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1 Introduction

The AdS/CFT correspondence establishes a duality between a boundary conformal gauge
theory and a string dual where N ~ 1/gs at constant 't Hooft planar coupling, with N being
the gauge group rank and g5 the string coupling. A general puzzle appearing at finite N
is that the number of boundary gauge theory states at fixed conserved charges decreases
due to trace relations while non-perturbative states in the gravity theory become lighter at
increasing gs. A way out of this apparent contradiction is to call on some kind of stringy
exclusion principle [1, 2].

A context where this issue can be addressed is the study of finite N corrections to the
superconformal index [3] of a supersymmetric gauge theory with gravity dual. These are
corrections that in many instances take the form of a giant graviton-like expansions [4] and



originate from gauge theory states with R-charge of order N. Let us denote by Ix(q) the
superconformal index with ¢ collectively standing for the set of fugacities. Finite IV effects
admit the (typical) representation!

In(q) = Ikx(q) [1 + >0 " IEG(Q)] ’ (1.1)

k=1

where Ixk(q) = Ix(q) is the N — oo limit of the index and the key property of the
quantities 1% (q) is that they do not depend on N, at least at generic points in fugacity
space. Thus, (1.1) encodes the full finite N dependence of the index as a sum of corrections
that are non-perturbative at large N.

The naming of the expansion is due to the fact that finite N corrections to the large N
index are captured on gravity side by certain wrapped D-branes BPS large “giant” configura-
tions. This interpretation was developed on a quantitative level in the works of Imamura
and collaborators [5-14] (see also [15]) where a systematic analysis of finite N effects in
superconformal index from wrapped branes was carried out. In that approach, the factor
Ixk (q) is the contribution to the index from supergravity Kaluza-Klein BPS states (hence the
label). The “classical” factor ¢*N comes from the classical action of the wrapped brane, with
k being a topological wrapping number. The remaining non-trivial pieces IkGG(q) represent
the index of fluctuation modes on the wrapped brane, a non-trivial superconformal theory
with BPS reduced supersymmetry.?

The relation between (1.1) and a possible manifestation of a stringy exclusion principle
lies in the fact that contributions at increasing k have typically alternating signs. As an
illustrative paradigmatic example, the %—BPS index of 4d N = 4 U(N) SYM theory on
St x 83 takes the form (1.1) with (R is a Cartan of the SU(4) R-symmetry and (q)y is
the Pochhammer symbol)

1 R L E D2

M(g) = Tr(-1)"¢" = <, T(g) = (-1) r

(@)n (12
where the trace is restricted to 3-BPS states. The factor (—1)* inside Tk(q) suggests the
emergence of an extra bulk grading [20, 21]. As remarked in [22], this grading is closely related
to the fact that the giant graviton expansion from the bulk is an Euclidean functional integral
calculation where higher order terms are saddles with k coinciding giants. The bulk grading
leads to cancellations that implement the exclusion principle and are necessary for the index

to reproduce black hole physics as shown recently in [23, 24].> The extra grading emerging in

!For instance, the term ¢*Y may be replaced by ¢**V with some constant a. Also, the index k is often a
multi-index. In the present discussion, these details are not relevant.

2Working on the gauge theory side, apart from AdS/CFT, the expansion (1.1) was shown to arise counting
invariants in any unitary matrix model [16]. The expansion can be derived by free-fermion methods and
interpreted as an instanton expansion in gauge theory in [17]. The first and second terms in this free-fermion
expansion were derived in [16] and [18]. The expansion obtained by this approach is exact but does not agree
term by term with the wrapped D-brane expansion. This is not a contradiction because at mathematical level
the index itself does not determine Ix(g) in (1.1), see for instance [19].

30utside the context of giant graviton expansions, it is known that states in the index with charge of order
N? can reproduce the entropy of supersymmetric black holes in AdSs [25-30].



the giant graviton expansions suggests that open strings on D-branes are presumably not
dual to physical states of the boundary gauge theory. As recently pointed out in [21], they are
objects that cancel out the redundancies among states at finite IV or, in other words, are dual
to massive auxiliary ghost states on the boundary. Technically, this holds for normalizable
states, while other states associated with open strings on D3 giants are dual to gauge theory
physical operators with R-charge of order N [31-33].%

From the above considerations, a key achievement in this context is the ability to evaluate
the brane indices I¢%(g) in (1.1) on the gravity side of any given model. This is interesting
already at leading wrapping k& = 1 because the superconformal theory of fluctuations on the
BPS wrapped D-branes (breaking a fraction of the original supersymmetry) is non-trivial
and depends on the wrapping geometry.

In the approach of Imamura et al., brane indices are obtained by heavily relying on the
unbroken superconformal symmetry of the wrapped brane which is cleverly mapped to the
boundary symmetry algebra. This approach provides the brane indices IgG(q) in terms of
the index of a simpler boundary SCFT by analytic continuation in fugacity space.

Recently, the analysis of (leading) finite N corrections to refined superconformal indices
was reconsidered by direct semiclassical analysis of branes wrapped in a twisted string
background with peculiar mixing terms in the metric and supporting forms. The twist terms
implement the geometrization of fugacities present in the definition of the index.

This programme has been accomplished for the superconformal index of the 6d (2,0)
theory on Sé x S® (3 being the length of the thermal circle) whose finite NV corrections are
reproduced by semiclassical M2 brane wrapped on S x §? in a twisted M-theory background
AdS; x S* [34]. A similar analysis has been performed for the “mirror” case of the index of
3d N = 8 supersymmetric level-one U(N) x U(N) ABJM theory on Sé x S? whose finite N
corrections are computed by semiclassical M5 brane wrapped on ST x S in twisted AdSy x S7
background [35]. To recall, the leading non-perturbative correction to the unrefined index
in the two cases had the following form (see appendix A for notation)

070 = 1500 |1 L o). ¢=< (3

/
M) = k™M () [1 - éN3<(q’,qq’)Zo + .. > ¢ + O(q’QN)], ¢ =e. (14)
The correction in (1.3) has the form (1.1), with the leading brane index I$“ (¢) being a
rational function of ¢. The result for ABJM in (1.4) is different in two respects. First, the
dependence on ¢ is no more rational, but involves instead an infinite product. Second, the
brane index has an extra N dependence apart from that in the classical factor ¢”V. The
correction indeed has an overall N? factor plus subleading corrections in 1/N denoted by
dots in (1.4). This is a common feature of unrefined indices. As we mentioned before, the
expansion (1.1) — with N independent brane indices I1$%(g) — holds at generic points in

4The relation between giant brane configurations and the exclusion principle was already in the original
studies of giant gravitons that were discovered by considering large angular momentum BPS particles moving
in sphere part of AdS,, x S™. At high momentum they become spherical branes (due to the role of the form
fields supporting the geometry) expanding in S™ with the stringy exclusion principle being same as condition
that brane radius cannot exceed sphere one [2].



fugacity space. Additional polynomial dependence on N may occur in unrefined indices and,
more generally, in refined indices at special varieties defined by algebraic relations between
fugacities. This is a form of “wall-crossing” phenomenon [4, 20, 36]. As explained in [35],
in the gravity calculation extra powers of N come from zero modes of fluctuations on the
wrapped brane which are removed (or regularized) when generic fugacities are switched on.

1.1 Summary of results

In this paper, we apply the same strategy back to the simplest and more familiar case of 4d
N =4 U(N) SYM theory where finite N corrections to the index on Sé x §3 originate from D3
branes wrapped on S x S3 in twisted AdSs x S°. In particular, we will focus on the refined
Schur index for which a wealth of useful results are available [36-39] and that was treated by
the symmetry analytic continuation approach in [8]. One motivation for extending the analysis
in [34, 35] to the N = 4 SYM case is that recently a similar (but complementary) analysis
of the %—BPS index appeared in [21, 22]. There, the superconformal index is computed by
localization of the wrapped brane fluctuations, i.e. exploiting supersymmetry from the start.
In particular, and by construction, one keeps only contributions surviving supersymmetry
cancellations. Thus, gapped sectors can be dropped, including non-constant modes on S3,
reducing the problem to the study of a supersymmetric quantum mechanical particle moving
in two dimensions in a constant magnetic field.

