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1 Introduction

Even most-symmetric examples of AdS/CFT duality have their AdS side less well defined
than the CFT side. The GS superstring [1] and BST supermembrane [2] theories are formally

non-renormalizable even in the case of flat target space and thus require special definition

of the corresponding quantum theory.

One may view these 2d and 3d world-volume models just as effective theories that may

receive higher-derivative corrections (like what happens in the case of D-brane actions that

get o’ corrections controlled by open-string dynamics, cf. [3]). This point of view, however, is



not satisfactory as it is not clear a priori which should be a more fundamental UV-consistent
world-volume theory that specifies higher-order counterterms or defines an effective cutoff as
these models themselves are expected to describe fundamental degrees of freedom.

Alternatively, one may hope that a large amount of supersymmetry and possible existence
of hidden symmetries (in the case of special symmetric backgrounds) may provide enough
constraints to define the world-volume quantum theory unambiguously. That may then
allow to match its predictions (at least for some special observables) to the corresponding
strong-coupling expansion on the CFT side. Indeed, in the case of the 2d GS theory in
AdSs5 x S® [4] its integrability [5] should provide such stringent constraints.! Indeed, the
semiclassical 1-loop computations in AdS5 x S GS theory gave finite consistent results (see,
e.g. [10, 11]). What is much more non-trivial is that there are also examples of 2-loop GS
string computations in AdSs x S° [12-16] and AdS,; x CP? [17] which gave finite results
in agreement with the integrability predictions.

In the case of the M2 brane theory in AdS backgrounds the semiclassical expansion near
non-degenerate 3d world surfaces is also well defined: the 1-loop correction has no log UV
divergences and matches predictions on the dual gauge theory side [18-24] (see also [25-29]).

What happens at higher loops is an important open problem. On general grounds, one
may expect to find logarithmic UV divergences in M2 brane theory starting at 2-loop level
making the results ambiguous. This would be problematic for checks of AdS/CFT duality
as the dual gauge theory predictions for the corresponding subleading (in inverse M2 brane
tension) terms in relevant observables are finite and unambiguous (cf. discussions in [19, 20]).
While there is no analog of 2d integrability in the case of 3d Lorentz-invariant field theories,
consistency with AdS/CFT appears to imply that 2-loop UV logs may actually cancel in
special observables due to some hidden symmetry of the M2 brane theory yet to be uncovered.

With a motivation to shed light on possible existence of such hidden symmetry ref. [30]
considered the M2 brane theory in flat D = 11 target space and computed the 1-loop on-shell
2 — 2 scattering amplitude of the 8 transverse massless scalars in flat infinite membrane
vacuum. The resulting finite expression for the amplitude turned out to be much simpler
than the corresponding one [31] in the bosonic membrane case, indicating that the M2 brane
theory may have some special features.

Our aim here will be to extend the D = 11 M2 brane computation of [30] to the 2-
loop level. We shall also find a similar 2-loop correction to the 4-point amplitude in flat
D = 10 GS string case.

The S-matrix of massless excitations on a long string in flat target space is expected
to have a special (elastic, pure phase) form reflecting the integrability of the world-sheet
theory [32—-35]. This implies that the direct computation of the amplitude should give the
expression consistent with the pure-phase form provided one makes a specific choice of local
counterterms. This means, in particular, that the amplitude cannot contain non-polynomial
logarithm of momentum (log s, etc.) terms associated with divergent UV behaviour.

This is indeed what happens at the 1-loop level in both bosonic string case in any
dimension D [32] and in the GS string case in D = 10 [30]. The 2-loop amplitude in the

'One can draw an analogy with 71" deformation [6-9] where the assumption of quantum integrability may
allow to define a formally non-renormalizable 2d theory by specifying the required counterterms at each order
in loop expansion.



bosonic case was computed in [35] and found also not to contain logs terms. Below we
will confirm the result of [35] and extend it to the case of the D = 10 GS string with
a similar conclusion about consistency with integrability under a specific choice of local
counterterms. Like in the Nambu string case the remaining UV poles in the 2-loop GS
amplitude are effectively unphysical (or artifacts of dimensional regularization, originating
from an evanescent 1-loop counterterm).

In the M2 brane case we will find the non-trivial 2-loop log UV divergences that are accom-
panied by the associated non-analytic log s terms. This demonstrates non-renormalizability
of the world-volume S-matrix in M2 brane theory in flat D = 11 target space. This does
not a priori rule out a possibility that some other observables in the M2 brane theory (like
partition function near minimal surface for M2 brane in AdS space considered in [19, 20])
may turn out to be UV finite.

Let us first review the known expressions for the 1-loop amplitudes in the (super) string
and in the (super) membrane cases. We shall then summarize the 2-loop results of the
present paper.

In the bosonic string (d = 2) and membrane (d = 3) cases, expanding the standard
(Nambu-Goto or Dirac) d-dimensional induced volume action in the static gauge one may
compute the scattering of massless scalar bosons represented by the D = D — d transverse
coordinates X?. The amplitude for the two incoming bosons with SO(D) indices iy, iy and
momenta pi,p2, and two outgoing bosons with indices 73,74 and momenta ps3,ps has the
following general structure

MR (5 ) = A(s, t,u) 51264 4 B(s,t,u) 618524  C(s,t,u) 51745725 (1.1)
Here the annihilation A, transmission B and reflection C' amplitudes are related by crossing?
B(s,t,u) = B(u,t,s) = A(t, s,u), C(s,t,u) = A(u, t, s), (1.2)
s = —(p1 + p2)?, t = —(p1 4+ p3)?, u=—(p1 + ps)?, s+t+u=0. (1.3)

In general, using loop or inverse tension 7' expansion one gets for A(s,t,u)
A=T1AO0 1 77240 4 7734 AO = Loy, (1.4)

where A is the tree-level amplitude, A®) is the 1-loop one, etc. In the string case the
massless d = 2 kinematics imposes the constraint stu = 0 that can be solved by choosing
t =0 so that u = —s. Then A, B, C' become functions of the single variable s and crossing
symmetry and the real analyticity requirements imply that

O(s) = A*(—s) B(s) = B*(—s), (1.5)

where s — —s is the analytic continuation s — €'"s through the upper half-plane. At
the tree level

A0 — 0O — g BO — 1.2 (1.6)

N[ =

2Note that in [30-32, 35] the directions of p3, ps momenta were outward, so that ¢ and u were defined with
minus signs.



The exact S-matrix of the bosonic string expanded near long string vacuum suggested in [32]
corresponds to the pure transmission A(s) = C(s) = 0 and is simply given by a pure-phase
factor, thus representing an integrable theory3

; 2 $ .3
Here the linear in s term corresponds to the tree-level contribution B in (1.6). At the
1-loop order one finds [32]

AL = —0W = — (D —26) s3 BW =il 3. (1.8)

AM and €M can be cancelled [32, 36] by adding a local real finite PPS counterterm [37, 38]*
ASpps = 2b/R<2>v—2R<2> = —2b/d20 (0°X'0,00X")? + ..., b=1-b, b=D-26,
(1.9)

while the value of BM) is indeed consistent with the % term in (1.7).
A similar result for the 1-loop massless boson scattering amplitude is found in the case

of the D = 10 GS string [30] (see also [39])
AW = o) = L g3 B = ;143 (1.10)

Here again A(Y) and C'") can be cancelled by a local counterterm as in (1.9) and the resulting
1-loop S-matrix is the same as in (1.7).

The 2-loop correction to the amplitude (1.1) in the bosonic string was found in [35]
using dimensional regularization with d = 2 — 2¢ (including the required 1-loop evanescent
counterterm [ /—h R\@ that is a total derivative in d = 2). The resulting 2-loop corrections
to A(s), B(s), C(s) that we will confirm below contain the UV pole parts as well as the
finite parts (cf. (1.4), (1.5))

(2) _ ~(2) _ (D=12)(D-8) 4 2)_  D-8 4
AL =01 =g 5 By" = —fege 5 (1.11)
43 D—26 4 _6D2—143D+448 _4 0(2) D—26 4 6D2—143D+448 4 1.12
fin (8) =~ 55 8 oS Can (8)=1%50 s 1382472 ° (1.12)
2 11(D+4
B = —jbst 4 DD 4 (1.13)

The imaginary parts of A®) and C in (1.12) can be cancelled for any D by including
the contribution of the 1-loop counterterm (1.9) that was required for 1-loop integrability.
Then the pole parts as well as the real ~ 1. 5% terms in the finite parts in (1.12), (1.13) can be

cancelled by a local counterterm [35] of the form (here K is the extrinsic curvature)®

/d20 V=h[ep tr(K'K7)? 4 e tr(K'K")?, Ky = 0,0,X" +.... (1.14)

3As was shown in [33], using this S-matrix in the thermodynamic Bethe Ansatz one reproduces the expected
free bosonic string spectrum.

“Here R is the curvature of the induced metric in the static gauge, i.e. hap = Nap+0. X 9 X". Cancellation
of conformal anomaly in any D is required for preservation of equivalence to the free string spectrum found in
conformal gauge.

SNote that while tr(K*K")? is the square of the Ricci scalar, the first term tr(K*K7)? cannot be written
just in terms of the curvature of the induced metric.



Then one ends up with

A® — 0@ — ¢, B® = Lt (1.15)

which is consistent with the pure-phase S-matrix in (1.7).

This special choice of the counterterms or “scheme” is thus required for preservation of
integrability at the 2-loop level.® Its existence relies on cancellation of non-analytic log s
terms. The presence of % poles not accompanied by log % terms suggests that these do not
actually represent genuine logarithmic UV divergences and should be simply subtracted out.”

The 2-loop computation in the D = 10 GS string case that we shall carry out below
gives a similar result: there is % pole but all log s terms cancel out and the expression for

the amplitude is consistent with 2-particle unitarity. Explicitly, we find®

2 2 2
A(l) :C(l) :_153éﬂ25847 B(l) :_ﬁSZl’ (116)
2 , 2 ,
Af(in)(s) =it S+ ez s Cf(in)(s) = —igr s+ TS (1.17)
2
Bign) = —1525" + 7o " (1.18)

Like in the bosonic string case, the imaginary parts in A®) and C® are again cancelled by
the contribution of the finite 1-loop PPS counterterm (1.9) that was needed to remove the
non-vanishing A and C(M in (1.10). Then the remaining real s* terms can be cancelled by
a local counterterm like (1.14) so that at the end we get the same integrability-consistent
expression (1.15) as in the bosonic string case.

