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Abstract

The generalized Wilson loop operator interpolating between the supersymmet-
ric and the ordinary Wilson loop in N = 4 SYM theory provides an interesting
example of renormalization group flow on a line defect: the scalar coupling
parameter ¢ has a non-trivial beta function and may be viewed as a running
coupling constant in a 1D defect QFT. In this paper we continue the study of
this operator, generalizing previous results for the beta function and Wilson loop
expectation value to the case of an arbitrary representation of the gauge group
and beyond the planar limit. Focusing on the scalar ladder limit where the gen-
eralized Wilson loop reduces to a purely scalar line operator in a free adjoint
theory, and specializing to the case of the rank k symmetric representation of
SU(N), we also consider a certain ‘semiclassical’ limit where k is taken to infin-
ity with the product k¢? fixed. This limit can be conveniently studied using a 1D
defect QFT representation in terms of N commuting bosons. Using this repre-
sentation, we compute the beta function and the circular loop expectation value
in the large k limit, and use it to derive constraints on the structure of the beta
function for general representation. We discuss the corresponding 1D RG flow
and comment on the consistency of the results with the 1D defect version of the
F-theorem.
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In this paper we continue our investigation [1-4] of a family of operators that interpolate
between the supersymmetric Wilson—Maldacena (¢ = 1) and the standard Wilson (¢ = 0) loop
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operators [5]
W) = Tr Pexpj{dr [1A(0) & + (u(x) 0™ |X]], 6, =1. (1.1)
C

Here ¢,, are the six scalars of the SU(N) N = 4 SYM theory. We shall choose the unit vector 6,,,
to be along the 6th direction, i.e. ¢,,0" = ¢ = ¢. The study of (1.1) is of interest, in particular,
in the context of 1D defect QFT, see e.g. [3, 6-11] for related work, and [12—14] for other
examples of RG flows on line defects.

Let us first summarize some previous results. In the simplest case the trace in (1.1) is taken
in the fundamental representation; then the expectation value of (1.1) is a function of (, N
and ’t Hooft coupling A = g>N. For a smooth contour C, (W )} is logarithmically divergent,
requiring a renormalization of the coupling (. Its renormalized value obeys the renormalization
group (RG) equation

d¢

0 0
WOy =W (\: —_ — | W= = u—

At weak coupling in the planar limit the general structure of 3, is expected to be’

Be=bi ACA =)+ N C( =) (ba+b3 )+ N (=) (ba+ bs  + b CH + ONY).
(1.3)

The one-loop term in the 3, function was found in [5] and the two-loop term in [4]. Explicitly,

2

i A=+ 00, (1.4)

A
542—@«1—(2)-#

The WL (¢ = 0) and WML (¢ = 1) cases are the fixed points to all orders in A. The running of
¢ may be considered as an RG flow in an effective 1D defect theory coupled to the bulk SYM
theory. For a circular contour, F = log W has an interpretation of (minus) 1D defect theory free
energy on S', and log W obeys [4] the defect analog of the F-theorem [15, 16] FUV) > FI®
(cf also [17]). One may also define a defect entropy function that is monotonically decreasing
along the flow from UV to IR [11]. On general grounds, consistent with this interpretation, we
should have

0
3_C log W = Cj, (1.5)

where C = C(), ) admits the weak coupling expansion C = % + O [1].

It is thus positive at least in perturbation theory in small A.

The expectation value W = (W (©) on a circle has the following structure [1, 2] (consistent
with (1.3) and (1.5))

W=W [1T+w XA =3P +XNA-CPwr+wsP)+---], (1.6)

5 Note that the one-loop by and two-loop coefficients b,, b3 in (1.3) and (1.4), are scheme independent as they are
invariant under redefinitions of ¢ that do not move the fixed points ¢’ = ¢ + ¢ (1 — ¢?) [)\ 0+ @ +n®+-- } .

3
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where N1 (WD) = 2 1(VA) = 1+ § + {55 + O\ [18]. The coefficients wy = 151 [1]
and w; (which is presently unknown) are scheme-independent. The scheme-dependent coeffi-
cient wj is finite after the renormalization of ¢ [2]

1 5
3T T o567 (log ot 6) ' 4D

Here 1 is a renormalization scale (in general multiplied by the radius of the circle which is
set to 1 here); the coefficient of log 1 is related (via (1.2)) to the coefficient in the one-loop
beta-function (1.4) while the constant % is scheme-dependent.