Instead, our analysis will be more direct and will be based only on the conformal properties
of the fluctuations. The brane index calculation will thus require a generalization (in presence
of various fugacities) of the operator counting method in [40-42] as in our previous applications
in [34, 35]. For the unrefined Schur index of N =4 U(N) SYM in 5}3 x §3, we will reproduce
the expansion of the exact result in [38], i.e. the leading wrapping correction to the index

19™(g) = T () [1 (V2N o<q2N>] , (15)

which is similar to the 6d (2,0) case in (1.3). Again, the enhancement factor of N originates
from zero modes of fluctuations and is absent in the flavored (or refined) Schur index
I]SVYM(q,u) depending on an additional fugacity v dual to certain R-charges. In this case,
finite N corrections have a dependence on N fully encoded in the classical factor ¢’ with the
brane indices being N independent quantities. The detailed generalization of (1.5) reads

N+1

(g, u) = Ikk (g, u) [1 + <uN+3 G(g,u) —u N1 G(q,u1)> g

i (‘)(qu)] . (1.6)

where the function

(1—u?)? (v lgut 9%

G = = W g u )

: (1.7)

is smooth for u — 1 and admits a Taylor expansion around ¢ = 0.

As a byproduct, the analysis of the index in terms of a twisted partition function allows
one to discuss the supersymmetric Casimir energy [43-46] of the fluctuations on the wrapped
brane. This quantity EP?’ appears in the general relation

Z1(Sh % §%) = e PP T (g), (1.8)



where Z; is the one-loop partition function of fluctuations and T (q) the associated leading
brane index. The resulting value of EP? will be checked to match the regularized sum over
fluctuation modes of the zero point combination of Cartan charges defining the index. In
particular, for the Schur index, we will get EP3(u) = 0 for generic u, and EP3(1) = —1
in the unrefined limit.

To frame our analysis in a more general perspective, let us summarize the current status
of finite IV corrections to superconformal index at large N. As we overviewed, there are
three possible approaches available so far:

a) In the first approach, one uses unbroken superconformal symmetry to predict the brane
index as the analytic continuation in fugacity space of a simpler boundary SCFT index.
This was started in [5] by examining the index of S-fold theories and subsequently
applied to many other models.

b) The second (recent) approach exploits supersymmetry to localize fluctuations on the
wrapped brane. In this framework, the analysis is reduced to considering ungapped
sectors, like the supersymmetric quantum mechanical model of [21, 22] for the %—BPS
index of N =4 SYM.

¢) The third approach, adopted here and previously in [34, 35], directly exploits only
conformal symmetry on the brane worldvolume. For each fluctuation, one determines its
associated partition function on a background with suitable twists related to the index.
The different contributions are finally combined in supersymmetric way (fluctuations
belong to a multiplet of the preserved superconformal symmetry).

It is certainly useful to have several independent techniques available. However, as we
explained, the most interesting physical problems raised by (1.1) require going beyond the
leading wrapping contribution in order to analyze the specific cancellations among higher
order contributions. It is thus important to critically assess the methods in (a), (b), and
(c) from this point of view. As a general comment, at wrapping order k, fluctuations on
the wrapped brane are expected to belong to a U(k) gauge theory, living on the stack of
k branes [4]. In method (a), higher wrapping contributions were computed by introducing
ad hoc rules to handle the holonomy integrals of the U(k) theory. Finding a general rule
seems to be an open problem, see [13, 14] and [20] for recent developments. In method (b),
k-wrapping contributions to the %—BPS index were (not surprisingly) computed by promoting
the supersymmetric quantum mechanical model to a matrix one with fields being U (k)
matrices. This promising approach worked well in the %—BPS index of N = 4 SYM. It
remains to see how the localization approach extends to other models and for refined indices.
Finally, method (c) has been applied so far only to the leading wrapping contribution to
the index. As we mentioned, it has still to be extended to the direct analysis of fluctuations
for the multiply wrapped brane by considering suitable conformal U (k) gauge theories for
each fluctuation. We hope that the interplay between the above-mentioned approaches will
eventually lead to some consistent method to compute at any higher order the finite N
contributions to superconformal indices.



1.2 Plan of the paper

In section 2 and 2.2 we discuss the algebraic aspects of superconformal index of N = 4 theories
in 4d and its Schur specialization for N = 4 U(N) SYM. In section 3 we summarize the
results of [8], i.e. the approach based on exploiting analytic continuation of the preserved
superconformal symmetry on the wrapped D3 branes. In section 4 we introduce a twist
in AdSs and study the fluctuations of D3 branes wrapped on a S! x S3 inside deformed
AdSs x S°. The explicit spectrum of scalar, fermionic, and gauge fluctuations on the brane
are determined. All fluctuations turn out to be conformal fields on S! x 83 with constant
holonomy along the thermal cycle. By computing the associated partition functions using an
extensions of the operator counting method, we reproduce in section 4.4 the leading wrapping
finite N contribution to the unrefined index. The N dependent enhancement in (1.5) is
explained in terms of brane fluctuations zero modes, similar to what happens in the ABJM
index [35]. We also discuss the supersymmetric Casimir energy of the system of fluctuations
on the wrapped D3 brane. Finally, in section 5, we deal with the refined index with an extra
fugacity coupled to R-charges by adding extra twists in S°.

2 N = 4 superconformal index

For a N = 4 theory on R x $3 with PSU(2,2|4) symmetry the superconformal index [3] is
defined as (notation is u = (u1,ug,us))

I(q,y,u) = TerS[(—l)FqH+‘]+Jy2Juflu§2u§‘3] ) uuguz = 1, (2.1)

where H is the dilatation operator, J, J left and right-handed spins® and R; are three Cartan
generators of the R-symmetry su(4). In terms of traceless R, generators of SU(4), with
R!; =0, we have explicitly Ry = (R + R%, — R3%; — R%)), Ry = 3(R'; — R%, + R3; — R%)),
R3 = %(Rll — R%, — R3; + R*)). The BPS condition depends on the specific supercharge
used to define the index and can be taken to read

H—-2J-2R' =0. (2.2)

It is convenient to change basis of fugacities and write

I(q,y,u,v) = Trpps[(—1)F ¢t/ H 7y y fr=F2 Ra=Rs] (2.3)

u=ui, VUV =Uruy .

For an arbitrary N = 2 superconformal theory there is a corresponding chiral algebra and
the Schur index [47] is a specialization of the superconformal index giving the chiral algebra
vacuum character [48]. In our conventions, the Schur limit is y = v = 1,9 i.e. the trace

I(q,u) = Trgps[(—1)" g™+ ufi=fe] (2.5)

5They are suitable generators of the group SU(2) x SU(2), being the R x S* version of the Lorentz group
in RY3.
50ften, the index is defined tracing ¢ */§*” and Schur limit is 7 = q%. In our notation y = q%y and the

Schur limit corresponds to y = 1. The Schur index gets contributions only from states obeying the additional
BPS condition H + 2J + 2R*, = 0 and this allows to replace H + J + J = H — Rs.



2.1 The N = 4 Maxwell multiplet

The N = 4 Maxwell multiplet is a single free vector multiplet with components
Fopy A, ¢17, N4, F% where I,J are SU(4)r indices and ¢;; is in the 2-antisymmetric
representation (with a reality condition). This multiplet transforms as a short representation
of the superconformal algebra and its index is obtained from the plethystic exponential

a0
~ 1
IMaxwell(q’ vy, u, ’U) _ PE[IMaxwell(q’ vy, u, U)] = exp [ Z 7/I\Maxwell(qn’ yn’ un’ Un):| , (26)
n
n=1

with the single particle index [49]

AMaxcwell Cqurout o ) = (Py+qy ) — @t w4 ) + 248
I ((Lyauvv) - 2 ] . (27)
(1—¢*y)(1—qy™)
In the unflavored Schur limit y = v = v = 1, we get
o 2q — 2q¢* 2
/fMaxwell(q) = IMaxvveH(q7 1,1, 1) _ q q q (28)

1—-¢2  1+¢q’
where —2¢? comes from the unflavored indices of a N = 2 vector multiplet and 2¢ from
a N = 2 hypermultiplet.

2.2 Schur index of N =4 U(N) SYM

For a gauge theory with multiplets in the representations R of the gauge group, the index
s [3, 50]

T (g, 1, 0) =JDU1;[exp[§i ,yn,un,vn)m(Un)], (2.9)

where integration is over Haar measure of gauge group and yx is a representation character.
For N = 4 SYM with gauge group U(N), we need to consider a Maxwell multiplet in the
adjoint of U(N). In the unflavored case, this gives the expression [3§]

R
NN 1‘[”194(041 @, q)

where a are gauge group holonomies and definitions of elliptic functions are in appendix A.