Let us now turn to the membrane case. Here the momentum invariants are subject only
to s +t + u = 0 but otherwise generic and the amplitudes B and C' are related to A by (1.2)
so it is enough to present just A(s,t,u). For the bosonic membrane in general dimension
D, one finds that the 1-loop correction to the massless scalar tree-level amplitude A in (1.4)
is given by the following finite expression [31]

AW = L [(=5)¥2 (3B340s2 — Didgu) 4 (—4)3/2(3t + 25) + (—w)*/?(Bu +25)] . (1.19)

5The need to introduce special counterterms may be related to dimensional regularization not preserving
higher conserved charges manifestly (indeed, integrability is expected to be present only in d = 2 theory). One
may wonder if there may exist an alternative approach (e.g. based on interpreting the Nambu action in the
static gauge as a T'T deformation of a free scalar theory, cf. [8, 9] and using conformal perturbation theory) in
which preservation of integrability may be more manifest. We thank R. Tateo for a related comment.

"In particular, the cancellation of log u terms means the absence of ambiguous scheme-dependent coefficients
in the finite part which allows one to maintain the underlying symmetry. The remaining poles may be viewed
as an artifact of dimensional regularization that requires the introduction of an evanescent counterterm
which produces extra % poles not accompanied by log s terms. Examples when the coefficients of % poles in
dimensional regularization are not correlated with those of log ﬁ terms were discussed in 4d case in [40, 41].
The model considered in [41] was the N' = 1 supergravity with one matter multiplet where the 2-loop UV
poles are present but do not have any physical consequences since all momentum logarithms cancel out. This
mismatch is again due to the effect of evanescent operator (here the Gauss-Bonnet term). As was shown
in [41], the absence of log u? terms related to log s terms can be seen directly using 4d unitarity cuts (log x>
term itself is not associated to a cut). This approach avoids the need for an ultraviolet regularization and thus
for the introduction of evanescent operators.

8Considering GS model in general dimension D one finds that log s terms cancel only for D = 10.



As was found in [30], the M2 brane analog of (1.19) takes particularly simple form for D = 11
AW = LT(—s)32 4 (=)%2 4 (—u)3/?] A©) AO = Ly, (1.20)

As we will show below the 2-loop correction to the D = 11 M2 brane amplitude computed
in dimensional regularization with d = 3 — 2¢ is given by

AP = [(_256171-25 + Wis) stu + ggiz [5* log(—-%) + t3 10g(—%) +u? log(—ﬁ)” tu
+ gogtonz S(6s' 4+ 124s% — 18335%t? — 3914st® — 1957¢"). (1.21)

This expression is simpler than the corresponding one in the bosonic membrane case
(see (2.29), (2.30)) but still contains the UV pole.” Here it is accompanied by the cor-
responding log s-like terms and thus represents a genuine logarithmic UV divergence. Some
coefficients in the second line in (1.21) are scheme-dependent.'® Note that like in (1.20)
the scheme-independent part of (1.21) is again proportional to the tree-level amplitude
AO) = Ly,

The presence of the pole indicates non-renormalizability of the M2 brane theory.!! At the
moment there is no indication of some hidden symmetry that would guide the definition of this
theory. One may speculate (cf. [30]) that after adding some specific counterterms to remove
the pole and part of rational finite part of (1.21) to make the whole amplitude (1.4) look
as A(s,t,u) = F(s,t,u) A where F =1+ T 'F)  7-2F®) 4 is a totally symmetric
function, the latter may “exponentiate” by analogy with the 2d case in (1.7).

In section 2 we shall discuss the 2-loop S-matrix for the bosonic string and the membrane.
We shall reproduce the string 2-loop amplitude in [35] clarifying the origin of the remaining
UV pole term and find the analogous result for the bosonic membrane.

In section 3 we shall present the expansion of the GS string and the M2 brane actions in
static gauge to quartic order in bosons and fermions fixing a particular x-symmetry gauge in
which there is no cubic interaction vertices (generalizing the expressions in [30] to quartic
fermionic terms). This will be the starting point for computing 4-scalar 2-loop amplitudes.

In section 4 and 5 we shall compute the 2-loop GS string and M2 brane amplitudes
treating both cases in parallel. We shall find extra fermionic loop contributions that should
be added to the bosonic loop expressions in section 2. In the GS case there will be extra
1-loop counterterm contributions related to two fermion propagators in the loop or on the
external lines.

In appendix A we will present details of the expansion of the M2 brane and GS string
actions. Appendix B will contain some useful fermionic traces and 1-loop integrals. In

9Note that the double-pole terms cancel out which is a consequence of the 1-loop finiteness in d = 3.

10This scheme dependence is due to the well-known ambiguity in treating products of 3d Levi-Civita tensor
in dimensional regularization. An alternative approach using dimensional reduction regularization [42] is
beyond the scope of the present work.

" One could try to argue that supersymmetry and special structure of the GS and M2 actions may imply
that despite being power-counting non-renormalizable they may represent UV finite theories. Indeed, the WZ
terms in the actions should not be renormalized but then k-symmetry may relate it to the volume part of
the action. This argument implies only non-renormalization of the tension but does not a priori exclude the
presence of higher supersymmetric and k-symmetric invariants (k-symmetry may also be deformed at the
quantum level). An attempt to argue for finiteness of M2 brane theory was in [43]. Note also that possible
higher derivative corrections to M2 brane action were discussed in [44, 45].



appendix C we will review few relations for the extrinsic curvature and the scalar curvature
for the induced world-volume metric. Appendix D will contain details of the computation
of 2-loop diagrams in the bosonic case.

2 Massless scattering on bosonic string and membrane

We shall start with the bosonic case treating the string and membrane case in parallel. We
will first review the results for the 1-loop string [32] and membrane [31] amplitudes. We
will then reproduce the 2-loop contribution [35] to the string amplitude and generalize it
to the membrane case.

2.1 Classical action

A brane moving in a D-dimensional target space has the induced volume action

S=-T / d%o \/— det hgp, Rab = N Oa X O X", (2.1)

where a,b=10,1,...,d—1and pu,v =0,1,..., D — 1. We shall consider its expansion near
an infinite flat brane vacuum and fix the static gauge X = 0® so that the induced metric is

Rab = Nap + 0a X 0p X", i=1,...,D, D=D—d. (2.2)
Expanding in powers of derivatives gives (dropping constant term)

S=-T / dlo [ $0°X10, X"+ 2(0°X70,X7)? — §(0, X0, X")(9° X7 XT) + 0((8)()6)} :
(2.3)
We shall not need (90X )¢ terms as they will not contribute non-trivially to 2-loop 4-point
scattering amplitude (such terms may be relevant only for tadpole contributions that vanish
in dimensional regularization that we will use).
After rescaling X* — ﬁX ¢ the factors of inverse tension 7! will appear in the
interaction vertices and thus in the corresponding scattering amplitudes.
2.2 Tree amplitude
Starting with (2.3) the expression for the scattering amplitude X (p1) X% (p2) — X% (p3) X (p4)
follows from the quartic vertex
(p1,i1) (p3,i3)
Vi1i2i3i4(plap27p37p4) =
(p2,i2) (pa,ia)
= —i[(m “P2P3 P4 — PL-DaD2 - P3 — DL P32 - pa) 6 268H
+ (p1-P3P2-Pa— P1L-Pap2-P3s— P1-paps - pa) 5186

+ (P1-pap2 - p3 — P1-P3P2 - Pa— P1 - P2P3 - Pa) 5i1i4512i3].
(2.4)



The resulting tree amplitude is (cf. (1.1), (1.4))
MO inizizia _ %Vi1i2i3i4 = —ltu Sitiz gisia _ %Su yinis gizia %st5i1i45i2i3. (2.5)

It has the same universal form for any d, simplifying in the string case (under the t = 0
choice) to (1.6).

2.3 1-loop amplitude

The non-trivial 1-loop diagram is

(k+p1 +p2,71)

(p1,i1) (p3,13)
D10 (py po, p3, pa) = (2.6)
(p2,i2) (k2 ) (P4, 14)
The corresponding amplitude is given by the sum over crossing'?
MW st (g ¢ ) = DRI (g ¢ ) + DR (¢, 5) 4 DRI (y, 5, 1), (2.7)
In dimensional regularization
Di1i2i3i4 (S t U):—i/ ddk Vi1i2j1j2 (plap?a_k;_pl _pQ)k)Vj1j2i3i4(k+p1+p27_k7p3)p4)
Y 2 (2m)d k2 (k+p1+p2)? ’

(2.8)
where V' is given in (2.4). This integral may be evaluated in the standard way by introducing
Feynman parameters and doing the loop integration (see appendix B) or by reducing it
to simpler integrals using the Integration By Parts (IBP) and tensor reduction [46-49]
implemented in the automated Mathematica software FIRE [50-54] that we will use also

below. The result is (s = —2p; - p2)
i i s (d—2)[d(D—8)—8]s>—8Dtu ; ; . ;
D1112237»4 t —— G 5211261324
(s:t:0) ==360a-1) 1’1(3)l 8(d+1)
+s(ds—+2t)§11% 5t —{—s(ds—|—2u)5i1i46i2i4] : (2.9)
2
MR L m)d K2 (k+pitp)? (4m)d2 I(d—2) '

In the 2d string case we are to set d = 2 — 2¢ and D =D — 2" Then

Gll(s):%—+..., (2.11)

12We set D1%2%3% (5 t ) = D1%2%% (p) py, pa, pa).

3Note that while we introduced in general D as D — d we are not continuing d there away from 2 or 3
as that would break the target-space supersymmetry (the number of bosons will change, but the number of
fermionic components is always the same). Thus in the general expressions we set D =D —2in the string
case and D = D — 3 in the membrane case.



and we get the following UV pole contribution to (2.7)

M (s g ) — g (D~ 8) stu (260 4 g 4 g (2.12)
This pole represents the standard UV divergences so that the finite part contains also the
corresponding stulog s term [31, 32]. These contributions vanish in d = 2 due to the kinematic
stu = 0 relation and then the finite part is given by (1.8).

