1
q
` 1´ q , (4.1)

11Simplicity of (4.1), i.e. reduction to a finite number of modes on the wrapped brane, suggests a treatment
by localization as in [22].

– 12 –



J
H
E
P
0
4
(
2
0
2
4
)
1
1
0

by considering the semiclassical expansion of the D3 brane action on the background (scaling
away common radius)12

ds2 “ ds2
ĆAdS5

` ds2
S5 ,

ds2
ĆAdS5

“ dx2 ` sinh2 x drS3 ` cosh2 x dτ2 , τ “ τ ` β ,

drS3 “ dψ2
1 ` sin2 ψ1 dψ

2
2 ` sin2 ψ1 sin2 ψ2 pdψ3 ` iκdτq2 ,

ds2
S5 “ dw2 ` cos2w dS3 ` sin2w dz2 .

(4.2)

The mixing between ψ3 and τ corresponds to the Cartan combination H ` J ` J̄ in (2.4).
The physical (supersymmetric) value of the parameter κ is κ “ 1, but it will be useful to
keep it as a free parameter for the time being.

In a static gauge, the D3 coordinates are ξ “ pξ1, . . . , ξ4q ” pτ, p P S3q, i.e. the brane
wraps S1

β ˆ S3 where S1
β is in ĆAdS5 and has length β, while S3 Ă S5. The fluctuating

coordinates are px, ψi, w, zq with background values x “ w “ z “ 0. These transverse
fluctuations are 4 in AdS5 and 2 in S5 for a total of 6 scalar fluctuations. To these we will add
fermions θ and the gauge field A on the brane. At semiclassical level, the partition function is13

Z “

ż

DXDADθ e´SrX,A,θs “ Z1 e
´Scl p1` OpT´1

3 qq , (4.3)

Z1 “ e´F , F “
1
2
ÿ

a

p´1qFa log det∆a , (4.4)

where a labels the fluctuation fields (bosonic and fermionic) and ∆a “ ´∇2 ` ¨ ¨ ¨ are the
associated 2nd order operators for quadratic fluctuations. They are defined on S1

β ˆ S3 with
the induced metric on the brane worldvolume. All fields (including fermions) are periodic
on the “thermal” circle S1

β for consistency with supersymmetry.

4.1 Classical D3 action

The classical D3 brane action Scl gives the (unrefined) overall factor qN in (3.3) and its
evaluation is straightforward. After a suitable scaling of the gauge field, the bosonic part
of the supersymmetric D3 brane action is the sum of the Born-Infeld and the Wess-Zumino
actions [54] (we have no background antisymmetric field Bab here). In Euclidean notation,14

SDBI “ T3

ż

d4ξ
a

detpGab ` 2πFabq, SWZ “ ´

ż

C4 , (4.5)

with D3 tension

T3 “
N

2π2 . (4.6)

12Here, the coordinate y should not be confused with the fugacity in the index definition.
13Recall that Scl has an explicit overall factor of the D3 brane tension T3.
14Our brane construction is aimed at computing finite N corrections to the CFT index and this is why we

consider branes in Euclidean geometry. One may wonder about the role of Lorentzian branes in the analytic
continuation of the index to imaginary β. Generally speaking, complexification of fugacities in the index is an
important tool to identify non-trivial saddles at large N and it would be interesting to discuss them by our
approach in a suitable Lorentzian geometry.
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The 4-form on S5 is

C4 “ iT3 cos4w dz ^ volS3 . (4.7)

The classical action is thus the sum of

Scl,DBI “ T3 ˆ β ˆ VolpS3q “
N

2π2βp2π
2q “ Nβ , Scl,WZ “ 0 . (4.8)

As expected, the total Scl “ Nβ corresponds to the factor qN in (3.3), where as usual
we denote q “ e´β.

4.2 Wrapped brane fluctuation one-loop determinant and brane index

For each separate fluctuation, the free energy in (4.4) splits into the “Casimir” part linear in
β and the genuine thermal part which is exponentially suppressed at large β, see e.g. [55, 56],

F pβq “ β Ec ` F̄ pβq , (4.9)

where Ec is the Casimir contribution, the dominant term at low temperature β Ñ `8.
Denoting by En the eigenvalues of the fluctuation operator on S3, and by dn the associated
multiplicity, one has the general expression for the thermal part of the free energy

F̄ pβq “
ÿ

n

dn logp1´ e´βEnq , (4.10)

and the zeta-function regularized value of the Casimir energy

Ec “
1
2
ÿ

n

dnEn “
1
2ζEp´1q, ζEpsq “

ÿ

n

dnE
´s
n . (4.11)

The associated one-loop partition function Z1 in (4.3) is then

Z1 “ e´βEc Zpqq , (4.12)

with
Zpqq “ e´F̄ “ exp

ˆ

ÿ

k

dk

8
ÿ

n“1

1
n
e´nβEk

˙

“ PErpZpqqs , (4.13)

where the single particle partition function is

pZpqq “
ÿ

n

dn q
En . (4.14)

Notice that the zeta-function ζEpsq in (4.11) admits the following expression in terms of pZpqq

ζEpsq “
1

Γpsq

ż 8

0
dβ βs´1

pZpe´βq. (4.15)

In the present context, the partition function Z1 is computed on a background with a twist
adapted to the index and Ec is the so-called supersymmetric Casimir energy [43–46] (of
fluctuations on the D3 brane). The expected precise relation between Z1 and the index is

Z1 “ e´βEc ID3pqq . (4.16)
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Comparing with (4.12) gives the key identification

Zpqq “ ID3pqq, (4.17)

that clearly holds also at the level of single particle partition function and index. Thus,
in our case, we want to check

ÿ

fluctuations

pZpqq “ pID3
X pqq “

1
q
` 1´ q , (4.18)

where we used (4.1).15

4.3 Computation of the single particle partition functions

4.3.1 Scalar fluctuations

Let us begin by studying the bosonic scalar fluctuations by expanding at quadratic order
the total bosonic action SDBI ` SWZ.