, (2.10)

The index may be evaluated at finite N expanding in powers of ¢ and integrating over
a. For the lowest values of N, this gives

EYM(g) =14 2¢+ ¢® +2¢3 + 2¢* +-

BYM(q) = 1+ 2¢ + 4¢° + 4¢% + 6¢* + - 2.11)
BYM(g) = 1+ 2¢ + 4¢% + 8¢° + 9¢* + - '
EYM(g) = 14+ 2¢ + 4¢% + 8¢% + 14¢* + -

The exact result was derived in [38] from (2.10) and takes the giant graviton expansion form

Sl (e e

k:O

ISYM




The coefficients of the expansions (2.11) stabilize for N — oo and correspond to the series

0 0 n
ki () = 15 (q) (1=g™)7 M1 —g ) H (2:13)
n=1 n=1
whose explicit first terms are
Ixk(q) = 1+ 2¢ + 4¢° + 8¢> + 14¢* +18¢° + 28¢5 + - - - . (2.14)

The generating function Ixk(g) reproduces the index of BPS Kaluza-Klein modes of the
supergravity multiplet in AdSs x S° [3]. Including systematically the large N exponentially
suppressed terms in (2.12), we can write the large N expansion of the unflavored index as

R0 = T 1= (V424 GV DO )2V 2

The flavored Schur index is obtained starting from the following replacement in the Maxwell
single particle index

q(u + u_l) — 2¢?

’I\Maxwell( ) 2q — 2(]2
1—q2

q) = . . N ’I\Maxwell(q’ u) - 'I\Maxwell(q’ 1,u, 1) _
—dq

(2.16)
The first term in the numerator comes from the N = 2 hypermultiplet and is due to the extra
fugacity u¥ where R’ is a R-symmetry Cartan taking values +1 on the complex scalar and
its conjugate in that multiplet. In this case, the large N Kaluza-Klein factor takes the form”

-1 2
uq u -q q
I = PE — . 2.17
KK(Q)U) [1_uq+1_u_1q 1_q2:| ( )
For uw # 1, we don’t have a simple explicit expression for the index I]SVYM(q, u) at finite N
generalizing (2.12) and a derivation of the large N expansion (2.15) is non-trivial starting
from the localization formula (2.9).

3 D3-brane index from analytic continuation

In the approach of Imamura et al., see in particular [5, 11], the general index (2.1) for N = 4
U(N) SYM can be computed at large N as the triple sum

0 0]
1M (g, y,u) = Tkk (g, y,u Z qu1)™ N (qua) N (qua)™ N 1% (g,y,u), k= (ki ko, ka).

(3.1)
Notice the slight change of notation Tk — I3 cf. (1.1), to emphasize the specific case under
consideration. The N-independent factor Ixk(q,y,w) is the N — oo index, i.e. the index
counting gauge invariant operators at large- N, ignoring trace relations, and agrees with the
index from BPS Kaluza-Klein supergravity modes on AdSs x S°. The triple sum in (3.1)

1(B3-(-1k) B

"For u = 1, we get Ixk (g, 1) = PE [% —

| = PE (3 56— 0| =TT ()

A-) 201 -1 —-¢>)20 - ¢ ' 1 - ¢®)"2(1 —¢%) -, in agreement with (2.13).



represents a sum over D3 branes wrapped k; times, I = 1,2, 3, over the cycle Z; = 0 in S5,
i.e. |Z1]? +|Z2)? +|Z3|* = 1. The generators Ry in (2.1) are associated with phase rotations in
the Z; plane. The classification of the relevant BPS wrapped branes was analyzed in [51, 52]
where it was shown how to build supersymmetric cycles in backgrounds AdS, x S™ that
generalize giant gravitons. In particular, for D3 branes in AdS5 x S°, any analytic constraint
f(Z1,Z2,Z3) = 0 defines a supersymmetric configurations which is %, %, or %—BPS depending
on the number of arguments of f. The simplest case f(Z;) = 0 gives a %—BPS solution and
multiple zeroes are associated with a number of concentrical spherical giants, see [53] for
a discussion of the related geometries.®

The factor [];(qur)*™® in (3.1) comes from the classical action of the wrapped brane.
Finally, the index IE3 refers to the gauge theory on the wrapped D3 brane which is a
Gy, = U(k1) x U(ka) x U(ks) quiver gauge theory with three bifundamental hypermultiplets.
This index is by construction independent on N. Thus, the expansion (3.1) has the form of a
giant graviton expansion with each term having the weight ¢*N*%  where k = ki + ko + k3
is the total wrapping and ¢ is a non-negative integer.

As conjectured in [11], the brane index IP? is given by a G}, holonomy integral similar
in structure to (2.9), i.e. schematically,

12%(q,y,u) = f DU PE[L*V(q,y,u) X" (U)] PE[L*™?(q,y,u) X™P(U)],  (3.2)

where ISB’VeC, Igg’hyp are the contributions from vector and hypermultiplets in the quiver

gauge theory. In (3.2), integration over U = (Uy, Us, Us) with Uy € U(ky) is a schematic way
to represent the integration over holonomies that implements singlet projection. Similarly,
the factors xVe(U) and x"™P(U) represent suitable group characters, cf. (2.9). Details of the
integration cycles are a key issue not completely understood and recently discussed in [13].
Here, we will focus on total wrapping & = 1 where holonomies are trivial and also quiver
hypermultiplets are absent. Hence, after the relabeling (Z;,Z3,Z3) — (X,Y,Z) for simpler
notation, the expansion (3.1) reads

I?VYM(Qv Y, ’U,) = IKK [1+QN (ul I)]:()g(q7 Y, U)+UQ 193 (qv Y, U)+U3 IZD3(Q7 Y, u)) +O(q2N):| ) (33)

where 123 = I]:ag,o = Iligjgecmr, etc. The vector multiplet index on D3 is again the plethystic
exponential of a single particle index conjectured in [5, 11] to be?

(1-qg A -y (A —qy )

R3(q,y,u) =1— 3.4
Using (2.4), this reads, cf. eq. (4.35) of [5],
1 1 1 1 v 2 1 22 3
- *—Q(y+f>f—q(f+f)+q (y+f>+qf—q
1% (q,u,0) = & Wit qy : (3.5)

(1—q/v)(1—quv/u)

are similarly obtained from (3.4) by permuting w1, ua, us.

The expressions for f{??’ , AZD?’

8The sum over three cycles Z; = 0 in (3.1) deserves a comment. Looking for simplicity at wrapping one,
we need to consider the family of configurations aX + bY + ¢Z = 0. It is parametrized by CP? and we need to

sum over fluctuations around a representative in each of the three covering patches Z; # 0.

9The definition of the index in [11] has fugacities qH+j§2Juf1 52

uf2ul’s . To match our definition of the index

we need to identify y = q%y.



The index (3.5) is computed in two ways, both relying on the broken superconformal
symmetry on the D3 brane. By a direct computation, see appendix A of [11], the modes on
the brane are organized in multiplets of the reduced superalgebra (the wrapped brane breaks
half of the 32 supersymmetries and preserves a SU(2|2) x SU(2|2) superalgebra) and the
index is evaluated by summing the separate contributions with the result (3.5). Alternatively,
one can rely on the automorphism between the supersymmetry algebra on the boundary and
on the wrapped D3-brane. This gives the analytic continuation relation

R3(q, y, u, v) = Wl (7 0 ! o) |
, 2 1 , 1 1 , 5 _2 , 1 1 (3.6)
¢ =q¢us, y=qgsusv, v=¢g3u3, v=g¢g3yus,

that expresses the wrapped brane index in terms of the index of the Maxwell multiplet living
on the boundary. Starting from (2.7) and using (3.6), one gets again (3.5). This second
method is somehow impressive since it reduces the wrapped brane index to a computation
in the free boundary conformal theory. Similar analytic continuations have been exploited
in later works on finite N correction to the index in different models, like the M-brane
indices considered in [9].