Keeping d general in the numerator of (2.12) the pole term (2.12) can be cancelled by
adding an “evanescent” scalar curvature counterterm which is trivial only in d = 2

59 = K;/ddo— V=h R = lﬁ;/dda [(aaain 0:X") (0°0°X7 8" X7)+.. ] ’ = _48;5(:
(2.13)

Here we ignored the contribution ~ 32X that vanishes on the free equation of motion (see
appendix C.2).'* The corresponding vertex is

(p1,11) (p3,i3)
B2 (py,pa, p3, pa) =

(p2,42) (pa,ia)

= —2ik(p1 - P3P1-PaD2 D3+ D1 D3PL-PaD2 - Da+ D1 D3 P2 - P3 D2 - Pa+ D1 - PaPa - P3 P2 - Pa)diti2 530
—2ik(p1 - paP1 - PaP2 D3+ D1 P2P1 - PaP3 - Pa -+ D1 P2P2 P3P Pa + P PaP2 - P3ps - pa)dite 5

— 2ik(p1 - P2p1 - P3P2 Pa +P1P2P1 D3 P3 - Pa+ D1 P2P2 PaP3 Pa+ D1 P32 paps - pa)dtAa.
(2.14)

Its contribution cancels the pole in (2.12) if we choose (cf. [35] and also footnote 5 in [31])
c=D-8. (2.15)

In the membrane case, setting d = 3 — 2¢ and D=D-3in (2.9), we automatically get a
finite expression [30] given in (1.19), so that no “evanescent” counterterm is needed here.
2.4 2-loop amplitude: string

Since the expansion in (2.3) starts with quartic vertex, non-trivial contributions to the 2-loop

amplitude may come from the following diagrams!'®

poe SEAVAND o4

“Double-bubble” “Wine-glass” “Counterterm” (2.16)

1 The term in (2.13) proportional to 8%X may be ignored also when inserting it into 2-loop counterterm
diagram (third in (2.16)) as it gives extra tadpole contribution that vanishes in dimensional regularization. In
general, there may be contributions to higher point functions that may be accounted for by replacing 8>X by
X? terms using equations of motion (or doing field redefinitions).

15 As was already mentioned, we are ignoring massless tadpole diagrams as they vanish in dimensional regu-

larization.



Detailed evaluation of these 2-loop diagrams is presented in appendix D. The last diagram
in (2.16) represent the insertion of the 1-loop counterterm (2.13), i.e. its contribution is
proportional to c.

The 8% double pole terms that may come only from the first two diagrams in (2.16)
cancel out, reflecting the fact that there are no % divergences at 1-loop level in d = 2 (this
is true even off shell as the candidate [ R counterterm (2.13) is trivial directly in d = 2
so that there are no % sub-divergences). !0
The simple pole contributions to the amplitude are found to be as in [35] (assuming

as usual t = 0 choice of 2d kinematics)

AD =

e

Q
0=
Y

) = i (D= 12)(D — 8 20) 5", By =

921672 (D —8—2c)s?

(2.17)

768ﬂ2

For the finite parts we find (we absorb 4me™ 7 into the normalization factor u?)

A (5) == q35h12 [1024—255 D+ 11D+ (72—-5D)c] s*+ik- (34—2D+c)s*
+4608W2(D_12)(D_8_C) S log(—ﬁ), (2.18)
O (5) = — 135am2 [1024—255D+11 D%+ (72—-5D)c] s* —i g~ [108+8D— D2+ (D—6)c] s*
+46087.-2(D 12)(D 8— C)S log(——) (2.19)
B (5) =— 15 5" — ok (148 =35 D+24c) —i = (D—8—c) s
— 35177 (D—8—¢) s'log(—%). (2.20)

For ¢ = D — 8 all log s terms cancel out but the pole terms survive and we get the expressions
n (1.11)(1.12), (1.13) [35], i.e

A

N
™| )

V=P = gt D - 19D -8)s', BY = il (D=9t (221)

AP (s) = [CP)(=8)]" = —i mg= (D — 26) 5* — by (6D — 143D + 448) 5%, (2.22)

2
Bf(in) = 1925 + 4608 7 (D +4) 5" (2.23)

Note that for ¢ = 0 the coefficients of the pole terms in (2.17) are the same as of the
log s terms in (2.18)—(2.20). That means that the pole contributions of the genuine 2-loop
diagrams (the first two in (2.16)) represent the standard log UV divergences, like that was
the case for the 1-loop pole terms in (2.12). At the same time, half of the pole terms among
those proportional to ¢ which come from the evanescent counterterm diagram and are not
accompanied by the log s terms should have a different nature and thus their presence may
be viewed as an artifact of dimensional regularization (cf. [40, 41]). They should be just

subtracted as they have no physical consequences.'”

161n general, the coefficient of is proportional to stu (like the 1-loop pole term in (2.12)) and thus vanishes
due to 2d kinematics [35].

"Tn more detail, the counterterm contribution is given by the % factor in (2.13) (which has 1-loop UV
origin) times the combination J = (d — 2)(sG1,1 + G1,0 + Go,1) where the first integral G1,1 is the contribution
of the bubble diagram (2.10) and the other two are the tadpoles (we assume they are IR-regularized by
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The pole terms in (2.17) or (2.21) may be canceled by adding a counterterm (1.14) whose
contribution to the amplitudes are given by (as usual, here ¢ = 0)

AA® = AC®) = L(cp + 2¢9) 5%, AB® = 1¢i st (2.24)

Thus to cancel pole terms in (2.21) we need to choose the constants in (1.14) as

C1 1 (D—S), Cy) =

= (D —6)(D —38). (2.25)

S S

4608m2¢
The cancellation of log s terms that is possible due to the inclusion of the contribution of the
evanescent counterterm (2.13) is crucial for preservation of integrability. Indeed, for D = 26
the imaginary part in (2.22) vanishes and then all the real s* terms in (2.21)—(2.23) apart
from —ﬁs‘i in B® required for consistency with (1.7), (1.15) may be removed by adding
a specific real local counterterm [35] (see below).

To preserve integrability for generic D we need also to take into account the finite
counterterm (1.9) that was required for integrability for any D at the 1-loop order. Its
contribution to 2-loop diagram is again given by the third diagram in (2.16) with the vertex
coming from (1.9) given by

VIRisi (p) po ps, pa) = 4ib [p1 “pap3 - pa(p1 + p2) - (p3 + pa)dri2sts
+p1-p3p2 - pa(p1 +p3) - (p2 + pa)de6™H
+p1-pap2 - p3(p1 + pa) - (p2 +p3)5m46"2i3} . (2.26)
Its tree-level contribution changes the 1-loop amplitudes by

AAD = _ACD = p g3, ABY =, (2.27)

D—-26
1927

counterterm diagram in (2.16) is finite and changes the finite part of the 2-loop amplitudes
in (2.22), (2.23) as (see appendix D.4)

Choosing b = we cancel the D — 26 terms in (1.8). Its contribution to the 1-loop

AA® = Lipst 4 (6D - 37)bs?, AC® = —Lips* + L (6D —37)bs",
AB® = Lpst. (2.28)

introducing a mass m). The logm IR divergence of the bubble diagram cancels against the logm terms in

the tadpoles, and the remainder is a d—iz UV divergence of the tadpoles. J ~ ¢ X % is then finite, and we get
1

just a simple UV pole factor remaining. The reason why part of the < poles in the counterterm contribution

are not accompanied by log s terms can be understood also by tracing the dependence on the dimensional

regularization scale parameter p. The factor of i~ 2¢

is introduced to compensate for the dimension of each
fd’ia = fd272€a or each factor of T" and thus its inverse appears in the vertices that are multiplied by
T~ ! factors. In general, at L-loop order we then get from a simple pole factor %,UQLE = é + Llogp® + ...
Thus for L = 2 there is a factor of 2 difference between the coefficient of % and of log 12, in agreement with
what one has for the c-independent terms in (2.17)—(2.20). At the same time, the contribution of the 1-loop
counterterm (2.13) contains no p* factor, i.e. there is just one factor of 12 coming from the left 4-vertex (2.4)
in the last diagram in (2.16) (the one from the Nambu action (2.3)). The dependence on p is correlated with
the dependence on s in (2.18)(2.20) and that explains why 1 factor still survives after all log s terms are
cancelled out due to choosing ¢ = D — 8.
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These contributions cancel the imaginary parts in A® and C® and the remaining real
s* terms in them can be eliminated by adding the local counterterm (1.14) with finite ¢;
and cy (cf. (2.24)).1%

2.5 2-loop amplitude: membrane

Starting with the general expressions for the two 2-loop diagrams in (2.16) we may set
d=3—-2and D=D-3 (for d = 3 there is no 1-loop counterterm contribution). We
find that the first double-bubble diagram is finite, while the wine-glass diagram gives the
following single UV pole contribution (double-pole terms cancel)

Af) (Sa ta U) -

—~

— gomgee | (27D + 455) st*(25 + 1) + 3(D — 3) s*(45% + st + 1012)

+ 85%(~8s% + dst + 718, (2.29)

with B?) and C® related to A® as in (1.2). The finite part contains log momentum
terms that accompany the pole terms in (2.29), i.e. the latter represent genuine log UV
divergences. We find explicitly

Agn) (s,t,u)=

m{s‘“’ [3(7D—25)s?~2(9D —17)(t*+u?)] log(— %)

—t*[5(250—6D)+t(191+3D)]log(— 5 ) +u’ [t(1914+3D)+5(~59+9D)] log(—u%)}
- ms{ [2(8869D —97807)tu+8(1027D—8745)s7] (t2+u2)+(57777D+74797)t2u2}
+ 19301 5 { [2(—289—138D+7D?)tu+3(617-38D+ D?)s?| (> +u?)

+4(1055—138D+7D?)*u? | (2.30)

One can check that the total sum of coefficients of log u? here is twice that of the % term
in (2.29) (cf. footnote 17).

The presence of the UV divergence in the 2-loop S-matrix (2.29) demonstrates the non-
renormalizability of the bosonic membrane theory. While this divergence may be eliminated
by a local 3'°X* counterterm there is no known underlying principle (like integrability in
the d = 2 string case) that would fix the coefficients of the remaining finite terms in the
amplitude order by order in loop expansion.

In general, starting with the brane action (2.1) that has the coupling given by (inverse)
tension 1" that has mass dimension d one may classify possible counterterms expected at
L-loop order. They should be covariant, i.e. should be built out the extrinsic curvature and its
covariant derivatives (see, e.g., [35, 36, 55] and appendix C.1)!? Assuming X* have the same
dimension (of length) as ¢ so that 9, X ¢ and hgy, are dimensionless, a local logarithmically

!8Note that the signs in (2.27) and (2.28) are consistent with (1.5). Also, the non-trivial part of B that
should be consistent with (1.7) has imaginary 1-loop s® term but has real 2-loop s* term.