The coefficients of the highest ¢ powers at each \" order in (1.3), i.e. by, b3, b, . . ., may be
computed by restricting to diagrams with maximal number of scalar propagators attached to
the Wilson line. In particular, these are diagrams that do not have internal vertices, i.e. they are
of (scalar) ladder type. Using the vertex renormalization method of [19], we computed them
to five-loop order [4]

A A\ A\ A\?
5éadder =dg3 Cta (W) ¢ +aqs (W) ¢’ + g4 (4—7r2> ¢’

AN\,
1
L e T o) @)
qgi1 = 2’ q2 = 4’ qs = 4 g qs = 18 3 R
29 37¢(2) | 29¢(3) | 25¢4)
S T T T T (1.9)

Here ¢(n) are the Riemann zeta-function values and g; and higher coefficients are scheme
dependent. In this ladder approximation, the expectation value of the operator defined on a
closed contour parameterized by 7 € (0, 27) reduces to

2r
<W(O>1‘“”er = (Tr P exp /0 dr' Co(r)) = W(), €=M (1.10)

where we set ¢(7) = ¢(x(7)) and (. ..) is computed in the free adjoint scalar theory
1
(.)= /d¢e*5..., S=— /d4x Tr(Dnp0“@). (1.11)
8

Redefining the scalar ¢ — ¢~ !¢ we get the one-coupling theory with A = g2N in S replaced by
¢ defined in (1.10).° In the circular or straight line cases the associated 1D propagator D(T —
7') = (¢(1)p(7")) has then the following form’

1 . 1
%451112 , line: D(7) = %— (1.12)

circle: D(t1) = 5
T

r
2

6 Note also that after factoring out one power of ¢, the expansion in (1.9) may be written in terms of the effective
coupling &.

7TWe recall that the (bulk) N =4 SYM action is schematically of the form S = g‘—z f d*x Tr(F* + D¢pD¢ +
¢* +...),and A\ = g>N. Here we also took into account a factor % from the relation 77¢ = %N 1, for the generators
T“ of SU(N) in the fundamental representation.
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Let us note that the study of the partition function W of the scalar loop model (1.10) and (1.11)
is an interesting problem on its own right, as this is an example of a particularly simple defect
QFT. Note that for the case of SU(2), the scalar defect (1.10) may also be thought as describing
an impurity in the (free) O(3) vector model (see e.g. [20, 21] and references therein, and also
[14] for a related discussion).

The motivation behind the present paper is to try to generalize the expression for the beta
function (1.4) and the Wilson loop expectation value (1.6) to the case when the trace in (1.1)
is taken in a generic representation R of SU(N) and beyond the planar limit. Let us consider a
generic simple group G with coupling g. Then for the circular supersymmetric WML (¢ = 1)
in a general representation R of a group G one finds [22, 23] (see also (B.16))

1 I's 1 gt
—— (W) =1+ CrZ+ (Ch— —CrCx | ==
amg W= R4+<R 6 ") 32
(a-tect Lae) L ... (1.13)
RTQVREAT 12 7RA ) 384 ' '

Here Cy and Cy are the quadratic Casimirs for the adjoint and R representations (Cy = N for
G = SU(N) and TT* = Cr dimR, see appendix A for our conventions). For any ( we then
expect to find for the corresponding generalization of the two-loop part of (1.6)

1
dimR

2 1 4
<W(O> =14+Cr gZ + |:C12{ — ECRCA + (1 - 42) (kl +k2<2):| §_2 +-. (114)

The coefficients k; and k, may be determined by the methods of [1] and we will find that

1
dimR

<W<0>—1+cg - Leen (1= 20—y g 1.15
= Ry | Gr— g CRCA SU=O7 ) 5t (AS)

Similarly, the beta function for general representation generalizing the one-loop term in (1.4)
is found to be

g2
Be=—CaC=Crgs+- (1.16)

Note that (1.15) and (1.16) are related as expected according to (1.5), with C = %CRg2 + -
In the formal abelian limit C, = 0 we recover the expected exponentiation of the one-loop
term in (1.15), and the vanishing of the beta function.