3.1 Schur specialization

The refined Schur index is obtained by specializing y = v = 1. From (3.6) we get

103 (g, ) = TMeovell (qgu-%,q_%u_%,q_%u%,q_%u_%> : (3.7)
For y = v the following scaling invariance holds
’I\Maxwell(% Y, u, y) _ ’I\Maxwell()\—lq’ )\23/, M, )\2y) ) (38)

= (qu)% we can write TQ?’(q,u) in terms of the Maxwell

N

Hence, taking A = (q_%u_%)_
Schur index

R3(g,u) = P ((qu)~dqfus, (qu)iq Fum?) = Pl gy~ g 3ut) . (39)

Using (2.7), or taking the Schur limit in (3.5), this is

1 2 2
~ e aq+q
123(q, u) = uquilq (3.10)
u

As discussed in [8], the general formula (3.1) simplifies to

0
Mg, u) = Tk (g u) Y| (ug)N ()N ¢ F2 1% (q,u) 99 (qu).  (3.11)
k1,ke=0

In (3.11), we recognize the index of a system of k; D3 branes and ke D3 branes wrapped on
the two 3-cycles X = 0 and Y = 0. Also, due to the Weyl reflection relation

13.(q,u) = IR%.(q,u™t), (3.12)
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one can compute (3.11) from the X = 0 index IQS}C alone. As in (3.9), this is related by
analytic continuation to the Schur index of the N =4 SYM theory with gauge group U (k)

- u_§> . (3.13)

In particular, the leading contribution to the giant-brane expansion is

(g, ) = L (g, ) {1 o (uN 12%(q, ) + u-NIQ?’(q,u—l)) ; o<q2N>} L (31
where
1R°%(q,u) = 183 (q,u) = PE[IR® (¢, )] - (3.15)

Using expression (3.10), this evaluates to

IR*(g,u) = ﬁ [1_( 0T : (3.16)

11— uq - [1—u2(utg)" [l — u?(u—tq)"+!]

or, in terms of g-Pochhammer functions (A.4),

(ulq,u"tg)%

1R3(q,u) = —ug (1 — u? 3.17
X (q u) UQ( u ) (U727U71Q)oo (U27U71Q)oo ( )
This expression is exact and its expansion in powers of g gives
D3 u? 2\ 2 1 3\ 3 1 1 4\ 4
Iy (q,u)zmq+(1—u)q+ e i E_ﬁ+1_u g +---. (3.18)

Notice that one cannot use relation (3.13) to obtain an expansion like (3.18) for k£ = 1, unless
Ix(q,u) is known in exact form and not as a series in g. This is because of negative powers of
q in (3.13), requiring resummation if the latter identity is naively applied to a series in ¢.'°
For this reason, in [8], the expansion (3.18) (and its generalization to n > 1) was obtained
by applying the analytic continuation relation (3.13) inside the gauge holonomy integral
expression of IEYM. After that, the integration over holonomies was evaluated by a conjectured
ad hoc choice of the contributing poles. This is a major difficulty for next-to-leading (i.e.
higher wrapping) contributions that we do not discuss here. Nevertheless, in appendix B, we
present a direct application of analytic continuation for the k = 2 brane index starting from
the exact expression of the SYM index and avoiding pole selection rules at all.

3.2 Unrefined index and v — 1 limit

Let us show how the (leading) giant graviton expansion of the unflavored index in (2.15) is
reproduced in the v — 1 limit. This comes from a non-trivial combination of the two terms
in (3.14) which are separately singular for v — 1, but with a smooth sum.

0T5 explain, if we have f(q) = l%q which has regular expansion in ¢, we can apply ¢ — 1/¢q and obtain
fla™) =—v%
complicated cases) if we apply ¢ — 1/gto 1 +q+q¢*> +¢>+---.

(in particular in more
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We isolate the singular v — 1 contribution to 123(q, u) by writing

R%(q,u) = v 4Glg,w),  Glgu) = — ﬁ il Vi
R T 78 & (e U (e e T
(3.19)
where G(q,u) is smooth for u — 1. The value at u = 1 is
1 & 1—¢"
1) = =1. 2
G(g,1) 1*%[[11*(1““ (3.20)

Also, we can compute the derivative with respect to u at u = 1 as follows. Taking log-
arithm, we get

log G(g,u) = —log(1—uq) Z [21og (q/u)" )—log(l—u2(q/u)")—1og(1—u2(q/u)n+1)],

n=1

(3.21)

and differentiation with respect to u gives after some rearrangement

2.Ga.1) ¢ & £
- —9 1 0, —
G(Qa 1) 1—gq - Z:: (n )1 — (n )1 _ qn+1 0, aUG(% ) 0
(3.22)
Hence,
N (D3 N D3 1 ulNts u N3
) Y B ) = |6+ 60« )

= —[G(q,1)(N +2) + 3,G(q, )] g+ O(u — 1) = —q(N +2) + O(u — 1).

reproducing the enhancement in (2.15).

4 D3-brane in twisted AdSs x S° and unflavored index

As we have seen, the large N non-perturbative corrections to the Schur index are expressed
in terms of the single quantity /I\Q?’(q, w) in (3.10) by using (3.11) and (3.12). Here, we want

AD3( ¢,u) by a genuine one-loop computation of the partition function on the

to reproduce I

wrapped D3 brane with a twisted metric that geometrizes the J,.J and Cartan charge terms

n (2.5). A similar approach was used in [34, 35] as we reviewed in the Introduction.
Starting from the unflavored case u = 1, the aim is thus to reproduce the remarkably

simple expression'!

) =13(q 1) = L = R (4.1)

1 Simplicity of (4.1), i.e. reduction to a finite number of modes on the wrapped brane, suggests a treatment
by localization as in [22].
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by considering the semiclassical expansion of the D3 brane action on the background (scaling

away common radius)!?

2 _ 3.2 2
ds —dsAdS5+dsS5,

2 _ 2 s 1.2 I 2 2 _
ds,fl?lf% = dz* + sinh” x dS3 + cosh” x d1°, T=T+p, (4.2)

d85 = A3 + sin® gy dv + sin® Gy sin® s (dys + indr)?

ds%s = dw? + cos® wdS; + sin® w dz* .

The mixing between 13 and 7 corresponds to the Cartan combination H + J + J in (2.4).
The physical (supersymmetric) value of the parameter  is k = 1, but it will be useful to
keep it as a free parameter for the time being.

In a static gauge, the D3 coordinates are £ = (¢1,...,¢6%) = (r,p € S2), i.e. the brane
wraps Sé x S3 where Sé is in ZE?S and has length 3, while $? c S°. The fluctuating
coordinates are (z,;,w,z) with background values * = w = z = 0. These transverse
fluctuations are 4 in AdSs and 2 in S® for a total of 6 scalar fluctuations. To these we will add

fermions § and the gauge field A on the brane. At semiclassical level, the partition function is'?
Z = f DX DAD e SXHAN — 7, =% (1 1 O(T31)), (4.3)
_ 1
Zy=e "t F = 5;(—1)F“ log det A, , (4.4)
where a labels the fluctuation fields (bosonic and fermionic) and A, = —V? + --- are the

associated 2nd order operators for quadratic fluctuations. They are defined on Sé x S with
the induced metric on the brane worldvolume. All fields (including fermions) are periodic
on the “thermal” circle 5[13 for consistency with supersymmetry.

4.1 Classical D3 action

The classical D3 brane action S, gives the (unrefined) overall factor ¢ in (3.3) and its
evaluation is straightforward. After a suitable scaling of the gauge field, the bosonic part
of the supersymmetric D3 brane action is the sum of the Born-Infeld and the Wess-Zumino

actions [54] (we have no background antisymmetric field By, here). In Euclidean notation,'*
Spar = T3 f d*¢\/det(Gap + 21Fw),  Swz = - f@, (4.5)

with D3 tension
T3 = 2—]7\:2 . (4.6)

12Here, the coordinate y should not be confused with the fugacity in the index definition.

13Recall that Se has an explicit overall factor of the D3 brane tension Ts.

4 Our brane construction is aimed at computing finite N corrections to the CFT index and this is why we
consider branes in Euclidean geometry. One may wonder about the role of Lorentzian branes in the analytic
continuation of the index to imaginary 3. Generally speaking, complexification of fugacities in the index is an
important tool to identify non-trivial saddles at large N and it would be interesting to discuss them by our
approach in a suitable Lorentzian geometry.
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The 4-form on S° is
Cy =iT3 cos* wdz A volgs . (4.7)
The classical action is thus the sum of

N
Sappr = T3 x 8 x Vol(S%) = ﬁﬁ(%% = Ng, Sawz = 0. (4.8)

As expected, the total S = Nf corresponds to the factor ¢V in (3.3), where as usual
we denote ¢ = e .