19Using the Gauss-Codazzi relation in the case of flat target space (C.5), one can express the Riemann
tensor of the induced metric hqp in terms of the extrinsic curvature, see (C.5).
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divergent term at the L loop order contribution to the quantum effective action of the
theory (2.1) should have the following structure

Tk Z/dda ol (ax)? . (2.31)

Here d L derivatives should be distributed between 2n factors of X*. The 4-point scattering
amplitude probes the terms with n = 2, i.e. with the integrand 9?%*t4X* corresponding to
s24LF2 ete. in (1.1). Such terms may originate from two covariant structures built out of
the extrinsic curvature K¢, and covariant derivative (cf. (1.14))

I = V-hV¥?KK, I = VY KKKK . (2.32)

In I; we should pick up the leading 92X term from the expansion of one factor of K and
the subleading 9*X? term from the second factor (cf. appendix C.1). In Iy we should pick
up just the leading 0?X term in each of the 4 factors of K.

In the string case (d = 2) at the 1-loop order the only possibility is v—h KK, or,
equivalently /—hR (cf. on-shell relation (C.6)) which is trivial being a total derivative. At
the 2-loop order we may have /—h V2K K and /—h KKKK. The first invariant reduces to
the second one at the X* order?” so that we end up with the same counterterm (1.14) as in [35].

In the membrane case (d = 3) there is no candidate counterterm (2.31) at L = 1 order
(in general, for odd d there are no relevant invariants at odd number of loops).?! At L = 2 we
have the two candidate invariants in (2.32), i.e. vV/—=h V*KK or v/—hV?KKKK. Again, we
can reduce the first one to the second (restricting to on-shell X* vertex).?? The divergent part
in (2.29) is reproduced by the following counterterm (here Oy . = 9,05 - . . O, and repeated
3d indices are contracted by 74p)

27D +455)05 X e X7 0e X7 Ogene X' — t55a0m7= (3D —25) 00y X Ope X7 OgcaX ' OecaX?
3D —191)0p X 00 X 03 X7 Dgepe X7 (2.33)

— é(

8064072 ¢
_{_;(

16128072 ¢
where we ignore terms with 92X that vanish on-shell. A terms like 04, X? come from the
leading term in the expansion of beb, while terms like OgepeX? may come from both V VK, gc
and VbVCKée, etc. Note that the corresponding covariant VKV KKK counterterm in the
effective action will cancel also log divergences present in higher-point 2-loop scattering
amplitudes.

3 Superstring and supermembrane: classical action

Let us now consider similar scattering of massless scalars for D = 10 GS string and D = 11
M2 brane. The tree-level amplitude is the same as in the bosonic case (2.5) while the 1-loop
correction was computed in [30].

2From (C.10) we see that we only need to consider VK.V, (K"). Using (C.9) this is same as
VK, VYKL + KKKK terms where the first term vanishes upon integration by parts.

21We are assuming that parity invariance is preserved, i.e. that one cannot use odd number of ¢**° to
contract the indices.

220ne may commute derivatives until they hit K getting VKVK KK term (commutator also gives such
term). Equivalently, we may first assume that all derivatives are flat ones and use that 9°9,X — 0 on-shell.
Then replacing derivatives by the covariant ones makes them non-commuting but difference is just extra KK

or curvature terms.
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Our aim will be to find the corresponding 2-loop amplitude. The total amplitude will be
given by the bosonic contribution from the previous section plus the contribution from the
loops involving fermions. The latter will be our main focus in what follows.

Like in [30] it will be convenient to treat the GS string and the M2 brane cases in
parallel given that they are directly related by the double dimensional reduction [56]. The
supermembrane action in flat target space is given by [2, 57]%

S =5 +5, S, = —T/d3a J/—detg, (3.1)

Sy= T / B e GT,, 0,0 (TLTTY + i T GTV 0,0 — L9T48,0 0T70,) | (3.2)

Jab = NPT, T = 9, X" —ifT19,0,  6=0'T°  {T" T} =2p". (3.3)
The first term in the action S; is manifestly invariant under the global supersymmetry
OXH =1el'*0, 00 = . The WZ part Sy can be made supersymmetric in D = 4,5,7,11 with
an appropriate choice of spinors [58]. In D = 11 spinors are Majorana 6 = 6C, where C

satisfies CTHC = (TH)!, O = —C, C? = —1, so that (ATH1+Fn9,0)t = (—1)"9,00*1#n0. In
D = 4,5,7,11 the action has local fermionic k-symmetry

SXH =iT*(1+T)k, 80 = (14T, I= ﬁaabcngngngruryrp, r=1.
(3.4)

Fixing the static gauge as in the bosonic case (so that hqy = Nap + 9, X9, X?) and the
k-symmetry gauge as in [30, 59, 60]

Py =0, P =0, PLo=11+1I), (3.5)
=71 (I)?=1 &™), =20"T, ey = T T, T, (3.6)
and expanding the Lagrangian in (3.1), (3.2) to quartic order in both bosons and fermions

we find that the cubic X660 term vanishes. The remaining terms to quartic order in fermions
may be written as (see appendix A)

L=Lg+Lg+ Ly2g2+ Lga + ..., Lp=—vV—h, Lg2 = 06 , (3.7)
Ly2g2 = 20, X'0°X" 090 — £0, X0, X000 — 1 9, X" 9, X7 0T 0.0, (3.8)
Lgs = —100,0,0 61°0°0 + 1090 676 . (3.9)

Here ¢ = I'?0, and we rescaled the fermions 6 — %0 to get the canonical normalization

of their kinetic term.?*

2We assume that TO(I*) % = I* and also that €12 = —1 and T#1-#n = Pl-nnl — L(DH T ).

24The interaction terms with 8@ factors in (3.8) and (3.9) can be, in principle, eliminated by a field
redefinition at the expense of introducing higher-point vertices that should not contribute to the 4-scalar
amplitude at 2-loop level consider here. Explicitly, we may redefine 6 — (1 + @10, X0°X" + azé(ﬂe)ﬁ +....
Then instead of 8@ terms in (3.8), (3.9) we will get 6-point terms like (8X)*(000) + (0X)?(000)* + (096)°.
These will not give non-trivial contributions to the 2-loop 4-scalar amplitude. Thus the 0@ terms in (3.8), (3.9)
can be simply omitted.
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The double dimensional reduction of the classical D = 11 supermembrane action gives
the type IIA GS superstring action [56]. Setting X2 = 0% we get from (3.1), (3.2)

S =351+, S1 = —T/dQU v/ —det g, (3.10)
Sy =T / d*cie®™ 0T, T2 9,0 (1) + 3 OT10,0) . (3.11)
Here g, is defined as in (3.3), €% = £%2 and 6 is the same as in supermembrane action.
Here a,b = 0,1, . = 0,1,3,...,D, D = D — 1, so that we will have the same number
D — 2 = D — 3 of physical “transverse” coordinates. This action is supersymmetric and

k-symmetric in dimension D = 3,4,6,10.?°
Fixing the static gauge and the k-symmetry gauge

Xt = (0" X", i=3,...,D, P60 =0, Py =1(1£I%), I'"=1"1T% (312

we find that the expansion of the GS string Lagrangian to quartic order in fermions is the
same as in the M2 brane case in (3.7)-(3.9) with the £%*° term dropped (see appendix A)

L=Lp+Lp+Ly2pe+Lpit..., Lp=—/—h,  Lp=i0d0, (3.13)

Lx2g> =30, X'0" X090 — 10, X 0, X'0T°0%0,  Lgs=—10T,0,0 OT°0"°0+ 1030 00.
(3.14)

Note that in contrast to (3.8) in the membrane case this Lagrangian contains only I', matrices
with 2d indices which allows to relate it to the corresponding expansion of the NSR action [39].
Like in the membrane case, here the terms with @0 can be redefined away.

4 2-loop amplitude on superstring

In addition to the bosonic contributions we need to include also the fermionic loop ones. The

fermion propagator following from (3.13) in the gauge (3.12) is given by “;—;p.,% The X262
vertex following from (3.8) or (3.14) may be represented as
(p1,01) (p3,i3)
(Vi3i4)a1a2 (p17p27p3ap4) = (41)
(p2, a2) (P4, ia)

Explicitly, in the spinor matrix notation it is given by

VI (p1, pa, p3, pa) = § P[0 (p3 - pagp, — ps - D1, —pa- p1p,) — € Drapappa L]
1 4 3
(4.2)

where in the superstring case we should omit the last £2°¢ term.

25In what follows in discussing superstring we will redefine the notation D — D.
26Gince I', matrices satisfy the 2d Clifford algebra they can be identified with 2d Dirac matrices in
32x 32 representation.
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The quartic fermion vertex from (3.14) may be represented as

(p1, 1) (p3, a3)
Vasas %P1, p2, p3,pa) =
e (4.3)
(p2, a2) (P4, 014)
= %[(pl)a;m (}’jg)%m + (pl)ou;al (pz)ag,aQ - (ﬁl)o@(m (pQ)a4Oél - (pl)a3a1 (pg)a4a2]7
where it is understood that all p factors contain also the projector P_.
4.1 1-loop order
The fermionic loop contribution to 4-scalar scattering amplitude is given by
. k+p + .
(p1,i1) B (p3,i3)
DF(17 27 37 4) =
(p2,i2) P (pa,ia)
_ 1 [ d% igis —iP-(E+ P +Py) iy —iP_§
=7/ @i tr [V 314 (k + p1 + p2, —k7p37p4)mv (k,—k —p1 — p2,p1,p2) 2|
(4.4)
where V1% was given in (4.2). The trace is proportional to tr P~ = np = 16; we also

include the factor % as spinors are Majorana, and (—1) to account for the Fermi statistics

so that effectively tr P — —%np = —8. Expanding the above expression for d = 2 — 2¢
we find that resulting 1-loop contribution to the D = 10 superstring scattering amplitude
has a divergent part

M(l) i1i2i3i4 — _241 Stu (5i1i26i3i4 + 5i1i36i2i4 + 6i1i45i2i3) (4 5)
F TE . .

o =

)

This vanishes directly in d = 2 where stu = 0. Combined with the bosonic loop contri-
bution (2.12) evaluated at D = 10 that corresponds to the coefficient of the evanescent
counterterm in (2.13) being changed to

c=D-8+4"2"¢, (4.6)
The finite part of the fermion loop contribution for ¢ = 0 is given by

Afhn(5) = ~Chpn(5) = ~gtzs”, B}, =0. (47)

Added to the bosonic loop contribution (1.8) with D = 10, the total 1-loop amplitude in
the superstring case is given by (1.10) [30], i.e.