AdS5 sector. It is convenient to introduce new variables XI , I “ 1, . . . , 4 in terms of x, ψi

X1 “ sinh x cosψ1, X2 “ sinh x sinψ1 cosψ2, (4.19)
X3 “ sinh x sinψ1 sinψ2 cosψ3, X4 “ sinh x sinψ1 sinψ2 sinψ3. (4.20)

One can check that

dx2 ` sinh2 x pdψ2
1 ` sin2 ψ1 dψ

2
2 ` sin2 ψ1 sin2 ψ2 dψ

2
3q “ dX2

I
loomoon

flat

´ sinh2 x dx2
looooomooooon

quartic

, (4.21)

and thus, at quadratic order,

ds2
ĆAdS5

“ p1`X2
I ´ κ2pX2

3 `X2
4 qq dτ

2 ` dX2
I ` 2iκ pX3dX4 ´X4dX3qdτ . (4.22)

Denoting by a “ 2, 3, 4 the indices of the S3 brane coordinates, we have

ds2
ĆAdS5

“ r1`X2
1 `X2

2 ` p1´ κ2qpX2
3 `X2

4 q ` 9X2
I ` 2iκ pX3 9X4 ´X4 9X3qs

ˆ pdξ1q2 ` BaXIBbXIdξ
adξb

` off diagonal terms . (4.23)

The DBI action, at quadratic order in the fluctuations, reads

SDBI “ T3

ż

d4ξ
?
G, ds2 “ Gijdξ

idξj , (4.24)

and using

δ
a

Gp0q `Gp1q “
a

Gp0q `
1
2

a

Gp0q pGp0qqijG
p1q
ij ` ¨ ¨ ¨ , (4.25)

15We remark that in the unflavored case the three wrapped configurations on X “ 0, Y “ 0, Z “ 0 are
completely equivalent.
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we get (denoting by d3ξ “ dξ2dξ3dξ4 the S3 coordinates and denoting explicitly dξ1 “ dτ),

δSDBI “
1
2T3

ż

dτ d3ξ
?
grgab

BaXIBbXI `X
2
1 `X

2
2 `p1´κ2

qpX2
3 `X

2
4 q`

9X2
I `2iκ pX3 9X4´X4 9X3qs .

(4.26)
We now rescale fluctations by pβT3q

1{2, and set Bτ Ñ i2π
β n, with n P Z, i.e. expand in periodic

modes on the thermal circle (τ integration gives then a factor β). The fields X1, X2 are
scalar fields on S3 with common squared mass

X1, X2 : M2 “ 1` n2
β , nβ “

2πn
β
, n “ 0,˘1,˘2, . . . . (4.27)

Notice that the squared mass of a conformally coupled scalar on S1 ˆ Sd is 1
4pd´ 1q2 that

is 1 for S3. This is precisely what we have for n “ 0.
The fields X3, X4 can be written in complex basis ϕ “ X3`iX4?

2 , ϕ̄ “ X3´iX4?
2 and the

expansion of the DBI action gives for them

δS
pX3,X4q
DBI “ T3

ż

dτ d3ξ
?
grgabBaϕ̄Bbϕ` ϕ̄pp1´ κ2qϕ` 2κ 9ϕ´ :ϕqs . (4.28)

After introducing Fourier modes, this is a complex scalar on S3 with mass

X3, X4 : M2 “ 1` pnβ ` iκq2 . (4.29)

In this case, the conformally coupled scalars have an imaginary shift in nβ in the Kaluza-Klein
mass term, similar to what happens in the M5 brane case studied in [35].

S5 sector. In the sphere sector we parametrize fluctuations by setting

w “ arccos
1´ 1

4pY
2

1 ` Y 2
2 q

1` 1
4pY

2
1 ` Y 2

2 q
, z “ arctan Y2

Y1
, (4.30)

so that

dw2 ` sin2w dz2 “
dY 2

1 ` dY 2
2

“

1` 1
4pY

2
1 ` Y 2

2 q
‰2 , (4.31)

and

ds2
S5 “ rp1´ YcYcqgab ` BaYcBbYcs dξ

adξb ` p 9Yc 9Ycqpdξ
1q2 ` off diagonal terms . (4.32)

This gives the following action from DBI at quadratic order16

δSDBI “
1
2T3

ż

dτ d3ξ
?
g rgabBaY ¨ BbY ` 9Y 2 ´ 3Y 2s . (4.33)

The Wess-Zumino term is

SWZ “ ´iT3

ż

cos4w dz ^ volS3 “ ´iT3

ż

r1´ 2Y 2s
Y1dY2 ´ Y2dY1

Y 2 ^ volS3 , (4.34)

16Notation is Y “ pY1, Y2q, Y 2
“ Y ¨ Y “ Y 2

1 ` Y 2
2 , etc.
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and thus the contribution to the fluctuations action is

δSWZ “ T3

ż

dτ d3ξ
?
gp4i Y1 9Y2q . (4.35)

The total δS “ δSDBI ` δSWZ reads

δS “
1
2T3

ż

dτ d3ξ
?
grgabBaY ¨ BbY ` 9Y 2 ´ 3Y 2 ` 8i Y1 9Y2s . (4.36)

Introducing again complex combinations η “ Y1`iY2?
2 , η̄ “ Y1´iY2?

2 , we get

δS “ T3

ż

dτ d3ξ
?
grgabBaη̄Bbη ` η̄p´3η ` 4 9η ´ :ηqs . (4.37)

After introducing Fourier modes in τ , this corresponds to a complex field η with the following
squared mass

M2 “ 1` pnβ ` 2iq2 . (4.38)

4.3.2 Fermionic fluctuations

At quadratic order in the fermions, the Euclidean fermionic action of the D3 brane is
decoupled from the gauge fields and reads [57–59]

SF “
1
2T3

ż

d4ξ
a

det gΘp1´ ΓD3qΓαDαΘ , (4.39)

where Θ is a doublet of 10d positive chirality Majorana-Weyl spinors, Γα “ Bαx
mΓm,

Dα “ Bαx
mDm are pullbacks, and ΓD3 is a projector required by κ-symmetry invariance.