4.2 'Wrapped brane fluctuation one-loop determinant and brane index

For each separate fluctuation, the free energy in (4.4) splits into the “Casimir” part linear in
B and the genuine thermal part which is exponentially suppressed at large 3, see e.g. [55, 56],

F(B) = BE+F(B), (4.9)

where E. is the Casimir contribution, the dominant term at low temperature 8 — +oo0.
Denoting by E,, the eigenvalues of the fluctuation operator on S3, and by d,, the associated
multiplicity, one has the general expression for the thermal part of the free energy

B) = dnlog(l— e FFr), (4.10)
and the zeta-function regularized value of the Casimir energy
Zd E, ch D, Cels) =D duE,". (4.11)

The associated one-loop partition function Z; in (4.3) is then
Zy = e PE2(q), (4.12)
with

n

2(q) = et = exp <Zd Z 1 —nﬁEk> = PE[Z(q)], (4.13)
k

where the single particle partition function is

= > dng". (4.14)

Notice that the zeta-function (g(s) in (4.11) admits the following expression in terms of i(q)

Cp(s) = 1“(15) JOOO dB B Z(e™ ). (4.15)

In the present context, the partition function Z; is computed on a background with a twist

adapted to the index and FE. is the so-called supersymmetric Casimir energy [43-46] (of
fluctuations on the D3 brane). The expected precise relation between Z; and the index is

Zy = e PEID3(g). (4.16)
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Comparing with (4.12) gives the key identification

2(q) = 17%(q), (4.17)

that clearly holds also at the level of single particle partition function and index. Thus,
in our case, we want to check

Y g =) = (11 Tl (4.18)

fluctuations

where we used (4.1).'

4.3 Computation of the single particle partition functions
4.3.1 Scalar fluctuations

Let us begin by studying the bosonic scalar fluctuations by expanding at quadratic order
the total bosonic action Spgr + Swz.

AdSS5 sector. It is convenient to introduce new variables X7, I = 1,...,4 in terms of z,;
X1 = sinhz cos i, X5 = sinh x sin )y cos s, (4.19)
X3 = sinh x siny sinvys cosvs, X4 = sinhx siny sin s sin 3. (4.20)

One can check that

dz? + sinh? z (dip? + sin? ¢y dyp3 + sin® ¢y sin 9o dip3) = dX7 —sinh?® x da? (4.21)
flat quartic

and thus, at quadratic order,

d = (1+ X7 — k*(X3+ X7))dr? + dX} + 2ir (X3d X4 — X4dX3)dT . (4.22)

2
S Adss
Denoting by a = 2,3, 4 the indices of the S3 brane coordinates, we have

d 1+ X2+ X2+ (1—r%)(X24+ X2) + X? 4 2ik (X3X4 — X4 X3)]
X (d€Y)? + 0,X 10, X 1dEde®

+ off diagonal terms. (4.23)

2 _
SAdss ~

The DBI action, at quadratic order in the fluctuations, reads

Spgr = T fd“gx/é, ds?* = Gydetde? (4.24)
and using
VGO + G = VGO 1 /GO (@)D 1 - (4.25)

15We remark that in the unflavored case the three wrapped configurations on X = 0, Y = 0, Z = 0 are
completely equivalent.
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we get (denoting by d3¢ = déadé3déy the S? coordinates and denoting explicitly d¢; = dr),

1 . . .
8SppI = 5T3 Jdr BBE/Gl97P0u X100 X1+ XF+ X2+ (1—K2)( X2+ X))+ X7 +2ik (X3X4— X4 X3)].
(4.26)

1/2 and set 0y — i%’rn, with n € Z, i.e. expand in periodic

We now rescale fluctations by (57T3)
modes on the thermal circle (7 integration gives then a factor ). The fields X;, Xy are

scalar fields on S? with common squared mass

X1,Xp: M?=1+n3, ng=-—— n=04+1,+2,.... (4.27)

Notice that the squared mass of a conformally coupled scalar on S* x S is i(d —1)? that

is 1 for S3. This is precisely what we have for n = 0.
The fields X3, X4 can be written in complex basis ¢ = %, ¢ = % and the
expansion of the DBI action gives for them

SR = Ta [ dr e Vlg 000 + (1 - )0+ 26— D). (428)
After introducing Fourier modes, this is a complex scalar on S with mass
X3, X4: M? =1+ (ng+ir)*. (4.29)

In this case, the conformally coupled scalars have an imaginary shift in ng in the Kaluza-Klein
mass term, similar to what happens in the M5 brane case studied in [35].

S5 sector. In the sphere sector we parametrize fluctuations by setting

1— (Y2 + Y3 Y.
W = arccos ‘11( 12 22), z = arctan — , (4.30)
1+ 307 +Y5) Y
so that
dw? + sin? wdz?* = diff 42_ dY222 5 (4.31)
and

dsts = [(1 = YoYo)gap + 0aYelyYe] dE°dE” + (Y.Y,)(dE')? + off diagonal terms.  (4.32)

This gives the following action from DBI at quadratic order!'¢
1 .
0SpBI = §T3 JdT d3f\/§ [gabaaY Y +Y2 - 3Y2] . (4.33)

The Wess-Zumino term is

Y1dYs — YodY)

Swyz = —iT3 Jcos4 wdz A volgs = —iT3 J[l — 2Y2] v

A volgs (4.34)

YNotation is Y = (Y1,Y2), Y2 =Y - Y = Y7 + Y, etc.
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and thus the contribution to the fluctuations action is

5Swyz = T3 f dr d3¢.\/g(4i Y1 Ys) . (4.35)
The total S = §Sppr + ISwyz reads
1 . .
08 = 5T JdT BESglg®0Y - Y +Y? —3Y? 4+ 8iYV1Ya]. (4.36)
Introducing again complex combinations 1 = %, n = %, we get
08 =Ts Jdr d3§\/§[g“b0aﬁ6bn + (=30 +4n —1)]. (4.37)

After introducing Fourier modes in 7, this corresponds to a complex field n with the following
squared mass

M? =1+ (ng + 2i)*. (4.38)

4.3.2 Fermionic fluctuations

At quadratic order in the fermions, the Euclidean fermionic action of the D3 brane is
decoupled from the gauge fields and reads [57-59]

Sk = %T?) J d*¢+/det gO(1 — Tp3)[* D0, (4.39)

where © is a doublet of 10d positive chirality Majorana-Weyl spinors, ', = 0,2,
D, = 0,2™D,, are pullbacks, and I'ps is a projector required by x-symmetry invariance.
The 10d covariant derivative is

D, =V, + %F(g,)l“m ® (io‘z) , (4.40>
with 709 acting in doublet space. Let us use Latin letters for 10d indices 0,1,...,9, Greek
letters for D3 brane worldvolume indices 1,2, 3,4, and underlined indices for flat tangent
directions 0,1,.... In particular!'”

g1
I'p3 = —F—=Ta,.au = F@' (4'41)

414/det g
The two spinors in the doublet © = (y,6;) obey I'10; = 6; with I';p = I'y 4. We fix

k-symmetry by (1 —T'1p® 03)0® = 0 or 2 = 0 and we will denote § = ;. Using {I'p3, s} =
0, we get

1 " 1
Sp=5Ts Jd‘l& \/det g 6T <Da + wFDgFSFQ) 0. (4.42)
Our coordinates are
ds’zg = da® +sinh® 2 dS3 + cosh’zdr®, T =748,
5
dS3 = dyi + sin® ¢y dy + sin® vy sin® s (dys + indr)?, (4.43)

dsgs = dw? + cos® wdS; + sin® wdz? .

r, = &leEmmFﬂ7 where E™,, is the vielbein.
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with £ being 7 and the coordinates of S3. We label them as
Xm‘x Y1, Y2, 93 T = fl‘w Sz = (€2,6%,¢%) 2

0 6,7,8 4 ‘5 1,2,3 9

m

On the classical solution, that has in particular z = 0, we remark the non-zero spin-connection

Qiﬁo = cosh x that will play an important role. The induced covariant derivative is

Do = 00X Dy = 3uX™ (am + iQ%T“*’> . (4.44)
For m = 1,2,3,4 we have 0,X™ = 4" on the classical solution, so
Dy = 04 + ng—bF@ . (4.45)
For a = 1,2,3 on classical solution we obtain just the covariant derivative on S3. For oo = 4
Dy — o4+ %r@ (4.46)
Hence,
Sp = %Tg f di¢ \/det g0 (1D + M)0, (4.47)
where
il 1 o 1 1 o
M = FfiF@Fé— EFDgF P, = 51“@ — EI‘DgI‘ F:T,. (4.48)
Around the classical solution 'y, = I'“. Using the 5-form background expression, we get
Fs = —A(T06781 51230, (4.49)
Thus,

Poissasenas? = 0, Tosraasinael = =0, Tsisaef = —Tagseof = Logeeal,  (4:51)

1 06781 _ 1 1
with commuting II; o with H%Q = —I.