T Pk M BT R
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As in the bosonic case, one can satisfy the integrability requirement A0 = ¢ = 0 by
adding the counterterm (1.9) with [30]%7

D—10

b=D—26+4 12. (4.9)

4.2 2-loop order
We get the same 2-loop diagram topologies as in (2.16) where now there are additional

contributions from diagrams with internal fermionic lines. We will discuss these in turn.

4.2.1 Double-bubble diagrams

There are 3 such diagrams — two with one bosonic and one fermionic loop (related in an
obvious way by exchanging 12 <+ 34), and the one with two fermionic loops:

ki +p1+p2 (k2 +p1+p2, 1)

(p1,i1) (p3,1i3)
(DBG7F);11{§7237%37P4 = (410)
(p277/2) kl (kg,jQ) (p4724)
. ki +p1+pe2,J ko +p1 + .
(phll) ( 1T P11+ P2 ]1) 2 T P1 pz) (pg,l:s)
(DBb’F);)llizpiaa?Sgp4 = (411>
(p2,i2) (k‘1,j2) ks (Pa,ia)
. ki +p1 + ko +p1 + .
(ph 21) 1T™P1T P2 2 TP1 T P2 (p37 23)
(DBC)F)?li;i?izS;%S,P4 = (412)
(p27 Z2) k'l k’g (p4v 7’4)
Explicitly, they are given by
11121317 _ 1 7172134
(DBayF)pll,%;};l&m - Z/dkl de k%(k‘g—i—pl +p2)2 V;D1+I72+k2,—k2717371?4
tI' V’iliZ P_(kl) lejz Pi(kl_{_pl +p2)
k1,—ki1—p1—p2,p1,p2 ]{;% k1+p1+p2,—k1,—k2—p1—p2,k2 ('Ifl +p1 +p2)2

(4.13)

27 As was noticed in [30], if one defines the GS scattering amplitude as a “double-dimensional” [56] limit of
the amplitude on S'-compactified M2 brane, then one gets directly that A® =M =, implying that the
definition of the GS path integral via the M2 brane one automatically provides the required measure factors
or local counterterms, at least to the 1-loop order.
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111213124 _ 1 11127172
(DBva)Pl,m,PB,M_2i/dk1dk2 k%(k1+p1+p2)2 ‘/;’lyp%*kl*pl*p?vkl

t Visi4 P_(%Q_'_Zél +p2) lejz P_ (kQ)
U\ Vo +p1+p2,—k2,ps.pa (ko+p1+p2)? k2,—k2—p1—p2,k1+p1+p2,—k1 k% )
(4.14)
S — .. o
(DBCvF);ﬂlll;?g?&m - %/dkl dk {S(kl Th +p2)vk?11f3k1—p1 —p27p17p2s(k1)] as
- as
{S(]@)Vlssrm-i-pz,—kz,]?s,pziS(k2+p1 +p2)} Qg Va1a3 e (kl +p1 +p27k2)7
(4.15)
where the vertices V were given in (4.2), (4.3) and we used the notation dk = (gjrl;?d and
P
St) = .
Introducing ¢ = k1 + p1 + p2 and
U=S(kitpitp2) Vil 21—y 1 a5 (F1)s W =S5(k2) Vi Y1 +pa,—kapapaS (K2 +D1+D2),
(4.16)

we have for the integrand in (4.15) (cf. (4.3))

%Uag alWa4 QB[(g)ag,OM (%2)a1a2 + (g)ago¢2 (%2)041&4 - (g)a1a4 (kZ)agaQ - (g)aloQ (kQ)a3a4]
= Ltr(Uky) tr(W ) + tr(UgW ky) — tr(UkaW ) — tr(Ug) tr(W k)] (4.17)

4.2.2 Wine-glass diagrams

There are 3 diagrams of this topology: one with 2 fermionic propagators and two with 3
fermionic propagators (these are related by (pi,i1) <> (ps3,i3) exchange):

(p1,i1) (p3,i3)
(Wa,p)p 55 0 = (4.18)

(p2,i2) (P4, 14)

(p1,11) (p3,i3)
(Wo,r)3 5 oo = (4.19)

(p2,i2) (Pa,14)
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(k1,71)

- /x o
Ll }

ko — k1
N k2 —p1 k2 + ps3 (4.20)

DP1,P2,P3,P4

(p1,11) (p3,1i3)

(p2,12) (Pa,ia)

The corresponding momentum integrals are

Vi2j1j2i4
11121314 1 TN p2,—ko+p1,k2+p3,pa
(Wa,F)m,pz,p:s,m — 1 /dkl dk (kg + p3)2(ka — p1)?

X tr [S(k:l)vilj1 S(ky — kz)vijfékﬁkz,paﬁkrps}’

k1—ka,—k1,p1,k2—p1

(4.21)
(vaF);Jll%izs,?s,m - %/g]\a %ki‘[% tr {S(kl o kQ)Via}g;—p&kz—khp:s,h
x S(—ks — p3)‘/212?k2,k2+p3,p27134s(p1 B k2>v’§11£1k27k2_p1’p1’_k1}’
(4.22)
(Wer )32, = 1 [ dfy dba g e[Sk — KOV, 502 =)
X Vlfijilp37*k2+plyp27p48(k2 + p3)vkijzlk1ﬁszp3,p3,k1}’

(4.23)

4.2.3 Counterterm diagram with X* vertex from fermionic loop

Next, let us consider possible counterterm diagrams corresponding to the third topology
in (2.16). In the case when the loop in that diagram is bosonic, the counterterm X? vertex
may correspond to the 1-loop diagram from either bosonic or fermionic loop.

The case of the bosonic 1-loop counterterm (2.13) was already discussed in section 2.
Let us now consider the case of the 1-loop counterterm vertex originating from the fermionic
loop diagram (4.4). The corresponding 2-loop order contribution is represented by

k+p1+po

(p1,i1) (p3,i3)

(4.24)
(p2,i2) 1 (Pa,i4)

where the dashed circle corresponds to the counterterm canceling the pole in (4.5) due to
a fermionic loop, i.e. the evanescent operator (2.13) with ¢ = ¢, = 4 (i.e. the contribution
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of 4 to total ¢ in (4.6). This gives®
AMizisia — {m,& {(de)[f4+d(D74)] (2 +u?) (4.25)

—|—2[d2(D—4) —2(d—|—2)(D—2)]tu 5i1i25i3i4 —%85 (61'11'461'21'3 +5i1i35i2i4)}G1’1(8).

There is also a similar contribution from the diagram like (4.24) with the counterterm
vertex on the right.

4.2.4 Counterterm diagram with X262 vertex

When expanding around d = 2, the above 2-loop diagrams with internal fermions (both of
double-bubble and wine-glass type) have divergent sub-diagrams corresponding also to the 1-
loop XX — 06 process. We thus need to determine the associated counterterms to be inserted
into the 1-loop diagrams of third type in (2.16) with the loop being the fermionic one. This is
needed to cancel various 1-loop sub-divergences in diagrams (4.10)—(4.12) and (4.18)—(4.20)
associated with sub-diagrams with two bosonic and two fermionic legs.

Let us first find the counterterm that is required to cancel the pole in the 1-loop
XX — 06 amplitude. This amplitude may receive several contributions. One is from the

bosonic loop diagram?’
(p1,11) (k+ 21 422 2) 6° (p3)
(Dpe).” =
(p2,i2) (k, j») Oa(pa) 20

_ i/ <k VP?,ZinlEﬂ—pl—pz,k (V192)o” (p3, pas k + p1 + p2, —F)
%) (2m)d k2(k + p1 + p2)? '

For notational simplicity we will suppress the trivial §"1?2 factor in the expressions for these
amplitudes in what follows.

The two-fermion counterterm is a matrix with spinor indices, which we may decompose
in a basis of Dirac matrices. From the perspective of the 2d worldsheet, this basis contains
{I,T?%}. On dimensional and locality grounds, or simply because the two-fermion vertices
are linear in the 2d Dirac matrices, the identity matrix cannot appear in the decomposition
of this matrix. Thus, the counterterm must be of the form ¢ = v,I'® where v, is some 2d
vector. To simplify the calculations we take a trace of its product with an auxiliary matrix
pel,, and extract the vector v, from the resulting scalar expression.

Computing tr(Dpgp p,) we get (cf. (2.10))

tr(DpBp;) = s 82[— AD[t(p1 - ps — p2 - ps) + s(p1 - Ps + P3 - ps)]
+25(D — 6)(d — 2)(p1 - ps + P2 p5 + 2p3 - ps)
+s(D —4)(d — 2)%(p1 - ps + p2 - 5 + 2p3 .p5)} Gii(s).  (4.27)

28Here we specify to the string case and set D=D-2.
2Diagram (4.26) cancels the bosonic bubble sub-divergence of (4.10) and its left-right flipped version cancels
the sub-divergence of (4.11).
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Another contribution is from the diagram with the fermionic loop3”

(p1,71) (k+ b1t P2 ) 6% (ps)
(Drp),” =
(pQ, z2) (k’ﬂl) 9a(p4)
Ly [ dk [k )V (k —k = py— p2,p1,p2) SR, Vi, 7 (95 k4 D1 + o)
T / (2m)? k2(k + p1 + p2)? '
(4.28)
Let us define
q="Fk+p1+ po, V2 = S(k +py + p2) VA2 (k,—k — p1 — pa, p1,p2)S(k).  (4.29)

Considering like in (4.27) the combination Dggp, and using (4.3) we have
(V1) Vo P (03, 0) () 5
= 20072) T )2 )5 @D’ + )" (@Da” = B (D — W)a” (D)s™]
= (D p,] nlpd] + VR p ] — Vg g - VR elpp ). (4.30)
Thus after the loop integration
tr(Drrpp,) = — 27 5 {275(101 “Ps — P2 - Ps) + 2s(p1 - ps + p3 - ps)
+ (s +26)(pr - ps — P2 ps)(d — 2)| G (s) (4.31)

The third possible diagram has one bosonic and one fermionic propagator in the loop3!

_ k .o
0% (p3) (k1 f ps,af) 00 (pa)

(Drp)o” =
(p1,11) (k.7) (p2,i2)
L1 [ adk (VD) P (ps,—k = pu— pa,p1, R)S, Y (k4 py +93)(Vi29) o (k + p1 + p3, pa, p2, —F)
i ] @ne k2(k + p1 + p3)? ’
(4.32)
In this case
dk 1
tr(D =1 /
"Oenps) =3 | i B e
X tr {?5 V2 (k+p1+ps,pa,p2,—k) S (k+p1+p2) VI (p3,—k—p1 —p3,p1,7€)}
(4.33)

=—sant [(2(d+2)8+(5d—2)t)p1 ps —Adtps -p5+(2(d+2)8+(d—2)t)p3‘p5} G1a(t).