The 10d covariant derivative is

Dm “ ∇m `
1
16

{F p5qΓm b piσ2q , (4.40)

with iσ2 acting in doublet space. Let us use Latin letters for 10d indices 0, 1, . . . , 9, Greek
letters for D3 brane worldvolume indices 1, 2, 3, 4, and underlined indices for flat tangent
directions 0̂, 1̂, . . . . In particular17

ΓD3 “
εα1...α4

4!
?
det g

Γα1...α4 “ Γ0̂1̂2̂3̂4̂ . (4.41)

The two spinors in the doublet Θ “ pθ1, θ2q obey Γ10θi “ θi with Γ10 “ Γ0̂...9̂. We fix
κ-symmetry by p1´ Γ10 b σ3qΘ “ 0 or θ2 “ 0 and we will denote θ ” θ1. Using tΓD3,Γαu “
0, we get

SF “
1
2T3

ż

d4ξ
a

det g θ̄ Γα
ˆ

Dα `
1
16ΓD3 {F 5Γα

˙

θ . (4.42)

Our coordinates are

ds2
ĆAdS5

“ dx2 ` sinh2 x drS3 ` cosh2 x dτ2 , τ “ τ ` β ,

drS3 “ dψ2
1 ` sin2 ψ1 dψ

2
2 ` sin2 ψ1 sin2 ψ2 pdψ3 ` iκdτq2 ,

ds2
S5 “ dw2 ` cos2w dS3 ` sin2w dz2 .

(4.43)

17Γα “ BαXmE
m

mΓm, where E
m

n is the vielbein.
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with ξα being τ and the coordinates of S3. We label them as

Xm x ψ1, ψ2, ψ3 τ “ ξ1 w S3 “ pξ2, ξ3, ξ4q z

m 0 6, 7, 8 4 5 1, 2, 3 9

On the classical solution, that has in particular x “ 0, we remark the non-zero spin-connection
Ω4̂0̂

4 “ cosh x that will play an important role. The induced covariant derivative is

Dα “ BαX
mDm “ BαX

m

ˆ

Bm `
1
4Ω

ab
mΓab

˙

. (4.44)

For m “ 1, 2, 3, 4 we have BαX
m “ δmα on the classical solution, so

Dα “ Bα `
1
4Ω

ab
α Γab . (4.45)

For α “ 1, 2, 3 on classical solution we obtain just the covariant derivative on S3. For α “ 4

D4 “ B4 `
1
2Γ4̂0̂ . (4.46)

Hence,
SF “

1
2T3

ż

d4ξ
a

det g θ̄ p {D `Mqθ , (4.47)

where

M “ Γ4̂ 1
2Γ4̂0̂Γ4̂ ´

1
16ΓD3Γα {F 5Γα “

1
2Γ0̂4̂ ´

1
16ΓD3Γα {F 5Γα . (4.48)

Around the classical solution Γα “ Γα. Using the 5-form background expression, we get

{F 5 “ ´4pΓ0̂6̂7̂8̂4̂ ` Γ5̂1̂2̂3̂9̂q . (4.49)

Thus,
3
ÿ

α“1
Γα {F 5Γα “ ´4ˆ 3p´Γ0̂6̂7̂8̂4̂ ` Γ5̂1̂2̂3̂9̂q , Γ4̂ {F 5Γ4̂ “ ´4pΓ0̂6̂7̂8̂4̂ ´ Γ5̂1̂2̂3̂9̂q . (4.50)

The chirality constraint gives

Γ0̂1̂2̂3̂4̂5̂6̂7̂8̂9̂θ “ θ, Γ0̂6̂7̂8̂4̂5̂1̂2̂3̂9̂θ “ ´θ, Γ5̂1̂2̂3̂9̂θ “ ´Γ4̂8̂7̂6̂0̂θ “ Γ0̂6̂7̂8̂4̂θ , (4.51)

and Γα {F 5Γα “ 16Γ0̂6̂7̂8̂4̂. The mass term is therefore

M “
1
2Γ0̂4̂ ´ Γ0̂1̂2̂3̂4̂Γ

0̂6̂7̂8̂4̂ “
1
2Γ0̂4̂ ` Γ1̂2̂3̂6̂7̂8̂ “

1
2Π1 `Π2 , (4.52)

with commuting Π1,2 with Π2
1,2 “ ´I.

In conclusion, expanding fermions in Fourier modes along the thermal cycle, B1 Ñ inβ,
and diagonalizing the two projectors, we obtain the Dirac operators

DF “ iΓi∇i `M, M “ nβ ` iν, ν “ ˘
1
2 ,˘

3
2 . (4.53)

If needed, the squared fermionic operator is

∆ 1
2
“ ´∇2

S3 `
1
4R`M2 “ ´∇2

S3 `
3
2 `M2 , (4.54)

where ∇S3 contains the spinor connection and we used the scalar curvature RpS1 ˆ S3q “

RpS3q “ 6.
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fluctuations X1, X2 X3, X4 Y1, Y2 ψ Va

ν 0 1 2 1
2 ,

1
2 ,

3
2 ,

3
2 0

Table 1. Shifts for the S1
β reduced mass term of conformally coupled fluctuations on S1

β ˆ S3.

4.3.3 Gauge field fluctuations

At quadratic order, the gauge field decouples from the other fluctuations and its action is
the Maxwell one S “ ´1

4
ş

d4ξ
?
gF 2 on S1

β ˆ S3. At this order, the background twist is not
seen. So, we don’t need any shift in its mass after expansion in S1

β modes. As expected
from supersymmetry, the field strength Fab together with the 6 scalars and 4 Majorana-Weyl
fermions is part of an Abelian N “ 4 Maxwell multiplet.