In conclusion, expanding fermions in Fourier modes along the thermal cycle, d1 — ing,
and diagonalizing the two projectors, we obtain the Dirac operators

. 1 3
Dp =il"V; + M, M = ng + v, v = i§,i§. (4.53)
If needed, the squared fermionic operator is
1 3
Ay =-Vi + TR M? = -V% + 5+ M?, (4.54)

where Vgs contains the spinor connection and we used the scalar curvature R(S! x S3) =
R(S%) = 6.

,18,



FLUCTUATIONS X1, Xo X3, X4 Y1, Y5 P V.

v 0 1 2

N[
N[
(\G][oV]
(][ON]
(e}

Table 1. Shifts for the S} reduced mass term of conformally coupled fluctuations on S§ x S°.

4.3.3 Gauge field fluctuations

At quadratic order, the gauge field decouples from the other fluctuations and its action is
the Maxwell one S = —i §di¢ VIF 2 on Sé x S3. At this order, the background twist is not
seen. So, we don’t need any shift in its mass after expansion in Sé; modes. As expected
from supersymmetry, the field strength Fj; together with the 6 scalars and 4 Majorana-Weyl
fermions is part of an Abelian N = 4 Maxwell multiplet.

4.4 Unflavored Schur index from twisted N = 4 fields on Sé x §3

For the fields in the N = 4 Maxwell multiplet on Sé x 93, including values of the shifts in the
mass term for scalars and fermions we found the values summarized in table 1. The associated
single particle partition functions can be obtained for v = 0 by using conformal symmetry
(and the absence of conformal anomaly in the S' x S3 case) and mapping the problem to
operator counting on R* [40, 41]. The v > 0 case corresponds to a simple dressing by the

universal factor %(q” +q7Y), see [35] for the completely analogous 6d calculation. This gives

a1—¢*)q¢"+q"

2%(qiv) = i—gf 2

~ 3/2(1 _ v —v

2Y(g;v) = 4q(1 Elq)f)q +2q , (4.55)
~ 2 — —
ZV(q) _ 2q (1(1 _Q)q()i q) )

To recall, in (4.55) the common denominator (1 — ¢)* corresponds to the application in all
possible ways of the four derivatives d,, to the fields ¢,1,V. For scalars, the numerator
q — ¢* correspond to the elementary field ¢ with a subtraction of the vanishing equation of
motion 6%¢ = 0. For the four Majorana-Weyl fermions, the numerator ¢*2 — ¢°/2 corresponds
similarly to the elementary field 1 with subtraction of @i = 0. For the gauge field, the terms
in 2¢%(1 — ¢)(3 — q) = 6¢> — 8¢ + 2¢* have a similar origin. We have six gauge invariant
fields F},,, the subtraction of vanishing 4 + 4 terms from 0“F,, = 0 and 0"F};, = 0, and the
double subtraction (thus with positive sign) of the scalar quantities 00" F),, = o*d"F}, = 0.
Using data in table 1, we get (including the fermion sign)

~

~ ~ ~ 1
Ug) = () + ) + RV (g) = 14—, (4.56)

with N . ~ ~
25 (q) = 2[27(¢;0) + 27(q3 1) + 27(¢;2)]

A A ! (4.57)
Zferm1on5(q) _ _2[Z¢(q; %) + Z}/’(q; %)] .
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FLUCTUATIONS X1,Xo X3, X4 Y1,V Vo | 12 40G/2) | total
# zero modes 0 2 8 0 0 -8 2

Table 2. Number of zero modes for the various bosonic and fermionic fluctuations. Fermionic
fluctiations are labeled with their shift 1(*) and the negative sign is the (—=1)¥ to be taken into account
in total.

The equality in (4.56) is in agreement with (4.18). The constant term in (4.56) leads to a
formal divergence in the index after plethystic exponentiation. It originates from an effective
total of two bosonic zero modes. Recall that each bosonic/fermionic zero mode contributes
a constant term +3 to the total 2(g). From the expansion of expressions (4.55), one finds
the zero mode counting in table 2. As in the M5 case discussed in [35], with the standard
normalization of the D3 brane path integral, each zero mode is expected to contribute a factor
of Té/ 2o v/N. This explains the peculiar “wall-crossing” enhancement factor of N in (2.15),
from the total of 2 zero modes. This factor is fully regularized in the index expression with

non-trivial fugacity w, as discussed in next section.

4.5 Supersymmetric Casimir energy on the wrapped brane

Using (4.15) for the partition functions in (4.55), we compute the following supersymmetric

Casimir energies'®

_1-100t
240

17 — 12002 + 80v* 11
EY(v) = - e (4.58)

E¢
cw) 960 ¢ = 120’

that reduce to the standard values for v = 0, see for instance table 2 in [60] (there, the minus
sign for fermions is not incorporated in E.). The total is

ED3 = 2E, 4(0) + 2B 4(1) + 2E. 4(2) — 2B, (%) — 2Ecy(3) + Eey = —1, (4.59)

which is of course also immediately obtained using the total single particle function in (4.56).
This supersymmetric Casimir energy is equivalently obtained as, cf. (2.1),

B 2 101, (PYs) = N0 (H T ) (4.60)

where the sum is over the single particle states of the modes on the wrapped D3 brane and
should not be confused with the same quantity for N =4 SYM (hence the “D3” label). In
more details, the states are derived in appendix A of [11] that we summarize in table 3 for
the convenience of the reader. These fields are the modes on the Z = 0 brane. They are
obtained decomposing the Maxwell multiplet with respect to the unbroken supersymmetry on
the brane wrapped on S x S3. In particular, they are organized in multiplet of the bosonic
algebra SU(2); x SU(2); x SU(2)g x SU(2); (we omit U(1) factors not relevant for our
discussion). The index ¢ = 0,1,2,... represents the angular momentum after Kaluza-Klein

18Strictly speaking, what is relevant here is the sum over all fields belonging to the Maxwell multiplet. Still,
it may be of interest to give the individual fluctuation contribution to the total.
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state H JJ R R statre H JJ R R

¢ (—100 5 5L Ft 0 0052 §

N L s

F~ ¢ 00 § 5 ¢ (+1005252
11 -1 ¢

v =5305% 3

vt b

i trjjont

Table 3. Single particle states on the wrapped D3 brane and their quantum numbers. A value of J
corresponds of course to a full SU(2) multiplet with 2J + 1 values of J,, and the same for J, R, R.

expansion in S3 spherical harmonics. Summing over the states in the table we get

0
CP3(s) = Se=o(s) + Sp=t(s) + D, Su(s),  Sels) = D (DI (H+J+1)7,  (4.61)
(=2 fixed ¢
where Sy(s) is a finite sum and we need to split £ = 0 and ¢ = 1 because representations with
negative R or R should be omitted. From table 3 we compute

0

¢P¥(=1) = ~1+0+ lim D=1 =207 4 (L+1)7°] = —1+ lim (1-27%) = 2. (4.62)

(=2

Plugging this in (4.60) we match (4.59). Of course this had to work a priori, but the aim of
the above discussion is to emphasize the origin of the supersymmetric Casimir energy as a
regularized sum of the combination of H and J,J appearing in the index, see also [61-63]
for wrapped M5 brane in the context of the 6d (2,0) theory. Notice that the peculiar 1/q
term in (4.56), or “—1” term in (4.62), comes from the ¢ = 0 mode of the scalar ¢. This
negative energy state is not a tachyon and is compatible with unbroked supersymmetry due
to the non-trivial geometry of the wrapped brane.

5 Flavored Schur index

In our approach, the introduction of flavor fugacities in the superconformal index does not
pose conceptual problems. Still, it is instructive to work out the details and, in particular,
how the extra fugacities are included in the operator counting partition functions (4.55).
Consistently with the constraint in (2.1), we take

(w1, uz,u3) = (u,ut,1). (5.1)

As a first remark, the effect of the twist related to the .J, J charges in (2.5) does not interfere
with the u-dependent twists in the S? part of the brane worldvolume for the configuration
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Z = 0. Indeed, as discussed in [35] in the case of the M5 brane system, in a static gauge
the v shift does not depend on u that can be absorbed in the non-fluctuating coordinates
of 83. This will not be true for the X = 0 and Y = 0 configurations and will lead to a u
dependent correction to the shift v.