30The diagram (4.28) and its left-right flipped version cancel the sub-divergences of (4.12).
31The diagram (4.32) cancels the sub-divergence of the “Wine-glass” diagrams (4.18), (4.19).

— 21 —



There is also a similar diagram obtained by swapping p; and ps or t — u (we will denote
its contribution as Dpgp).

Summing up the above expressions and setting d = 2 — 2¢ we get for the pole part
in the total XX — 60 amplitude

tr[(DBB + Drp + Dpp + DBF)pJ = _lee(D — 4) S (up1 “ps +1p2 - ps — sp3 'p5) + O(EO).
(4.34)
The Dgg, etc., matrices contain an implicit factor P_. Using that tr P~ = 16 we then

get for the pole part
DtOt,% = 19;71'5 (‘D - 4) S ( - upl - tp2 + Sp?)) . (435)

This is a matrix with spinor indices (it is also proportional to §?1?2 which we suppress here).

In general, at the L-loop order, in addition to the bosonic counterterms (2.31) we may have
also the ones containing fermions, e.g., 7'~ % Sonk S d?o 9 (5X)?*™ (090)F .32 In particular, for
L =1and n =k =1 we may have a counterterm of the following symbolic structure in d = 2

1 S
: / &0 89X 10X 006, (4.36)
A covariant counterterm that contains (4.36) in its expansion is (cf. (C.6) and (C.7))
Rap 0T90%0 = —(K'K") 4, 0T°0°0 = —0,0° X 0,0, X" 0T0%0 + . . . |, (4.37)

where we used the on-shell conditions @0 = 0, 0*°X = 0.3
We are now ready to compute the analog of the 4-scalar counterterm diagram (4.24)
containing the above X262 counterterm vertex that cancels the pole in (4.35)

(p1,11) P3
= — 1552 (D — 4) p1 - pa (p2 - p3 Py +p1-p3p,) 012 (4.38)
(p2,12) P4
and the fermionic loop
. k .
(p1,i1) e (p3,1i3)
(4.39)
(P2 i2) k (4, i4)

Evaluation of the diagram (4.39) gives (cf. (4.25))

At = 30727réd211) (D—4)s° [(d —2)(#* +u?) — 2‘”“} Gra(s) 5726, (4.40)

A similar diagram with the counterterm vertex on the right obtained by interchanging
1234 <+ 3412 gives the equivalent contribution.

32Here we use that X and 006 that appear in (3.1), (3.10) are dimensionless.
33The tree level contribution corresponding to (4.36) is —p1 - pa(p2 - p3 P, +p1-psp,) = is(—upl —tp,),
which has the same structure as (4.35) after using that p, term does not contribute on-shell.
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4.2.5 Total 2-loop contribution

Let us now sum up the contributions of the above diagrams with fermions. Let us denote by
DB the sum of the double-bubble expressions in (4.10), (4.11), (4.12), by W — the sum of
wine-glass diagram expressions (4.18), (4.19), (4.20) and by CT and CT’ the contributions
of the counterterm diagrams in (4.39) and (4.24) plus their reflected versions. We should
also sum over appropriate crossed versions of these diagrams.

Keeping first s, ¢, u generic it is enough to find the A-amplitude as B and C' can be found
from it by crossing as in (1.2). We find, in particular, that the double-pole contributions
are given by
A](Dzlé,a% =~ gz S U, Agz),s% = Tisaerer 571U, Ag%,ﬁ = stirrer 51U, AST, 1 = 5rgnrer
so that each of them vanishes due to the kinematic condition stu = 0 in d = 2.

For the ¢ = 0 choice of the 2d kinematics we get for the single pole and finite contributions
of these diagrams (we again include 4re™ 7% into p?)

2 _ D 4 (2 _ 41 4 (2 _ D-4 4 (2) _ D-12 4
ADB 17 T TiR2a%e ¥ Aw,é = 60872 S ACT,é = 360872 9 A 17 T152m% ©
(2) s
ADB fin = 5767:2 s* log 2 17287r2 st
AD L g + stlog(—-5 )+ 52230 54
W.fin =~ 9672 &\ 12 23047r2 &\ 72 ) T 2764872
2 _  D-a D—4
ACT fin = ~ 60872 5 Hog (— 77 ) + T7a5ez »
(2) 1 4 s D—6 4 5D—72 4
AGT fin = o025 log (2 11527r2 s”log ( =z | + 35625 - (4.42)

The sum of these expressions gives the following result for the total fermionic contribution
to the 2-loop amplitude

AP (s) = W (D —11) 5" + 15352 (D — 10) s* log(—-5)

~ grsigz (12D — 391) s — iqgy_s?, (4.43)
Ci7(8) = gz (D = 1) 8"+ g (D = 10) 5" log(—3).

— groreer (72D = 391) s* + i[155= + 1m3e= (D — 10)]s*, (4.44)
Bg)(s) = T S TS (4.45)

where we used that log s = log(—s) + ¢m. Note that while in the bosonic case (2.21), (2.22)
the log s terms cancelled for any D, here in the superstring case that happens only in the
special case of D = 10. Also, the condition (1.5), i.e. A(s) = C*(—s) holds only for D = 10.

The total 2-loop amplitude in the superstring case is found by summing together the
expressions in (2.21), (2.22) and (4.43)—(4.45) evaluated for D = 10. The result was given

34As already mentioned, this is due to the absence of 1-loop divergences in d = 2 and thus absence of
sub-divergences in 2-loop diagrams.
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in (1.16)—(1.18), i.e.

AP (5) = [CO(=8)]" = —jmpims 8 + o2y st +ighs?, (4.46)
BO)(s) = — i st + w22y st — st (4.47)

As in the bosonic case [35], one can check that these 2-loop GS string contributions are
consistent with 2-particle unitarity.

Like in the bosonic case, the poles here that are not accompanied by log s terms come
from the evanescent counterterm contributions, so they are artifacts of the dimensional
regularization and should be subtracted. They can be cancelled out by adding the counterterm
(cf. (1.14), (2.24), (2.25))

e /d% V=h[tr(K'K7)? — 2 tr(K'K")?]. (4.48)

In addition, like in the D # 26 bosonic case, we need to add the contribution of the
PPS 1-loop counterterm (1.9) with the coefficient given by (4.9) that was required for the
integrability of the D = 10 GS string at the 1-loop level [30]. The corresponding 2-loop
contribution containing 4-vertex from this counterterm cancels the imaginary terms in A
and C'® (see appendix D.4). Then the remaining real s* terms can be cancelled by a real
counterterm of the same form as in (1.14), (4.48). As a result, we end up with the amplitudes
in (1.15), i.e. A®) = c® =, B® = —ﬁs‘l, as required for the 2-loop integrability of
the D = 10 GS string.

5 2-loop amplitude on supermembrane

Like in the bosonic membrane case, in the M2 brane case there are no 1-loop divergences [30]
so the only 2-loop contributions come from the first two genuine 2-loop diagrams in (2.16).
This makes the computation effectively more straightforward than in the GS string case.

5.1 1-loop order

To get the 1-loop amplitude we need to add to the bosonic loop contribution (1.19) the
contribution of the fermionic loop with the vertices (4.1) including the % term in (4.2).
After summing over crossings the fermionic loop result is found to be

AV (5,1, u) = g [(—5)¥% (5% — 8tw) + A(—t)¥2 1(t + 25) + 4(—u)* 2 u(u +25)],  (5.1)

BW (s, t,u) = AV (L, s,u), M (s, t,u) = AV (u, t, 5). (5.2)
Adding this to (1.19) we get for the total A amplitude the following expression [30]
AW (s t,u) = — Ftu [(—5)*% + ()% + (—u)?/?]. (5.3)
Thus the total 1-loop amplitude has a simple form proportional to the tree level one3?
MO (s, t,u) = S[(—s)% + (=) + (=) MO (s, t,0), (5.4)
MOinizisia (g ¢ ) = L (g 1112550 4 gy §113§E0 gt §iriagizin) (5.5)

35As in any odd number of dimensions the 1-loop amplitude is finite. A similar computation of 4-particle
scattering in the case of the supersymmetric D3-brane action (d = 4) gives 1-loop divergence ~ 1(s* +t* +u?)
times tree-level amplitude [61].
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5.2 2-loop order
The fermionic double-bubble diagrams (4.10), (4.11), (4.12) give (after sum over crossing)
a finite contribution which for D = 11 is given by

AR) = — g (55" + 2053 + 16522 — 8st® — 4t) . (5.6)

Each of the three wine-glass diagrams (4.18), (4.19), (4.20) should be summed over 6 crossed
configurations. As a result, we get an expression containing a UV pole part (accompanied
by the corresponding log s, etc., terms). In dimension D = 11 it reads

A | = s (88" 4 1457 — 113577 — 2545t% — 127¢"). (5.7)

Adding this to the bosonic membrane pole contribution in (2.29) we conclude that the total
UV pole part of the D = 11 M2 brane 2-loop amplitude is given by

= _7256;2 =X 22 . (5.8)

g
m\»a/s
-

Thus despite its maximal target space supersymmetry the S-matrix of M2 brane theory is
not UV finite starting from 2-loop order.

The total expression for the finite part of the M2 brane amplitude (including the wine-glass,
double-bubble (5.6) and also the bosonic finite part in (2.30) evaluated at D = 11) is given by

AR = gotu( L[ log(— %) + *log(— fz) + u* log(— )] + & stu)
+ gogtonz (65" + 1245t — 1833s%> — 3914st® — 1957¢) | (5.9)

where we absorbed 7 and e~ factors into p2.%6

Let us note that the coeflicients in the finite # term in the second line of (5.9) are
potentially scheme-dependent. They are sensitive to how one treats contractions of the four
£%¢ symbols in 2-loop diagrams in dimensional regularization. We may first group them in
pairs and then use the relation (B.5) for each pair. Particular choices of ordering in pairs
may differ by order ¢ = —%(d — 3) terms and this may lead to different finite parts when
multiplied by % pole. The expression in (5.9) was found by using the symmetric average

over the three pairing orders.3”

36Note that since 52 4 t> + u® = 3stu the total coefficient of the log y? term differs from the coefficient of
the pole term in (5.8) by factor of 2, as expected in the 2-loop contribution (see footnote 17).