4.4 Unflavored Schur index from twisted N “ 4 fields on S1
β ˆ S3

For the fields in the N “ 4 Maxwell multiplet on S1
β ˆS3, including values of the shifts in the

mass term for scalars and fermions we found the values summarized in table 1. The associated
single particle partition functions can be obtained for ν “ 0 by using conformal symmetry
(and the absence of conformal anomaly in the S1 ˆ S3 case) and mapping the problem to
operator counting on R4 [40, 41]. The ν ą 0 case corresponds to a simple dressing by the
universal factor 1

2pq
ν ` q´νq, see [35] for the completely analogous 6d calculation. This gives

pZϕpq; νq “ qp1´ q2q

p1´ qq4
qν ` q´ν

2 ,

pZψpq; νq “ 4q3{2p1´ qq

p1´ qq4
qν ` q´ν

2 ,

pZV pqq “
2q2p1´ qqp3´ qq

p1´ qq4 .

(4.55)

To recall, in (4.55) the common denominator p1´ qq4 corresponds to the application in all
possible ways of the four derivatives Bµ to the fields ϕ, ψ, V . For scalars, the numerator
q ´ q3 correspond to the elementary field ϕ with a subtraction of the vanishing equation of
motion B2ϕ “ 0. For the four Majorana-Weyl fermions, the numerator q3{2 ´ q5{2 corresponds
similarly to the elementary field ψ with subtraction of {Bψ “ 0. For the gauge field, the terms
in 2q2p1 ´ qqp3 ´ qq “ 6q2 ´ 8q3 ` 2q4 have a similar origin. We have six gauge invariant
fields Fµν , the subtraction of vanishing 4` 4 terms from BµFµν “ 0 and BµF ‹

µν “ 0, and the
double subtraction (thus with positive sign) of the scalar quantities BµBνFµν “ BµBνF ‹

µν “ 0.
Using data in table 1, we get (including the fermion sign)

pZpqq “ pZscalarspqq ` pZfermionspqq ` pZV pqq “ 1` 1
q
´ q , (4.56)

with
pZscalarspqq “ 2rpZϕpq; 0q ` pZϕpq; 1q ` pZϕpq; 2qs ,

pZfermionspqq “ ´2rpZψpq; 1
2q `

pZψpq; 3
2qs .

(4.57)
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fluctuations X1, X2 X3, X4 Y1, Y2 V a ψp1{2q ψp3{2q total

# zero modes 0 2 8 0 0 ´8 2

Table 2. Number of zero modes for the various bosonic and fermionic fluctuations. Fermionic
fluctiations are labeled with their shift ψpνq and the negative sign is the p´1qF to be taken into account
in total.

The equality in (4.56) is in agreement with (4.18). The constant term in (4.56) leads to a
formal divergence in the index after plethystic exponentiation. It originates from an effective
total of two bosonic zero modes. Recall that each bosonic/fermionic zero mode contributes
a constant term ˘1

2 to the total Zpqq. From the expansion of expressions (4.55), one finds
the zero mode counting in table 2. As in the M5 case discussed in [35], with the standard
normalization of the D3 brane path integral, each zero mode is expected to contribute a factor
of T1{2

3 „
?
N . This explains the peculiar “wall-crossing” enhancement factor of N in (2.15),

from the total of 2 zero modes. This factor is fully regularized in the index expression with
non-trivial fugacity u, as discussed in next section.

4.5 Supersymmetric Casimir energy on the wrapped brane

Using (4.15) for the partition functions in (4.55), we compute the following supersymmetric
Casimir energies18

Eϕc pνq “
1´ 10ν4

240 , Eψc pνq “ ´
17´ 120ν2 ` 80ν4

960 , EVc “
11
120 , (4.58)

that reduce to the standard values for ν “ 0, see for instance table 2 in [60] (there, the minus
sign for fermions is not incorporated in Ec). The total is

ED3
c “ 2Ec,ϕp0q ` 2Ec,ϕp1q ` 2Ec,ϕp2q ´ 2Ec,ψp1

2q ´ 2Ec,ψp3
2q ` Ec,V “ ´1, (4.59)

which is of course also immediately obtained using the total single particle function in (4.56).
This supersymmetric Casimir energy is equivalently obtained as, cf. (2.1),

ED3
c “

1
2ζ

D3p´1q, ζD3psq “
ÿ

p´1qF pH ` J ` J̄q´s , (4.60)

where the sum is over the single particle states of the modes on the wrapped D3 brane and
should not be confused with the same quantity for N “ 4 SYM (hence the “D3” label). In
more details, the states are derived in appendix A of [11] that we summarize in table 3 for
the convenience of the reader. These fields are the modes on the Z “ 0 brane. They are
obtained decomposing the Maxwell multiplet with respect to the unbroken supersymmetry on
the brane wrapped on S1 ˆ S3. In particular, they are organized in multiplet of the bosonic
algebra SUp2qJ ˆ SUp2qJ̄ ˆ SUp2qR ˆ SUp2qR̄ (we omit Up1q factors not relevant for our
discussion). The index ℓ “ 0, 1, 2, . . . represents the angular momentum after Kaluza-Klein

18Strictly speaking, what is relevant here is the sum over all fields belonging to the Maxwell multiplet. Still,
it may be of interest to give the individual fluctuation contribution to the total.
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state H J J̄ R R̄