Apart from the set of shifts v, what remains to be found is the suitable u-dependent
generalization of the single particle partition functions in (4.55) obtained in principle from
the study of the N = 4 Maxwell multiplet fields on the 4d space S}g x $3 where 53 is obtained
from S° with twisted metric

3 3
ds%5 = Z [alm2 + n2(dg; + ia; d7)2], Z n?=1, (5.2)
i=1 i=1
where the three mixing coefficients «; are related to u; by ¢* = wu; and the wrapped

configurations X = 0, Y =0, Z = 0 correspond to n; = 0, no = 0, ng = 0, respectively.

A second remark concerns the classical factors vV, u=" in (3.14). Given a wrapping
with n; = 0, the 4-form (4.7) requires dz — dz + iadr where z is identified with the angle
p; and a = «;. Evaluation of the classical D3 action reproduces those factors from the
Wess-Zumino part S\CAI,Z.

5.1 Single particle partition functions of twisted fields in Sé x §3

What remains to be done is to compute the modified Z(q; v) — i(q, u;v) in (4.55). Again,
this has a simple operator counting derivation. Before discussing that, let us work out
explicitly the result for a scalar field to show the structure of the expected result. By a
relabeling of coordinates we can write the twisted 53 metric (in all configurations) as

ds%3 = dn? + dn3 + ni(dp1 + iadT)? + n3(dps + ia’dT)?, nf+ni=1. (5.3)
Changing coordinates, this gives the metric of Sé x 53 as

dsix§3 = dr? + dx? + cos® x (dpy + iadT)? + sin? x (dgs + ia'dT)? . (5.4)

A convenient basis for the eigenfunctions of the Laplacian on the standard S® is (see,

e.g., [64, 65))

(I)p,w"l,rg = fp,rlﬂ’g (X) ez(r1+7"2)<p1 el(rz—m)cpz, r1, T2 = _§p7 ey ipa p= 07 17 e (55)

Using this representation for the wave-functions after a redefinition of ¢1, 2 that momentarily
absorbs 7 in the mixing terms, we get the scalar free energy'®
F = %logdet(—v2 +1)

2 Z Z log [(",3 +ia(ry + 1) +id/ (11 —12)) " + p(p + 2) + 1] )
p=0 ry,ro=—p/2

"For the standard Laplacian on S* we have A\, = p(p + 2) and d,, = (p + 1)? and for a conformally coupled
scalar we need to add 1 to Ap.
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The corresponding thermal partition function and the single-particle partition function

are then
0 p/2
F=5% > log[l—e florirlatniratalinzra)) (5.7)
p=0 r1,ro=—p/2
and
~ 0 p/2
Z’¢(Qa u, U/> = Z Z qp+1+0¢(7”1+7“2)+0/(7”1—7“2)
e (5.8)

q—q
(I-ug)(I—utg)(l—uq)(l —u~1g)’

where we denoted
u=q°, u = q~. (5.9)

This expression admits a simple derivation from operator counting in R x S3 where we assign
the weights u, u™! to two vector indices and «’,u'~! to the other two. For a scalar field, the
numerator of (5.8) corresponds to ¢ and the subtraction of the equations of motion 0%¢.
Both are scalar and no factors u,u’ are necessary. The denominator factors corresponds
to derivatives 0, and they have one vector index with the above weights. For a spinor,
one finds the same effect in derivatives plus the u,u’ factors associated with the spinor
indices (same for 1 and )

{Z\;w( u u’) o (ul/Q + u—1/2)(u11/2 n u,_l/z) q3/2(1 B q) (5 10)
o (T wa( o T —wai—wig ©
Finally, for the gauge field, the result is
2 (qu ) = c1(u, u')q* — ea(u, u')g® + 24
y U, 1_Uq>(1_u_lq)(l_UIQ)(l—u’—lq)’
(5.11)

(
cr(u,u') =2+ (u+u ) (o + o)
2

colu, ') =2 (w+ut + o +u 7).

Here, the ¢ term in the numerator corresponds to six F,, fields with the u,u’ weights
carried by the two vector indices

field Fig Fi3 Fia  Fos  Foa  Fi
weight 1 wu/ wu/~' vl v la/~1 1
with total equal to ¢;(u,u’). The ¢ term is the subtraction of overcounted derivatives on the
vanishing 0#F),, = 0 and 0*F);, = 0. These have one vector index and give total cz(u,u’).
Finally, the 2¢* term accounts for the overcounted derivatives 00" F),, = 0*o" F v = 0. These
have no free indices and thus no wu,u,” weights.
Using the above considerations we can discuss now separately the contribution from
the Z = 0 brane, symmetric under u — « !, and those of the X = 0, Y = 0 branes, related

by u — u™l, cf. (3.12).
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5.2 Z = 0 brane contribution

Let us consider the D3 brane wrapped on Z = 0. Its single particle index reads?

¢ '—1—(u+u)qg+3¢°—¢°
(1—ug)(1 —u~lq) '

19%(q,u) = (5.12)
This configuration does not contribute the Schur index, consistently with cf. (3.14). This
is due to the fermionic term —1 in the expansion of 1D3,2=0

TZDS(q,u) =¢?ru4+ut—1+ O(q), (5.13)

that gives a zero after plethystic, see [5] for more discussions. Nevertheless, it is instructive
to derive (5.12) — thus at the level of single particle index which is non-vanishing. One
can check that the generalization of (4.56) is

25 (g, ) + ZIETons (g ) + ZY (g,u) = 12%(g, ), (5.14)
with ~ R N N
27, u) = 2027 (,10) + 25(g, w3 1) + 25(g,;2)] (5.15)
ZEmmions(q,u) = —2[25 (¢, u; 3) + 25 (g, u; 3)],
and
A q(1 —¢?) ¢ +q"
39 (0 u: v) —
2(¢:u;v) (1 —wuq)?(1 —ulq)? 2 ’
R 3/2(1 o q) ql/ + q—u
3 (0 i) — 2 4+ u L el 5.16
S(uv)=(u+24+u) 0= ug2( —u Tg)? 5 , ( )
~ (W +4+u?)¢® —4(u+ut)g +2¢*

Z‘z/(%u) = (1—ug)?(1 —ulq)? )
1

which are the single particle partition functions in (5.8), (5.10), and (5.11), with v/ =«

dressed by the universal factor taking into account the v shifts in table 1 for scalars and

fermions.2!

5.3 X = 0 brane contribution

In this case, we have to set v/ = 1 and the single particle partition functions to be used are

5 1-¢°) ¢ +q"

22 ,Us V) = a( ,
XY = T e —gf 2

5 32(1 - q) ¢ +q

2% (g, u;v) = 2 (uM? + w2 q , (5.17)
x(auiv) = 2( S A —wgi—ugi—q? 2

Z¥ (q,u) =

2u+1+u ) —2w+2+ut)¢® +2¢*
(1 —ug)(1 —utg)(1 —q)? '

20Use the general expression (3.4) after permutation of fugacities or take y = v = n = 1 in the last equation
in eq. (4.35) of [5].
21For the Z = 0 brane, there is no WZ contribution nor DBI mixing u-dependent contribution.
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For this configuration, in the analysis of the fluctuations in S°, we have a non-trivial mixing
in the WZ term that will correct the value of v. This is due to dz — dz + iadrT with ¢* = u in

als%5 = dw? + cos® wdSs + sin? w (dz + iadr)?, (5.18)
Cy = iT3 costw (dz + iadT) A volgs . '

Repeating the calculation in section 4.3.1 with the replacement g, — gap(u) (the twisted
S3 metric), we have now

ds

[(1 = Y?)gap + 0.Y - 0pY ] dde®
+ [Y2 + Qia(Yle — Y2Y1) — a?Y?)(de)? + off diagonal terms, (5.19)

2
S5

that gives the following quadratic expansion of the DBI action
1 . .
08pp1 = 5Ts f dr d*¢A/q[g°°0.Y - Y + Y2 +4iaYiVs — (3 +a?)Y?]. (5.20)
The WZ term is

Swz = —iT3 fcos4 w (dz + iadT) A volg,

Y1dYs — YodY;
= —iT3 J(l —2Y?) <12Y221 + iosz) A volgs

(5.21)

and thus
6Swyz = T3 f dr d3€\/g (4iY1Ys — 20 Y?). (5.22)
The total S = d0Sppy + ISwy is
55 — %Tg fdf BEG[G%0Y BY + V2 — (1 +0)3+a) Y2+ 4i(2+ ) ViVa]. (5.23)

Introducing n = YlyYQ n=" \[’Y% we get finally

08 = T3 dr d3§\f[ 0, noyn + 77( —(14+ )3+ a)n+2(a+2)n— n)] . (5.24)

After introducing Fourier modes in 7, this corresponds to a squared mass for the complex
field n given by the expressions

M?* =1+ (ng+i(2+a))?. (5.25)

A similar « dependent correction to v is also present in fermions and the generalization
of relation (4.56) reads now

B350 (g, ) + 2O (g, ) + 2 (g, ) = T (g, ) (5.26)

with
R (g w) = 2[R (0, s 0) + L, 1) + 25 (0,02 + )],

& fermions SY 1 S 3 (527)
Zx (g:u) = =2[2x(q,us 5 + @) + Zy(q,u; 5 + )],

,25,



The r.h.s. in (5.26) was given in (3.10) and equality is easily checked using the explicit
expressions (5.17).