Let us note also that the coefficients of the higher powers of Cr in (1.13) and (1.15) are
related to the leading one: for the general case of WL in YM theory with matter one expects
that powers of Cr exponentiate, i.e. the non-trivial part of log(W) = >, , g**~x should start
with a term linear in Cr (7, are ‘maximally non-abelian’ color factors; this is a manifesta-
tion of the ‘non-abelian exponentiation’ [24, 25]; see also [26, 27] in the case of light-like
WL). Here v, ~ Cr, 7,3 depend also on Cy, while starting at four loops -, contain higher
Casimir invariants like Qg in (1.22) [28, 29]. This then suggests (in view of (1.2) and (1.5) with
C ~ Cgr g* + - - -) that the one- and two-loop terms in the corresponding BB should depend only

5
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on Ca while the three-loop term should have dependence on Qy.® We will confirm this below
in the ladder approximation (see (1.21) and (1.25)).

The ‘ladder’ part of (1.15) (given by highest power of ( at each order in g) may be
written as

1 4 _4

(¢)\ladder _ ¢'g
dimR (W) T CrCa 6472

e (1.17)

For the fundamental representation R = F of SU(N) using that Cp = 1% and Cyo = N we
observe that (1.15) reduces to

1 1 1 A
B wOy — = 2
R=F: L (W) 1+[1 N2+O<N4ﬂg

1 5 (¢ -17 1 1 2 3
* {192 Tagan T omge ) O AT+ O,

(1.18)

This generalizes the previous planar two-loop result (1.6) to subleading terms in 1/N.
We may parametrize the three-loop term in (1.15) as

WOy = (wh) {1 + CRCA( — P2 (1 = 2(wa + wacD) gt + - ] . (1.19)

6472

where (WD) is given by (1.13) and w,, ws are the analogs of w, w3 in (1.6). In particular, we
expect that

w3 = ! CRCA(log W+ c3), (1.20)
12874
where in the SU(N) fundamental representation case and at large N (when CxC — 1N?) we
should find that w3 — N>ws5 (so that ¢3 = % in the same scheme as (1.7)).

For a generic representation R, the structure of the ladder-limit part of three-loop beta
function is expected to be the following generalization of (1.9)°

2 2
ﬁéadder — 1 CAC _|_ (612 C2 —+ q2 CACR)C ( )

2 3
+ (g5 Ch + ¢4 CACR + g CACE + ¢ Or) ¢ (f;z) + 0(g"), (1.21)
d/a\bcddﬁhcd
="A "R 1.22
Ok Cg dim R (1.22)

Here in Qg the tensor d&*“? is the four-index symmetrized trace S Tr(T“T*T T ) (see appen-
dices A and D). The g,-coefficients are numerical constants independent of representation. We

8 We are grateful to Korchemsky for this observation and related explanations.

9 This follows from inspection of the possible color structures. We also impose the condition that the beta-function
has to vanish in the abelian limit C, = 0.
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will show that

gz

472

ladder_l 382 1 5 s 82 : r 3 7
B¢ _ECAC__ZCAC — +[QSCA_3<(2)QR]<

472 472

3
>+O@x
(1.23)

where ¢ is a scheme dependent constant (equal to % in the same regularization scheme that
led to (1.9)). Note that (1.19), (1.20) and (1.23) are consistent with each other via the RG
equation (1.2).

To demonstrate the validity of (1.23) and extract further information about the representation
dependence, we will consider the case of R being the k-symmetric representation S; of SU(N).
Using perturbation theory in large k at fixed k(*g? and fixed N and comparing with (1.21) we
will confirm (1.23).