ϕ̄ ℓ´ 1 0 0 ℓ
2

ℓ
2

χ̄ ℓ´ 1
2 0 1

2
ℓ
2

ℓ´1
2

F´ ℓ 0 0 ℓ
2

ℓ´2
2

ψ ℓ´ 1
2

1
2 0 ℓ´1

2
ℓ
2

w ℓ 1
2

1
2
ℓ´1

2
ℓ´1

2

ψ̄ ℓ` 1
2

1
2 0 ℓ´1

2
ℓ´2

2

state H J J̄ R R̄

F` ℓ 0 0 ℓ´2
2

ℓ
2

χ ℓ` 1
2 0 1

2
ℓ´2

2
ℓ´1

2

ϕ ℓ` 1 0 0 ℓ´2
2

ℓ´2
2

Table 3. Single particle states on the wrapped D3 brane and their quantum numbers. A value of J
corresponds of course to a full SUp2q multiplet with 2J ` 1 values of Jz, and the same for J̄ , R, R̄.

expansion in S3 spherical harmonics. Summing over the states in the table we get

ζD3psq “ Sℓ“0psq ` Sℓ“1psq `
8
ÿ

ℓ“2
Sℓpsq, Sℓpsq “

ÿ

fixed ℓ

p´1qF pH ` J ` J̄q´s , (4.61)

where Sℓpsq is a finite sum and we need to split ℓ “ 0 and ℓ “ 1 because representations with
negative R or R̄ should be omitted. From table 3 we compute

ζD3p´1q “ ´1`0` lim
sÑ´1

8
ÿ

ℓ“2
rpℓ´1q´s´2ℓ´s`pℓ`1q´ss “ ´1` lim

sÑ´1
p1´2´sq “ ´2. (4.62)

Plugging this in (4.60) we match (4.59). Of course this had to work a priori, but the aim of
the above discussion is to emphasize the origin of the supersymmetric Casimir energy as a
regularized sum of the combination of H and J, J̄ appearing in the index, see also [61–63]
for wrapped M5 brane in the context of the 6d p2, 0q theory. Notice that the peculiar 1{q
term in (4.56), or “´1” term in (4.62), comes from the ℓ “ 0 mode of the scalar ϕ̄. This
negative energy state is not a tachyon and is compatible with unbroked supersymmetry due
to the non-trivial geometry of the wrapped brane.

5 Flavored Schur index

In our approach, the introduction of flavor fugacities in the superconformal index does not
pose conceptual problems. Still, it is instructive to work out the details and, in particular,
how the extra fugacities are included in the operator counting partition functions (4.55).
Consistently with the constraint in (2.1), we take

pu1, u2, u3q “ pu, u´1, 1q . (5.1)

As a first remark, the effect of the twist related to the J, J̄ charges in (2.5) does not interfere
with the u-dependent twists in the S3 part of the brane worldvolume for the configuration
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Z “ 0. Indeed, as discussed in [35] in the case of the M5 brane system, in a static gauge
the ν shift does not depend on u that can be absorbed in the non-fluctuating coordinates
of S3. This will not be true for the X “ 0 and Y “ 0 configurations and will lead to a u

dependent correction to the shift ν.
Apart from the set of shifts ν, what remains to be found is the suitable u-dependent

generalization of the single particle partition functions in (4.55) obtained in principle from
the study of the N “ 4 Maxwell multiplet fields on the 4d space S1

β ˆ
rS3 where rS3 is obtained

from S5 with twisted metric

ds2
rS5 “

3
ÿ

i“1

„

dn2
i ` n2

i pdφi ` iαi dτq
2
ȷ

,
3
ÿ

i“1
n2
i “ 1 , (5.2)

where the three mixing coefficients αi are related to ui by qαi “ ui and the wrapped
configurations X “ 0, Y “ 0, Z “ 0 correspond to n1 “ 0, n2 “ 0, n3 “ 0, respectively.

A second remark concerns the classical factors uN , u´N in (3.14). Given a wrapping
with ni “ 0, the 4-form (4.7) requires dz Ñ dz ` iα dτ where z is identified with the angle
φi and α ” αi. Evaluation of the classical D3 action reproduces those factors from the
Wess-Zumino part Scl

WZ.

5.1 Single particle partition functions of twisted fields in S1
β ˆ S3

What remains to be done is to compute the modified pZpq; νq Ñ pZpq, u; νq in (4.55). Again,
this has a simple operator counting derivation. Before discussing that, let us work out
explicitly the result for a scalar field to show the structure of the expected result. By a
relabeling of coordinates we can write the twisted rS3 metric (in all configurations) as

ds2
rS3 “ dn2

1 ` dn2
2 ` n2

1pdφ1 ` iαdτq2 ` n2
2pdφ2 ` iα1dτq2, n2

1 ` n2
2 “ 1 . (5.3)

Changing coordinates, this gives the metric of S1
β ˆ rS3 as

ds2
1
β
ˆrS3 “ dτ2 ` dχ2 ` cos2 χ pdφ1 ` iαdτq2 ` sin2 χ pdφ2 ` iα1dτq2 . (5.4)

A convenient basis for the eigenfunctions of the Laplacian on the standard S3 is (see,
e.g., [64, 65])

Φp,r1,r2 “ fp,r1,r2pχq e
ipr1`r2qφ1 eipr2´r1qφ2 , r1, r2 “ ´

1
2p, . . . ,

1
2p , p “ 0, 1, . . . . (5.5)

Using this representation for the wave-functions after a redefinition of φ1, φ2 that momentarily
absorbs τ in the mixing terms, we get the scalar free energy19

F “ 1
2 log detp´∇2 ` 1q

“ 1
2

8
ÿ

p“0

p{2
ÿ

r1,r2“´p{2
log

”

`

n
β
` iαpr1 ` r2q ` iα1pr1 ´ r2q

˘2
` ppp` 2q ` 1

ı

.
(5.6)

19For the standard Laplacian on S3 we have λp “ ppp ` 2q and dp “ pp ` 1q2 and for a conformally coupled
scalar we need to add 1 to λp.
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The corresponding thermal partition function and the single-particle partition function
are then