37Tn more detail, in the wine-glass diagrams (4.19), (4.20) there is just one four £**° contraction. Introducing
the notation e(p,q,r) = e paqure, we find such quartic contraction where one factor comes from the Dirac
trace (B.4) (we will indicate this it by underlining it) and the other three from the last term in (4.2). This
gives

/ " "

e(k1—ka,—ka—p3,—ko+p1) e(k1—k2,p1,—k1) e(—ka2+p1,p2,—p1—p2—p3) e(—k2—p3,p3,k1)=c € € €.

" [ / //}

We may group these factors in pairs with arbitrary coefficients «, 8 as « [gg’][e" "]+ B [ee”][e'e"'] +7y [ee”][e'e

where vy =1 — a — 3. We find that the dependence on « in A®@ drops out, so that there is just one scheme-
dependence parameter 3. Then the analog of the second line in (5.9) is found to be
(7T—128) s° + sopaomz stu [4s” (=37 + 188) — tu(1965 — 2483)].

1
4032072

The “symmetric” choice of 8 = 3 leads to the expression in the second line of (5.9).
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A Expansion of M2 brane and GS string actions to fourth order

Here we will present details of the derivation of the expansions in (3.7)-(3.9) and (3.13), (3.14).
The starting point is the covariant M2 brane action in (3.1), (3.2). In the static gauge we fix
X% =0% a=0,1,2 and expand in powers of D — 3 fields X*. The expansion of v/—h was
given in (2.3) and we are interested in similar terms involving #. We have (see (3.3))

Ly = —y=g = —V=h|1 = i0,X,00"9 — }0T,,0,0 0T"0"0 — }(9aX,07"0"0)
+ 30, X,,000,0 0" X, 00" 0°0 + L0, X, 00040 0° X, 00" 60 + ...,
(A1)

where ;1 = (a,i) and 9,X° = &¢.

b Hence (§ = I'*0,)
Ly = —V=h+i0@0+i0, X;0T'0"0+i(3n"0° X 0. X" — 9 X' 0" X")OT ,0,0 (A.2)

+10T40,00T°0%0+10T,0,0 0T 00+ L (099)* — 10T, 0,0 0T 00— 10T, 0,0 T "0+ . ...
Similarly, expanding the integrand Ly = Lo 1+ Lo 2 of the WZ term in (3.2) we get (using (3.6))
Loq=—5"°0T,, 0, 0TI T = — L% 0T}, 0,0 — i€ OT 1; 040 0 X ' — "¢ 0T 1; 0,0 0T 0,0

— 16 (OT a0 OT 00— 0T q0,0 0T 0,0) — 50T ;0,0 0, X 0 X7 +...

= —i0T*P0—i0T T, 10,00, X" — ™01 ;; 0,00, X' 0. X’

—®GT ;0,007 0p0— (0T g0 00T 9,0 — OT .40 00T 040) +..., (A.3)
Loy =107 1., 0,0 (0 X" —ifT 00) 0T 0.0 = L O3 000 0T 0.0+ 50T, 0,0 0100+ ...
Thus (see (3.6))

L=L1+Ly=Lp+Lg+Lxp2+Lx2p2+Lga+..., (A.4)
Lp=—V—=h,  Le=i0(1-T")d0,  Lxp=i0,X;01'0%0+i0,X'00*I,T*9,0, (A.5)
Lx2g2=30,X"0" X000 —i0,X "0, X 01" 0"0— $0, X" 9, X7 0T ;;0,.0, (A.6)
Lga=—£"0T; 0,001 00— 3™*(0T 440,007 20.0 — OT 40 00T 040) + 10T, 0,0 6T 0.0

+30T4,0,00T° 00+ 10T ;0,001" 00+ % (090)*— 16T, 0,0 0T 0“0 — LT , 0,001 * "9
(A.7)
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Here (A.5), (A.6) are the same as in [30] where §* terms were not included as they do not
contribute to the bosonic S-matrix in 1-loop approximation.
We can rearrange Lgs as follows

Lgs=—1e"0T;0,001"0.0 — 10T 40,001 70,0+ 10T ;0,001 90— 16T, 0,0 0T 0“0+ 5 (096)*
= 200 T, T 0,001 0.0 — 10T 10,0 0T 0.0+ 10T ;0,0 0T 09— 10T , 0,0 0T 00+ 1 (099) .
(A.8)

Using that e,y = T*(63I° — §51'%) we get

Lyt = SO0 T,T% 9,0 01700 + 367;0,0 0T°0"0—160(1 — I*)T',0,0 6106 + $0(1 — T*)@0 696 .
(A.9)

Fixing the k-symmetry gauge as in (3.5) we conclude that Lyg2 in (A.5) vanishes. Using that
[[*, 7% = 0 and {T*,T%} = 0, the terms in the first line in (A.9) vanish because of § = §P_,
P.T'; = TPy and P16 = 0. We thus end up with the expressions in (3.7), (3.8), (3.9)
(after the rescaling 0 — %9)

In the GS string case (3.10), (3.11) the volume part L; is the same, i.e. we get again the
expansion in (A.2). For the WZ part we have (after using that in the static gauge 9,X° = op)

Ly = —i® I, T5 0,0 (0, X" — S6TH040) (A.10)
= —i 0TI 0,0 — 1" OT'T2 0,0 0p X" — L& 0T .T'5 0,0 OT°0,0 — 1% OT'T'5 9,0 OT 0.

Fixing the k-symmetry gauge as in (3.12) we have again § = §P_, P_6 = 0; since [P_,T,] =
[P_,To] = 0, Py = I'Py we get

Ly =—ic® 0T, T3 0,0 — 3% 0T ;T2 9,0 0T°0,0 = i 00 — S0T°0.00T°0,0+ 1 (096)%,  (A.11)
where we used that e®T,['y = —TT™*, e®T I’y = T*(6T° — 6'T'?). Combining this with (A.2)
(Whegesy égg@aﬁ OT?90°¢ vanishes due to the P_ projection) we find

L =2i030 +i(in™0.X'0.X" — 9°X'0° X")0T ,0p0
+ 101,,0,0 0T°0%0 — 10T, 0,0 OT°0“0— 10T ,0,0 10" — L6190 10,0 + (6 P9)*
= 2i000 + i(3n™0.X 0. X" — 9°X'0°X")OT ,040 — OT ,0,0 0T 00 + (6 J0)? . (A.12)

This leads to (3.13), (3.14) after the rescaling § — %9.

B Some useful relations

In D = 11, the Majorana fermions have 32 real components. After xk-symmetry gauge fixing
we are left with np = 16 real components. The number of physical 3d fermionic degrees
of freedom is further halved by the Dirac equation @0 = 0, i.e it is given by %np = 8.
This is same as the number D = D — 3 = 8 of scalar X’ bosonic degrees of freedom. We
have for the spinor traces

trl =2np, trP_ =npg. (B.1)
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Considering a loop of Majorana fermions, we have an extra —1/2 factor so that effectively

we get tr P_ — —%np = —8&8. Some other basic traces are
tr(P_Lal's) = nap tr P_, tr(P_ToIlcl'a) = (NabTed — NacTbd + NadMee) tr P,
(B.2)
tr(P_Tq, ...Tq, ) =0, tr(P_T TpTYT*) = 1y (6%467% — 67674 trP_.  (B.3)
Using the definition of P_ in (3.5) we have
tr(P_ToI'y ) = eqpe tr P— . (B.4)

Similarly, tr(P_I' I, .[%%2I%%] i) factorizes into tr P_ 4. times a combination of §-
symbols.
We use also that

AN, ! / /
6abcﬁa b’ _ |, ba’ bbb (B5)

abc

2 _ 1
pl,ap2,bp3,c) = ZSt'UJ-
Some basic momentum integrals are

which implies, in particular, that (e

1 a1—|— —|—0zn T 1..:):%”_1
Ploq ...Pa" o / dzy.. dm” <1 2‘7%) (Z )a1+~-.+an’ (B6)
" =1 Tils
dp 1 zF( ) )
M B.
| e - @i M (B
/ dip pap? _ zF(n—l—%) (Mz)%ﬂ’"lnab B8)
(2m)® (p>+M2)"  (4m)4/2D(n) 277 '
d’p pp'p°p ir(n_Q_%) 2dio—nl  ab cd bd d, b
— n = (. ab, c ac a c B.
/(271’)d (p2+M2)” (47T)d/2r(n) ( )? 4(77 L/ M ) ( 9)

C Geometrical relations for induced metric

C.1 Extrinsic curvature identities

The induced metric on a brane in flat target space is defined as hqp = 1,0, X# 0, X". The
tangent space is spanned by {9, X*}. The normal bundle has the basis {(n*)*} such that

nl, () = 6, nl, 0, X" =0, i,j=1,...,D—d. (C.1)

Let V, be the covariant derivative with respect to the induced metric so that V hy. = 0.
Then V,0,X* is in the normal bundle so that we can introduce the extrinsic curvature
K as its coefficients

Va0 X" = KLy (n')H, K=K, . (C.2)

a

In the static gauge X® = 0@ we have hqp = ngp + 9, X0, X" and the tangent vectors are
0y X* = (8°,0,X"). The normal basis vectors can be chosen as

nl, = (—0,X",85) + O((0X)?). (C.3)
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Then from (C.2) we get that®

Vadp X' = KJ, () = K} + O((0X)?), Ky = 0,0,X" + O((0X)3). (C.4)

In the case of the flat target space, we have the Gauss-Codazzi relation®’

Rade = KécKll;d - KciLdKll;c‘ (C5>

Let us discuss some relations for K and its derivatives when expanding them in powers of X?
assumed to be subject to the free equations of motion. Let us denote by ~ the equality up to
terms that vanish on-shell (i.e. for 92X = 0) or are of higher order in X. From (C.2) we have

Ki=n®K!, ~0. (C.6)
Contracting two indices in (C.5) we get??
Rap = K' Ky — Ko Ky = — K Ky (C.7)

Using that 0 = Viheg = Va(Neq + 0. X0, X%) = K 04X + KfldﬁcXi and contracting this
with n*¢ and using (C.6) gives

KL0°X' = 0. (C.8)
Considering
VoK, — VKL, = [Va, Vb0 X" = Ryeap0? X", (C.9)
and contracting this with 7* and using (C.6), (C.7) we get
VoK, = Rped°X' ~ Kj, K73 0°X". (C.10)
C.2 Expansion of scalar curvature density

Given

L=y _hR(d) ) hab = Nap + hab7 hab = 8aXiain P (Cll>

let us consider the expansion of L in powers of h,,. The linear term in h 4 is a total derivative:
L1 = 0,0ph® — Oh, h = n%®hy,. The quadratic term is

Ly = —1(0°h® Ochyp — 2050 0°hy. + 20,h Oph®” — 9“ha,h) . (C.12)

In the special case of d = 2 this can be shown to be a total derivative. Indeed, in 2
dimensions we have an identity following from the fact that the total antisymmetrization

38Corrections to the leading term in K come from the covariant derivative in (C.2) and also from Gram-
Schmidt orthogonalization procedure. The contributions from the connection are found using that

ht =7 — 9° X9 X + O(X?), o = 5(Ohca + Oahcy — Ochap) + O(X*) = 0° X7 0ap X7 + O(X?).