Our starting point will be the following 1D path integral representation for the Wilson loop

in the k-symmetric representation of SU(N) (see, e.g., [30, 31])!°
= sro 2\ .S 2 _ N
Wi = (W), sz/DxDx dxx —R)e™, R =k+ > (1.24)
27
S:/ dr [x0-x + ¢ (M X T*X]., (1.25)
0

where we specialized to the purely scalar operator (1.10), and the averaging (. . .) is done over
the scalar ¢ as in (1.11). Here ¢(7) = ¢(x(7)), 7 € [0, 27] and , X are periodic bosons trans-
forming in the fundamental representation of SU(N) (T“ are generators in the fundamental
representation). After the integration over the free adjoint scalar field ¢ we obtain an effective
non-local 1D theory with the action of the following structure

S = / dr x 0.y — (* & / dr dr’' D(t — ') Y(D)T* x(7) X(7)Tx(7"), (1.26)
where D(T — 7') = (¢(1)$(r")) (on the line D ~ ﬁ cf (1.11) and (1.12)).

The rank k of the symmetric representation enters only through R? in the delta-function
constraint in (1.24). Rescaling x by R so that now yy = 1 we get (e.g. on the straight line)

SzRﬂ/mw&x—@/d“WMﬂﬂﬂﬂnﬂwnﬂ, (127)
(r—1)

_CPR

=" (1.28)

We may then develop a systematic ‘semiclassical’ large R? or large k perturbation theory at
fixed s and N for W, and the beta function 3, for the coupling ». Note that since in the ladder
approximation the bulk theory is free, the coupling g can take any value (and can actually be
absorbed into ¢ defining £ = (?g?, cf (1.10)) so the large k limit at fixed » means also small ¢
limit.

10 This is an example of representing the trace in some representation in terms of an integral over group orbit [32], cf
also [33, 34] for a more general discussion.
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Explicitly, we will find that for the k-symmetric representation

N 52 2N? 52 (1 = by w25
g—pZ_ N _ 2 N Uobhima) o (LY ()
dp R 14722 R (1 +72s2) R®

where the coefficient b; is scheme dependent with b; = 1 in a particular momentum cutoff
scheme (see also discussion below (6.34)).

Since g and R? are not running, 3,, is directly related to the ladder beta function for ¢ in
(1.23). In general, the large k expansion of /3, gives an all order prediction for the small
expansion of 5?‘"“‘“: it fixes the coefficient of the highest power of k at each order in (. In
particular, expanding the ‘one-loop’ term in (1.29) in powers of ( yields

ladder __ 3
ﬁ 87T2 C 512 2

KT+ (1.30)

Noting that for the k-symmetric representation Qr = kz%l + O(k), this allows to fix the
coefficient of the Qy part of the three-loop term in (1.23).

Note also that in the case when k is fixed and N is large the leading > and 5* terms in the
small 5 expansion in (1.29) are in agreement with the one-loop and two-loop terms in 3%
in (1.8).!"

For the renormalized value of the scalar ladder Wilson loop expectation value on a circle
(of unit radius) in (1.24) defined in the k-symmetric representation we will find that'?

N vi NN — 1) 1
Wy = dim Sy (1 + 75%) 2 +ﬁm+oﬁ , (1.31)

vi = —27%(log 11+ c3), (1.32)

where dim S; = % is the dimension of the k-symmetric representation of SU(N) and c;3
is a scheme-dependent constant as in (1.20). Note that the expression (1.31) effectively resums
an infinite set of terms in the ordinary perturbative expansion in powers of (.'* Expanding

(1.31) in powers of sz, one finds

1
dim Sk

2
Wk:1+%(N—1)%2+%N(N—1)%3+~-~. (1.33)

Noting that Cs, ~ k*(N — 1)/2N at large k, one can see that the term quadratic in 5= matches
(1.17), while the cubic term matches the w3(¢®g® term in (1.19) and (1.20).'

et us also note that the representation (1.24) applies for any finite k, in particular also to the k = 1 case of the
fundamental representation. Then naively the large R* perturbation could still be applied by taking N large at fixed
s in (1.28) that then becomes s — 1 b —L_¢, where ¢ was defined in (1.10). However, since N here is as large as R?
the 1/R? expansion of the beta-function in (1.29) no longer makes sense, i.e. needs to be resummed. One can still
unambiguously extract the lowest order terms in the small £ expansion and match them with the ¢* and ¢° terms in
’géadder.

1211 the case of SU(2) group the prefactor (1 + 7r2;42) 12 was found earlier in [35].