F̄ “

8
ÿ

p“0

p{2
ÿ

r1,r2“´p{2
logr1´ e´βpp`1`pαpr1`r2q`α1pr1´r2qqs (5.7)

and

pZϕpq, u, u1q “
8
ÿ

p“0

p{2
ÿ

r1,r2“´p{2
qp`1`αpr1`r2q`α1pr1´r2q

“
q ´ q3

p1´ u qqp1´ u´1 qqp1´ u1 qqp1´ u1´1 qq
,

(5.8)

where we denoted

u “ qα, u1 “ qα
1

. (5.9)

This expression admits a simple derivation from operator counting in Rˆ rS3 where we assign
the weights u, u´1 to two vector indices and u1, u1´1 to the other two. For a scalar field, the
numerator of (5.8) corresponds to ϕ and the subtraction of the equations of motion B2ϕ.
Both are scalar and no factors u, u1 are necessary. The denominator factors corresponds
to derivatives Bµ and they have one vector index with the above weights. For a spinor,
one finds the same effect in derivatives plus the u, u1 factors associated with the spinor
indices (same for ψ and {Bψ)

pZψpq, u, u1q “ pu1{2 ` u´1{2qpu11{2 ` u1´1{2q
q3{2p1´ qq

p1´ u qqp1´ u´1 qqp1´ u1 qqp1´ u1´1 qq
. (5.10)

Finally, for the gauge field, the result is

pZV pq, u, u1q “
c1pu, u

1qq2 ´ c2pu, u
1qq3 ` 2q4

p1´ u qqp1´ u´1 qqp1´ u1 qqp1´ u1´1 qq
,

c1pu, u
1q “ 2` pu` u´1qpu1 ` u1´1q

c2pu, u
1q “ 2 pu` u´1 ` u1 ` u1´1q .

(5.11)

Here, the q2 term in the numerator corresponds to six Fµν fields with the u, u1 weights
carried by the two vector indices

field F12 F13 F14 F23 F24 F34

weight 1 uu1 uu1´1 u´1u1 u´1u1´1 1

with total equal to c1pu, u
1q. The q3 term is the subtraction of overcounted derivatives on the

vanishing BµFµν “ 0 and BµF ‹
µν “ 0. These have one vector index and give total c2pu, u

1q.
Finally, the 2q4 term accounts for the overcounted derivatives BµBνFµν “ BµBνF ‹

µν “ 0. These
have no free indices and thus no u, u,1 weights.

Using the above considerations we can discuss now separately the contribution from
the Z “ 0 brane, symmetric under uÑ u´1, and those of the X “ 0, Y “ 0 branes, related
by u Ñ u´1, cf. (3.12).
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5.2 Z “ 0 brane contribution

Let us consider the D3 brane wrapped on Z “ 0. Its single particle index reads20

pID3
Z pq, uq “

q´1 ´ 1´ pu` u´1q q ` 3q2 ´ q3

p1´ uqqp1´ u´1qq
. (5.12)

This configuration does not contribute the Schur index, consistently with cf. (3.14). This
is due to the fermionic term ´1 in the expansion of pID3,Z“0

pID3
Z pq, uq “ q´2 ` u` u´1 ´ 1` Opqq , (5.13)

that gives a zero after plethystic, see [5] for more discussions. Nevertheless, it is instructive
to derive (5.12) — thus at the level of single particle index which is non-vanishing. One
can check that the generalization of (4.56) is

pZscalars
Z pq, uq ` pZfermions

Z pq, uq ` pZVZ pq, uq “ pID3
Z pq, uq , (5.14)

with
pZscalars

Z pq, uq “ 2rpZϕZpq, u; 0q ` pZ
ϕ
Zpq, u; 1q ` pZ

ϕ
Zpq, u; 2qs ,

pZfermions
Z pq, uq “ ´2rpZψZpq, u;

1
2q `

pZ
ψ
Zpq, u;

3
2qs ,

(5.15)

and
pZ
ϕ
Zpq, u; νq “

qp1´ q2q

p1´ uqq2p1´ u´1qq2
qν ` q´ν

2 ,

pZ
ψ
Zpq, u; νq “ pu` 2` u´1q

q3{2p1´ qq

p1´ uqq2p1´ u´1qq2
qν ` q´ν

2 ,

pZVZ pq, uq “
pu2 ` 4` u´2q q2 ´ 4 pu` u´1qq3 ` 2q4

p1´ uqq2p1´ u´1qq2 ,

(5.16)

which are the single particle partition functions in (5.8), (5.10), and (5.11), with u1 “ u´1,
dressed by the universal factor taking into account the ν shifts in table 1 for scalars and
fermions.21

5.3 X “ 0 brane contribution

In this case, we have to set u1 “ 1 and the single particle partition functions to be used are

pZ
ϕ
Xpq, u; νq “

qp1´ q2q

p1´ uqqp1´ u´1qqp1´ qq2
qν ` q´ν

2 ,

pZ
ψ
Xpq, u; νq “ 2 pu1{2 ` u´1{2q

q3{2p1´ qq

p1´ uqqp1´ u´1qqp1´ qq2
qν ` q´ν

2 ,

pZVX pq, uq “
2pu` 1` u´1q q2 ´ 2 pu` 2` u´1q q3 ` 2q4

p1´ uqqp1´ u´1qqp1´ qq2 .

(5.17)

20Use the general expression (3.4) after permutation of fugacities or take y “ v “ η “ 1 in the last equation
in eq. (4.35) of [5].

21For the Z “ 0 brane, there is no WZ contribution nor DBI mixing u-dependent contribution.
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For this configuration, in the analysis of the fluctuations in S5, we have a non-trivial mixing
in the WZ term that will correct the value of ν. This is due to dz Ñ dz` iαdτ with qα “ u in

ds2
rS5 “ dw2 ` cos2w dS3 ` sin2w pdz ` iαdτq2 ,

C4 “ iT3 cos4w pdz ` iαdτq ^ vol
rS3 .