39T d = 2 one has Rapeq = %(gacgbd — Gadgve)R and Rgp = %gabR, while in d = 3 where the Weyl tensor
vanishes

Rabed = GacRod — gaaRbe — goc Rad + goaRac — 3 R(gacGvd — GadGe)-

4OWe also have the identity V¢R,; = %VbR which implies relations between the derivatives and products

of K.
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of 3 indices vanishes. In particular (here the repeated indices are contracted with 7,, and
we use that [ab/c] = 0)

0= achabac’ha’b’ [5aa’5bb’6cc’ - 5@0’6bb’5ca’ + 5@0’6bc5b’a’ - 6abacc’6a’b’ - 6aa’6bc(5b’c’ + 5ab5a’c5b’c’]
= 8chabachab - 8chab8ahbc + acha,caaha’a’ - 8cllla,aachzz’ob’ - achacab’hab’ + 8chaa8b’hcb’
= (9ghpe)? — DehapOahpe + 20, hae0gh — 0:hdh — Ochy Oy hyy . (C.13)

Using this in the first term in (C.12) we get

[8Chab@a hpe—20:h4:0,h+0:h0:h~+0:h Oy hopy —20,hap Ochpe+20,hOphgp — @ahaah]

La|y_p= ~1
- i [ac<hab8ahbc) _aa (habachbc)] = iaa [habachbc_hbcachab] . (014)

In fact, L| Joo 18 @ total derivative to all orders in hg, (this is an integrand of the Euler
number invariant in 2d).

For general d one finds from (C.12) using the expression for hy, in (C.11) and dropping
total derivative terms and terms that vanish on the equation of motion 9?X* = 0

Ly = —9°X'0°9°X* 9,X70,0,X7 . (C.15)

This agrees with the expression used, e.g., in [32, 35].

D Details of computation of 2-loop diagrams

Here we present some details of the computation of the three types of diagrams in (2.16)
in the bosonic brane case using IBP and tensor reduction implemented in FIRE [50]. One
can treat the string d = 2 and membrane d = 3 cases in parallel keeping d generic till
the final expansion stage.

D.1 Double-bubble diagram

The double-bubble diagram gives the following integral expression (the vertex V' is given
in (2.4))

(k1 +p1 +p2,j1) (k2 + p1 + p2,j3)

(p1,11) (p3,i3)

11121374 _
DBPl D2,P3,p4

(p2,72) (k1,72) (K2, ja) (pa, a)

1192152 J1J2j3ja J3J3%3%4
_ 1 le% P1,P2,—p1—p2—ki,k1 " pi+patki,—ki,—p1—pa—ka,ks " pitpatka,—ka,—ps,—pa
— 4 1 Gh2 k2k2(k 2(k 2
tk5 (k1 + p1 + p2)% (k2 + p1 + p2)

)

(D.1)
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where dk = 42k Application of IBP and tensor reduction implemented in FIRE gives

(2m)4-
DBJ2LL |, = Appo™ 26" + BRLSB 8 4+ Cppahig™s, (D-2)
AL) = sy (-2 + )24(~2 + D) — d*(~48 + D) + d* (48 — 12D + D?)
—4d(12 = 9D + D?)) 5* — 16D?st — 16D*#2)] [G1 1],
By = -fpmAn 0, p o - S G, P,

where G1; was given in (2.10). In the string case we set d = 2 — 2¢ and D=D-2.
Expanding [G11]? in € we then get

1 2 —8 1 )
[Gr1]? = — 1 LQ - (10g yr 'YE)] - + finite. (D.3)

The contributions (D.2) should be summed over diagrams related by crossing.

D.2 Wine-glass diagram

For this diagram we get

(k1,71)
(p1,i1) ———= /x ——— (ps,13)
Wil = (k2 —p1,74) (k2 + p3,73) (D.4)
(p2,i2) — — (p4,i4)
11517274 J113J3J2 12J4J3%4

— 1 /gkvl % p1,—ki1,k1—ka,ko—p1 " k1,p3,—ko—ps,—ki+ka " p2,—ka+p1,k2+p3,pa
2 k3 (k1 — ko)2(ka + p3)%(ka — p1)?

Application of FIRE gives

Wi1i2i3i4 :Agl)dilizé‘igu+B\(}?])5i1i35i2i4 +C\(A2/)5i1i45i2i3’ (D5)

P1,P2,P3,P4

AR = Q(—3+d)t> (—8(—1+d)(1+d) (—10+d(7+2d))s+(—2+d) (—12+d(1+d) (2+d)) Ds
—8(=14d)(14d)(—8+d(8+d))t— (—2+d)d(8+(—3+d)d) Dt),

B = Q(=3+d)t* ((—8(—14d)(1+d) (2+d) +(—24+d(32+d(8—d(7+3d)))) D) s>
+(=8(=14d) (14d) (24+d) +(—244d(32+d(8—d(7+3d)))) D) st
+2(=2+d)(—1+d)(20+d(8+3d(—4+D)—5D)—6D)t?),

Cl = —Q((—3+d)t>((—8(—1+d)(1+d)(—10+d(7+2d))

+(=2+d)(=124d(1+d)(24d)) D) s+2(—2+d)(—14d) (—4(1+d)>+(6+d+d*) D)t)),

— 1
Q= 144(d2—1)(3d—8)(3d—4)(3d—2) G-
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The master integral here is

S— 1
G = [ dkidk . D.6
o VPR (ky — k2)(kz + pa)? (ko — p1)? D0
Integrating over ki using (2.10) we get
7 1 1))
G111 = Cd/dk‘ ; Ca= 7=ar R ~
(K225 + py)2(k — p1)? ) -
(D.7)
Introducing Feynman parameters as in (B.6) with 3 = 1 — 21 — x2 we have
r(4-4) 3 7 1-9 [~ 1
G171,171 = Cd 2 /[d .%']iL‘ 2 /dk . (D.S)
F(Q_g) ! [a;le + xg(k + p3)2 + IL’3(/€ - p1)2]4_%

Shifting k& and using pz2 = 0 we have k% + xa(k +p3)2 + x3(k — p1)2 — k2 + 2x0x3p1 - p3.
Integrating over k using (B.7) and also over x; we get

1 TA-dr(2-4)[r(¢-1)]*rd-3)?

Grinn = - (4m)d I(d—2)r'(5d—4) (2p1 - p3)* . (D.9)
Expanded for d = 2 — 2¢ this gives
1 2 —t 1
_ 3 1 .
G171’171 = W |:52 - g (IOg E + YE — 2) + .. :l ? + finite . (DlO)

The sum over crossing contains 6 diagrams where the labels (1,3) are replaced by all distinct
ordered pairs.

D.3 Evanescent counterterm diagram

The third diagram in (2.16) contains one vertex from the 1-loop evanescent counterterm (2.13)
with the vertex E in (2.14)%

(k1 +p1 + D2, 1)

(p1,11) (3, i3)
Ol e =
(p2,i2) (k1, j2) (p4,i4) (D-11)
Eidiieiz J113%472

—_1 /gkvl p1,—k1—p1—p2,k1,p2 " k1+p1+p2,ps,pa,—k1
2 k3 (ki + p1 + p2)?

There is also a similar diagram with the counterterm vertex on the right, i.e. with the vertices
E and V interchanged. Application of FIRE gives for the sum of these two diagrams

i = AR §hig 4 Bopshisgi 4 Copsitingais (D.12)

@) iks* (=24 d)(—4 4+ d(—2 + D))s®> + 8(2 + D)st + 8(2 + D)t?)

Agy = (11 ®) G, (D.13)
2 _ @ _ _i(=2+d)ks D.14
BCT - CCT - 8(—1 + d) lel ) ( : )

41 As in the expressions above we do not explicitly include normalization u?® factor (cf. footnote 17).
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where & is the coefficient in (2.13) and G ; is given by (2.10). Summing over crossing one
gets for the corresponding contribution to the pole part of the 2-loop amplitude in the string
case (d = 2—2¢, D =D —2)

(2) ivinizia _ D& inia gigi ivig gizi ivia gioi
MCT’% (p17P2,P3,P4)—%gstU[85”5“+t513524+u514623]. (D.15)

D.4 Finite PPS counterterm diagram

Similar result is found for the diagram with the insertion of the vertex V in (2.26) coming
from the finite PPS counterterm (1.9) required to preserve the integrability of the bosonic
S-matrix for any D. The corresponding contribution to the 2-loop diagram is

L ihaed ~ L
M it 32(;(’;’1) [%((24 —2d — 17d? + 4(=2 4 d)(1 + d) D) s> + 24st + 241%)5"172 5%
+ 2+ d)s((—2+d)s — 6t)5%5" + (2 + d)s((4 + d)s + 6t)5i1i45i2i3} G1,(s).

(D.16)

After summing over crossing, the expansion around d = 2 of the corresponding Agf))s(s, t,u)

coefficient of §1%2 part reads

Ag}))S =— D 2t(s+t) (2 +yp—log(4m)) + 72 (—785°t —70s*t* +16st° +8t* + s (6D —37))
+ 5% (—28+st+1%) log(—s) — 2 st3log(—t)+ L s(s+t)3log(s+t). (D.17)

Setting t = 0 one finds that it contributes only to the finite part of the 2-loop bosonic
string amplitude according to (2.28):

AR (5,0, —5) = 156D — 37) + L s [log s — log(—s)] = 2= b (6D — 37) s* +iL bs™.
(D.18)

A similar counterterm (1.9) is required in the D = 10 GS string case [30] where its coefficient
42

is given by (4.9).
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be deposited.
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“20ne may wonder if there is a supersymmetric partner of (1.9) with two X and two 0 legs (cf. [62]) that may
contribute extra 2-loop diagram with one counterterm X262 vertex and the fermionic loop. If this happens,
the only change should be a real rational contribution to the amplitude as the imaginary parts of A and C'
in (4.46) are already cancelled by the contribution (2.28) of the bosonic PPS counterterm.
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