13 A similar large k limit with £ > N for the case of the Wilson—Maldacena loop was studied in [36, 37], where it was
observed that an exponentiation of the one- loop result occurs in this limit.

l4Indeed from (5. 38) o —L CrC3g%¢° = 256 + N(N — Dk(k + N)g®¢® while from (1.28) we have N(N — 1) =
NN — D)k 4+ 1N)*g°C® so we get agreement at large k.

256 25677

8
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The expression (1.31) satisfies the RG equation as in (1.2) and also the analog of the relation
(1.5) with /3, given by the one-loop term in (1.29)

0 0 0 - _ (N-Dr’R?

— v | We=0, —logW;=CpB,, C=———>0. 1.34
('uﬁu + 8 8%) k 5, 08 Wi g TN (1.34)
Let us now discuss properties of the RG flow implied by the 3, function in (1.29). At the

leading 1/k order we find (using that ¢ > 0)

dse 2N 2

—_—— =1 s 1.35

At~ k14722 08 (1.35)
1 N

w(t) =yt + -1+ 7282, y= 5, (1.36)
T w2k

so that the IR (1 — 0) and UV (u — o0) asymptotics are

1

IR : 5e(f — —00) = ——— —
“ > 2my ||

0, UV : x(t — 4+00) =2yt — oco. (1.37)
This asymptotic behavior is, in fact, exact, i.e. not changed by higher 1/k corrections in 3,
since the exact 3,, satisfies'

2N

/6% _>Oa /6% A
e k+AN

x—0

= const. (1.38)

b

The corresponding asymptotic behavior of the WL expectation value in (1.31)

IR : W, —dim Sy, UV : Wy — dim Sz V71, (1.39)
x—0 26— 00
log WV > log WM. (1.40)

This is consistent with 1D version of F-theorem for Wy, as partition functionon S ! Furthermore,
one may consider the line defect entropy defined in [11] (here a is the radius of S")

d o
s = (1 —aa> log Wy = (1 —u%> log Wy, (1.41)

which is equal to log Wy, at fixed points. Using (1.34) and € > 0 (which is true at least in
perturbation theory) we get

s = log Wi + € 82 > log W;. (1.42)

To leading order in the 1 /k perturbation theory, s = log Wy & log dim S; + %(N — Dlog(1 +
725¢%), and so both functions monotonically decrease along the RG trajectory. According
to the arguments in [11], the defect entropy s should be monotonically decreasing also
non-perturbatively.

Let us mention also that if one considers the defect line in a bulk scalar theoryind =4 — ¢
dimensions then the coupling g and thus » ~ g>¢*k will get dimension € — 0. Then the 3,

15 As is clear from (1.29), the 1/R* term vanishes at large ». The same should be true also at higher orders as for large
¢ the propagator goes as sc~! while vertices in the action (1.27) are proportional to .

9
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function gets an extra term —er, and, in addition to the trivial UV fixed point s = 0, there are
two Wilson—Fisher-type UV and IR fixed points

2N 22 1
b= et o T O (17) (143)
N w2k? €2 1
5%—0:%1271_2](6 <1i 1——N2 >+O<k—2>. (1.44)

In order for these fixed points to be real, one should take the small € and large k limits in such
a way that the condition ek < ¥ is satisfied (for ek = ¥ the two fixed points coincide, and for
ek > g they become complex). Taking the e — O limit first, the fixed points reduce to

UV:x, = ZTNE-FO(EO)—)OO, IR: s = ie+©(ez)—>o. (1.45)
w2k € 2N
Like the asymptotics in (1.37) these fixed points are expected to be stable under higher order
1/R?* or 1/k corrections to 3,,.

There are several directions that would be interesting to study in the future. One remaining
technical problem is the computation of the scheme-independent coefficient w, in (1.6). While
we studied the case of k-symmetric representation, it is seems straightforward to consider the
case of k-antisymmetric representation (in which the auxiliary 1D fields x; will be fermions)
providing a cross-check on the general representation dependence of the WL and the beta-
function for (. It would also be important to understand better the dual AdS/CFT counterpart
of the RG flow of { [7].