(5.18)

Repeating the calculation in section 4.3.1 with the replacement gab Ñ ḡabpuq (the twisted
S3 metric), we have now

ds2
rS5 “ rp1´ Y 2qḡab ` BaY ¨ BbY s dξadξb

` r 9Y 2 ` 2iαpY1 9Y2 ´ Y2 9Y1q ´ α2 Y 2spdξ1q2 ` off diagonal terms , (5.19)

that gives the following quadratic expansion of the DBI action

δSDBI “
1
2T3

ż

dτ d3ξ
a

ḡ rḡabBaY ¨ BbY ` 9Y 2 ` 4i α Y1 9Y2 ´ p3` α2qY 2s . (5.20)

The WZ term is

SWZ “ ´iT3

ż

cos4w pdz ` iαdτq ^ vol
rS3

“ ´iT3

ż

p1´ 2Y 2q

ˆ

Y1dY2 ´ Y2dY1
Y 2 ` iαdτ

˙

^ vol
rS3 ,

(5.21)

and thus

δSWZ “ T3

ż

dτ d3ξ
a

ḡ p4iY1 9Y2 ´ 2αY 2q . (5.22)

The total δS “ δSDBI ` δSWZ is

δS “
1
2T3

ż

dτ d3ξ
a

ḡ rḡabBaY ¨ BbY ` 9Y 2 ´ p1` αqp3` αqY 2 ` 4ip2` αqY1 9Y2s . (5.23)

Introducing η “ Y1`iY2?
2 , η̄ “ Y1´iY2?

2 , we get finally

δS “ T3

ż

dτ d3ξ
?
g

„

gabBaη̄Bbη ` η̄

ˆ

´ p1` αqp3` αqη ` 2pα` 2q 9η ´ :η

˙ȷ

. (5.24)

After introducing Fourier modes in τ , this corresponds to a squared mass for the complex
field η given by the expressions

M2 “ 1` pnβ ` ip2` αqq2 . (5.25)

A similar α dependent correction to ν is also present in fermions and the generalization
of relation (4.56) reads now

pZscalars
X pq, uq ` pZfermions

X pq, uq ` pZVX pq, uq “ pID3
X pq, uq , (5.26)

with
pZscalars

X pq, uq “ 2rpZϕXpq, u; 0q ` pZ
ϕ
Xpq, u; 1q ` pZ

ϕ
Xpq, u; 2` αqs ,

pZfermions
X pq, uq “ ´2rpZψXpq, u;

1
2 ` αq ` pZ

ψ
Xpq, u;

3
2 ` αqs ,

(5.27)
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The r.h.s. in (5.26) was given in (3.10) and equality is easily checked using the explicit
expressions (5.17).

We remark that in this case the small q expansion of the single particle brane index reads

pID3
X pq, uq “

1
uq

`
1
u2 ` Opqq, (5.28)

and the term 1{u2 admits a finite plethystic (with singular u Ñ 1 limit) regularizing the
zero mode contribution discussed in the unflavored case.

5.4 Supersymmetric Casimir energy

It is interesting to look at the supersymmetric Casimir energy on the wrapped brane in
presence of the fugacity u ‰ 1. Let us consider as an illustrative example the Z “ 0
configuration. We can write the single particle index in (5.12) as22

pID3
Z pq, uq “

1
q
` u` u´1 ´ 1´ q ` p1´ uq2

8
ÿ

p“1
p1` u2pq

qp

up`1 . (5.29)

The associated zeta-function on the brane, cf. (4.60), is then

ζD3psq “ p´1q´s´1`p1´uq2
8
ÿ

p“1
p1`u2pq

p´s

up`1 “ p´1q´s´1`pu`u´1´2qpLispuq`Lispu´1qq .

(5.30)
Setting s “ ´1 and using Li´1pzq “ z

p1´zq2 gives

ζD3p´1q “ ´2` pu` u´1 ´ 2q
ˆ

u

p1´ uq2 `
u´1

p1´ u´1q2

˙

“ 0, Ñ ED3
c “ 0 . (5.31)

This vanishing implies that the two limits s Ñ ´1 and u Ñ 1 do not commute. A similar
vanishing is obtained for the X “ 0 (and Weyl reflected Y “ 0) configurations.
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A Special functions

We collect in this appendix the definition of the special functions appearing in the text
and some useful identities.

Dedekind eta function

ηpτq “ q
1

12

8
ź

k“1
p1´ q2kq, q “ eiπτ . (A.1)

Theta functions

ϑ1pz, qq “ 2q1{4 sin z
8
ź

k“1
p1´ q2kqp1´ 2q2k cosp2zq ` q4kq ,

ϑ2pz, qq “ 2q1{4 cos z
8
ź

k“1
p1´ q2kqp1` 2q2k cosp2zq ` q4kq ,

ϑ3pz, qq “
8
ź

k“1
p1´ q2kqp1` 2q2k´1 cosp2zq ` q4k´2q ,

ϑ4pz, qq “
8
ź

k“1
p1´ q2kqp1´ 2q2k´1 cosp2zq ` q4k´2q .

(A.2)

q-Pochhammer

pa, qq8 “

8
ź

k“0
p1´ a qkq . (A.3)

Notice that we can write the Dedekind function in (A.1) as

ηpτq “ q
1

12 pq2, q2q8 . (A.4)

B Doubly wrapped D3 brane index in closed form and analytic
continuation

In this appendix we discuss the evaluation of the doubly wrapped D3 brane index ID3
X,2pq, uq.

We will get it by computing the exact refined index for N “ 4 Up2q SYM and applying (3.13)
to the result. This has to be compared with the approach in [8] where analytic continuation
is done at the level of the single particle index, thus requiring some ad hoc procedure to
evaluate holonomy integrals.