We remark that in this case the small ¢ expansion of the single particle brane index reads

uq u?
and the term 1/u? admits a finite plethystic (with singular u — 1 limit) regularizing the
zero mode contribution discussed in the unflavored case.

5.4 Supersymmetric Casimir energy

It is interesting to look at the supersymmetric Casimir energy on the wrapped brane in
presence of the fugacity u # 1. Let us consider as an illustrative example the Z = 0
configuration. We can write the single particle index in (5.12) as??

(5.29)

~ 1 es)
IZD3(Q,U)=6+u+u —1—q+ l—u Z _Fu2pup+1

The associated zeta-function on the brane, cf. (4.60), is then

= (—1) " —1+(ut+u "t —2)(Lig(u)+Lis(u 1))

CD3(3) =(-1)"°=1+(1—u) Z 1+u2p up+1

(5.30)
Setting s = —1 and using Li_;(z) = ﬁ gives

-1

P3(—1) = 2+ (u+ut — 2)((1 _“u)z + _“u_1)2> —0, — EP*=0. (531)

This vanishing implies that the two limits s — —1 and v — 1 do not commute. A similar
vanishing is obtained for the X = 0 (and Weyl reflected Y = 0) configurations.
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A Special functions

We collect in this appendix the definition of the special functions appearing in the text
and some useful identities.

Dedekind eta function

0
%H ]__q q:ezﬁrT. (A]_)
Theta functions
0
191(2,(]) — 2q1/4 sin z H(l - q2k)(1 . 2q2k COS(QZ) T q4k),
k=1

0
Vo(z, q) = 2¢"* cos 2 H(l —¢®)(1 + 2¢%* cos(22) + ¢*),
k=1

" (A.2)
93(z,q) = [ [(1 = ¢®)(1 + 2¢% ' cos(22) + ¢**72),
k=1
0
9a(z,q) = | [(1 = ¢**)(1 — 2¢% " cos(22) + ¢"*72) .
k=1
g-Pochhammer
o0
(a,0)0 = [ [(1 —ag"). (A-3)
k=0
Notice that we can write the Dedekind function in (A.1) as
1
(1) = 42 (6% ¢*)w (A.4)

B Doubly wrapped D3 brane index in closed form and analytic
continuation

In this appendix we discuss the evaluation of the doubly wrapped D3 brane index Ix 2(q, u).
We will get it by computing the exact refined index for N =4 U(2) SYM and applying (3.13)
to the result. This has to be compared with the approach in [8] where analytic continuation
is done at the level of the single particle index, thus requiring some ad hoc procedure to
evaluate holonomy integrals.

The refined Schur index in N = 4 U(N) SYM is given by the holonomy integral

1 N N

VMg u) = 5 f [1 2::; I (1—Zm> PE [IMaxwe“(q, w Y] Z"} (B.1)

n=1 n#m n,m=1 "

where, cf. (2.16),

q(u+ ufl) —2¢?

/I\Maxwell (
1—q? ’

q, u) = (BQ)
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and z, are gauge fugacities for the Maxwell multiplet in adjoint representation. In the
N = 2 case one of the two integrations trivializes and we can set from the start z; — z,
zg — 1. This gives

dz
M) = § 57 P, (B3

|z|=1
with q
(1- 901 - qu)
(1-¢%)
After some rearrangement this can be written
(%)% (5 )%z )%
2(1 = 2)2(L:6*)% (qus 62)% (53 4% oo (L3 4P o0 (45 4%) oo (qus 47) oo

The index of the D3 brane wrapped k times over X = 0 is given by (3.13). The problem is

F(zq,u) = % PE {2— (z+2+zl)]. (B.4)

F(zq,u) = — (B.5)

that if we start with a g-series for IEYM(q, u), the transformation
q— ¢, w— g 22 (B.6)

will convert it into a series with an infinite number of singular terms 1/¢" mixed with 1/u™
and these have to be resummed before re-expanding at small ¢ and |u| < 1. The strategy
adopted in [8] was based on applying (B.6) to F(z;q,u), expand in small ¢ and then deform
the integration contour of {z,} in order to pick the relevant poles, no more in the circle
|z| = 1. In addition, when taking the ¢ expansion of F'(z; 22, q_3/2u_1/2) some spurious
poles collapse at z = 0 and have to be subtracted by hand. Here, we adopt a direct approach
and evaluate (B.3) in closed form. The result will be expressed in terms of elliptic functions
and the continuation (B.6) will be easy to perform exploiting their symmetries. After that,
the small ¢ expansion can be safely done.
As a first step, we use the triple product representation

194(u’ q1/2) = (qa Q)Oo(xv Q)O()(Q/x, q)OO7 T = q1/262iu ) (B7)
and the shift relation
- —iu T
V1 (u, q) = ie q1/4194(u — ET, q), (B.8)

where our convention is ¢ = €7 as in (A.1). If we parametrize

Y= 627rix7 u = e27riU , (B.g)
we get
1 6 2
5 (g, u) = 10 3€ dz Vi, q) . (B.10)
2q 94(7U, q)? J 2miz Y4(mx — 7U, q)04 (72 + wU, q)

This integral has been evaluated in [66] (or using the methods of [39], who treated the very
similar SU(2) case) and the results reads (¢, (u,q) = du94(u,q))

1 3 9(nU.
SYM _ n(r) 4(rU, q)
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As a check we can write in u — 1 limit (or U — 0)

I5YM( (1—4¢>+9¢% — 164" +25¢** + -

0
g, 1) = 2 Bk 41)25 0+

(B.12)
in agreement with eq. (21) of [38]. To this expression, we can apply the analytic contin-
uation (B.6) and get, from (3.13),

1
794(07 Q)

R (a.) = (022, g 21)
/ 3r 1 /4
B 1(2)3/8( )3 0,270 + 7, f) (B.13)
u’ o0 T
2714 V1 (47U + 377/, %)194(27‘([] + 357, \\;)

where 7/ is such that /q//u = €™ . Now, we use the general formula
V1 (u +mar,q) = (—1)"q e Emutmm=1rT)y (4 q) (B.14)
to get
91 (u+ 377, q) = —q eI (u, q) . (B.15)

Also, from (B.8) and (B.14), one easily obtains

3 - —3iu ,,—
lTa Q) = —ie 3 q 9/4191(11’7 q) . (B16>

194(u + 5

Differentiating with respect to u gives also

3 i .
1 q) = —e g 39, (u, q) + it (u, q)] (B.17)

/
Wy (u + 5

From these relations, we obtain the following closed formula for the 2-wrapped D3 brane index

D3 i 338 ub3/8(4 4 301270, \\?) + iy (2n U, \\;)
IX,Q(%U) = 2q (u7 a)oc NG, NG (BlS)
’191(27TU, f)ﬁl(llﬂ'U, \f)

Expanding this in powers of ¢ gives the following terms

W10(9 _ 42) 44
Lh(q,u) = (1_222)(1_)Z4)

2 2 2 1
+< = +3u’ — 15)q7+ <3+10+3u8—u18>q8+ <15+3+4u9—u21>q9
u u u (7

2 4
34—+ — +4u0—u? ) 10+ B.19
+< g g At —u gl (B.19)

u?(2—ut)g® + (2+ 2u® —u'?)g®

in full agreement with the third line in eq. (18) of [8].
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