The structure of the rest of the paper is as follows. In section 2 we compute the two-loop 3,
function in ladder approximation (for any N) by applying the vertex renormalization method
described in [4]. We also discuss the structure of 5< at three-loop level. In section 3 we derive
the two-loop expression (1.15) for the expectation value (W'©) in any representation, thus
generalizing our previous result in the fundamental representation [1].

In section 4 we introduce the bosonic 1D path integral expression (1.24) and (1.25) for
the ladder Wilson loop in the k-symmetric SU(N) representation and discuss some of its gen-
eral features. It is different from the more standard fermionic 1D path integral (reviewed in
appendix B) and convenient for the study of the large k limit considered in section 5. There we
first discuss the free s = 0 case (clarifying the role of the constant zero modes of ) and then
compute the Wilson loop at leading order in large k ~ R? for s« # 0. Finally, we present the cal-
culation of the 1/R?* corrections and, in particular, the logarithmically divergent contributions
that determine the leading term in the 3, function.

In section 6 we show that /3,, may be computed starting from a two-point correlator of the
adjoint scalars inserted on the Wilson line. We first reproduce the 1/R? term in 3,, found in
section 5 and then study in detail the order 1/R* correction.

In appendix A we recall our group theoretic conventions. Appendix B reviews the 1D
fermionic path integral representation [38] for a Wilson loop in any representation. Appendix
C presents details of the calculation of the 1/R* contribution to the /3,, function in section 6.
Appendix D is devoted to a general proof of the universality, in planar limit, of the coefficient
of the three-loop ¢’ term in BP9 in (1.23). In appendix E we compute the two-loop f3- for
generic representation using a two-point scalar correlator on the line. In appendix F we apply
similar method as in 3 to the closely related case of a multiply wound Wilson loop in the fun-
damental representation, finding the two-loop term in the weak gauge coupling expansion for
generic (.

10
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Note added: while completing this paper, we learned about the partially overlapping work
[39], which in particular studies the scalar line defect and its large k limit in the SU(2) case
(extending some results announced in [35]). We thank the authors for sharing their draft prior
to submission. We also learned about another recent related paper [40].

2. 3. function in ladder approximation from vertex renormalization

As discussed in detail in [4] the beta function for the ¢ coupling in (1.10) can be obtained from
the study of the one point function on a long interval (—L, L)'

(Tr ((;5(7'0) P efdeT’ ¢ ¢(T’)) )
(Tr (P eJhar' ¢ ¢(T’)) )

: Q2.1

where the 4D scalar ¢ restricted to the line has a free propagator D(7) = ($(7)p(0)) = £ 1

T 4x2 2
Here we shall assume Tr to be in generic representation R of a gauge group. The averaging is

done with respect to the free adjoint scalar field as in (1.11).
If we denote by 7 the point on the line connected by the propagator to 7o, then the 3.
function follows from the renormalization of the vertex V in

D(ro—71)V(1,¢) = 7, . V(7,¢) = ¢ + corrections.  (2.2)

The point 7 is at some far part of the Wilson line. We may also choose point 7 to be at the
origin, 7 = 0.

2.1. One-loop order
In dimensional regularization the propagator is

gz

42 |7

D(r) = d=4—c. (2.3)

The one-loop planar diagrams in the numerator of (2.1) are

70 70

2 L€
—I /_\ I = —L /\0 L=C3LCR7

(2.4)

16 The renormalization of ¢ is universal for any contour and thus can be determined by considering the simplest straight-
line Wilson loop.
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where we used the group generators satisfy 79T“ = Cr1l. We have also a single non-planar
diagram

70
2 €(9€ (2.5)
fi\ 39 e 1o L2 -2)
—L 0 L=¢ 472 (Cr QCA) ele—1) '

where we used (A.9) (Ca corresponds to the adjoint representation, i.e. is equal to N for SU(N)).
Finally, the denominator of (2.1) contributes

2 2672[/6
_L_Q_L =P 5C0r —— (2.6)

T ele—1) "

‘ Q

The total vertex is then

B 3 8 L@2-29
VGD =+ s

where the dependence on Cg canceled out. V is renormalized by e = ¢ — Cren = C(10)

+ O, 2.7

C 2
C=p*|C(w + #fe@(u) + O<g4>} . (2.8)

The renormalized vertex is then

Cag’ L
Vienl S0 L) = G+ 25 ) (—1 — log 2“) +0(gh), 2.9)
and obeys the RG equation
a ladderﬂ Ten _
(“au + B¢ ag) VE(C(w), L) = 0, (2.10)
with
&
BEYT = Ca ¢ 25 + O(gY). (2.11)
8?2

This shows that the one-loop beta-function in (1.6) is universal, i.e. does not depend on a
particular representation of the gauge group used to define the WL.!”