The refined Schur index in N “ 4 UpNq SYM is given by the holonomy integral

ISYM
N pq, uq “

1
N !

¿

|zn|“1

N
ź

n“1

dzn
2πizn

ź

n‰m

ˆ

1´ zn
zm

˙

PE
„

pIMaxwellpq, uq
N
ÿ

n,m“1

zn
zm

ȷ

, (B.1)

where, cf. (2.16),

pIMaxwellpq, uq “
qpu` u´1q ´ 2q2

1´ q2 , (B.2)
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and zn are gauge fugacities for the Maxwell multiplet in adjoint representation. In the
N “ 2 case one of the two integrations trivializes and we can set from the start z1 Ñ z,
z2 Ñ 1. This gives

ISYM
2 pq, uq “

¿

|z|“1

dz

2πiF pz; q, uq, (B.3)

with
F pz; q, uq “ 1

2z PE
„

2´
p1´ q

uqp1´ quq

p1´ q2q
pz ` 2` z´1q

ȷ

. (B.4)

After some rearrangement this can be written

F pz; q, uq “ ´
pq2; q2q4

8p1
z ; q

2q2
8pz; q2q2

8

2p1´ zq2p qu ; q2q2
8pqu; q2q2

8p
q
uz ; q2q8p

qu
z ; q2q8p

qz
u ; q2q8pquz; q2q8

. (B.5)

The index of the D3 brane wrapped k times over X “ 0 is given by (3.13). The problem is
that if we start with a q-series for ISYM

k pq, uq, the transformation

q Ñ q1{2u´1{2, uÑ q´3{2u´1{2 , (B.6)

will convert it into a series with an infinite number of singular terms 1{qn mixed with 1{um

and these have to be resummed before re-expanding at small q and |u| ă 1. The strategy
adopted in [8] was based on applying (B.6) to F pz; q, uq, expand in small q and then deform
the integration contour of tznu in order to pick the relevant poles, no more in the circle
|z| “ 1. In addition, when taking the q expansion of F pz; q1{2u´1{2, q´3{2u´1{2q some spurious
poles collapse at z “ 0 and have to be subtracted by hand. Here, we adopt a direct approach
and evaluate (B.3) in closed form. The result will be expressed in terms of elliptic functions
and the continuation (B.6) will be easy to perform exploiting their symmetries. After that,
the small q expansion can be safely done.

As a first step, we use the triple product representation

ϑ4pu, q
1{2q “ pq, qq8px, qq8pq{x, qq8, x “ q1{2e2iu , (B.7)

and the shift relation

ϑ1pu, qq “ ie´iuq1{4ϑ4pu´
π

2 τ, qq , (B.8)

where our convention is q “ eiπτ as in (A.1). If we parametrize

z “ e2πix, u “ e2πiU , (B.9)

we get

ISYM
2 pq, uq “

1
2q

ηpτq6

ϑ4pπU, qq2

¿

dz

2πiz
ϑ1pπx, qq

2

ϑ4pπx´ πU, qqϑ4pπx` πU, qq
. (B.10)

This integral has been evaluated in [66] (or using the methods of [39], who treated the very
similar SUp2q case) and the results reads (ϑ1apu, qq “ Buϑapu, qq)

ISYM
2 pq, uq “

1
2q

ηpτq3

ϑ4pπU, qq

ϑ14pπU, qq

ϑ1p2πU, qq
. (B.11)
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As a check we can write in u Ñ 1 limit (or U Ñ 0)

ISYM
2 pq, uq “

1
ϑ4p0, qq

p1´4q3`9q8´16q15`25q24`¨ ¨ ¨ q “
1

ϑ4p0, qq

8
ÿ

k“0
p´1qkpk`1q2qkpk`2q ,

(B.12)
in agreement with eq. (21) of [38]. To this expression, we can apply the analytic contin-
uation (B.6) and get, from (3.13),

ID3
X,2pq, uq “ ISYM

2 pq1{2u´1{2, q´3{2u´1{2q

“
1
2p

u
q q

3{8p qu ,
q
uq

3
8

ϑ14p2πU ` 3π
2 τ

1,
?
q

?
u
q

ϑ1p4πU ` 3πτ 1,
?
q

?
u
qϑ4p2πU ` 3π

2 τ
1,

?
q

?
u
q
,

(B.13)

where τ 1 is such that ?
q{
?
u “ eiπτ

1 . Now, we use the general formula

ϑ1pu`mπτ, qq “ p´1qmq´me´ip2mu`mpm´1qπτqϑ1pu, qq , (B.14)

to get

ϑ1pu` 3πτ, qq “ ´q´9e´6iuϑ1pu, qq . (B.15)

Also, from (B.8) and (B.14), one easily obtains

ϑ4pu`
3π
2 τ, qq “ ´ie´3iuq´9{4ϑ1pu, qq . (B.16)

Differentiating with respect to u gives also

ϑ14pu`
3π
2 τ, qq “ ´e´3iuq´9{4r3ϑ1pu, qq ` iϑ11pu, qqs . (B.17)

From these relations, we obtain the following closed formula for the 2-wrapped D3 brane index

ID3
X,2pq, uq “

i

2q
33{8u63{8p qu ,

q
uq

3
8

3ϑ1p2πU,
?
q

?
u
q ` iϑ11p2πU,

?
q

?
u
q

ϑ1p2πU,
?
q

?
u
qϑ1p4πU,

?
q

?
u
q

(B.18)

Expanding this in powers of q gives the following terms

ID3
X,2pq,uq “

u10p2´u2qq4

p1´u2qp1´u4q
`u5p2´u4qq5`p2`2u6´u12qq6

`

ˆ

2
u5 `3u7´u15

˙

q7`

ˆ

3` 2
u10 `3u8´u18

˙

q8`

ˆ

2
u15 `

1
u3 `4u9´u21

˙

q9

`

ˆ

3` 2
u20 `

4
u6 `4u10´u24

˙

q10`¨ ¨ ¨ , (B.19)

in full agreement with the third line in eq. (18) of [8].
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