2.2. Two-loop order

The two-loop diagrams contributing V({, L) are much more complicated and we found it
convenient to use the propagator with an explicit cutoff as in [4]
g 1

PO = o

£ — 0. 2.12)

17We have shown that this applies to the ladder part of B, but since it should have ¢* =1 as its zero this should be
true also for the full one-loop expression.

12
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We shall focus on logarithmic UV divergences log" €. To compare with dimensional regular-
ization, let us first repeat the above one-loop calculation. We find the following analogs of
(2.4)-(2.6)

70 70
£, - £ _Sop(E e V9
—L 0 L —L 0 L ¢ CR( + Ogs:—&-L)zlﬂ'?7
(2.13)
70
2.14)
fi\ 3 1 ele +2L) ¢ (
= —(°(Cr — 5C)) log ——— Z—.
L 5 L ¢*(Cr 2A>Og(€+L)247r2
2L € g*
2
A _ 2 >7 (2.15)
—L L CCR<5+Og5+2L An?’
so that the total result for the vertex reads
+ 2L
V(C,L) = (4 Ca log % o3+ 0 ). (2.16)

Dependence on Cy again drops out and also the linear divergent terms % cancel. The vertex is
renormalized by

¢ = Coue = C(p) — Qéwmmm) +O@> (2.17)

Then

Vien (C(0), L) = () — q@wmg;§2+mv> (2.18)

obeys the Callan—Symanzik equation (2.10) with the same beta function as in (2.11).
The same approach can be extended to the two-loop level. We find that the corresponding
coupling redefinition and renormalized vertex are

2
<z@m:<mrwa@wn%w@§§

4

§
(dr)?

+@€wﬂ mwa+%wm@} + 0(g", (2.19)

2
m&w@=m>q&w%;§fdﬁmk+m@2

pL g 6
—3log — (2 log — . 2.2
3 log > ( +3 2 >:| 3844 + 0(g”) (2.20)

13
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The corresponding two-loop beta-function is then given by (in agreement with the
Callan—Symanzik equation (2.10))

g4

s 06", (2.21)

2
ladder __ 3 8 2 5
BT = Ca ¢ g — Gr¢

Thus the ladder part is again universal, i.e. does not depend on a particular representation. This
independence of representation is an accidental two-loop property—we shall see below that it
does not hold at three-loop order.

The full two-loop beta-function is then expected to be (cf (1.3) and (1.4))

g4

P + 0%, (222

2
Bo=—CaCl = + A= b+ R

where b, may depend on representation R. Since the beta-function should vanish in the abelian
limit b, should not contain Cl% term, i.e. we should have

by = piCx + P2CaCr, (2.23)

where p,, p, are universal constants. Comparing to the case of the fundamental representa-
tion of SU(N) in the planar limit where the two-loop term is given in (1.4) (where A = g* N,

Ca=N,Cr = N;;l — 1N) we get the constraint

1
P+ P2 = L. (2.24)
One natural conjecture is that p, = 0 so that Cr does not appear in (2.22), i.e. that like the
one-loop beta function, the full two-loop one does not depend on a choice of a particular
representation, namely

g4

ey 0(g%. (2.25)

2
Bo=—CaCl = (g +Chea - ¢
This Cg independence property will be violated at higher-loop orders, as we shall see below.

2.3. Three-loop order

As already mentioned in the introduction (cf (1.21)), from the analysis of possible contributions
to the four-loop WL expectation value the general structure of the three-loop beta function in
ladder approximation is expected to be

2

3
aadaer g
(BN = (g5 CA + 45 CACr + 45" QaCr + 43" Or) ¢ (@> . (2.20)

where Qg was defined in (1.22). This satisfies the condition of vanishing in the abelian limit
when Ca = 0. Here the tensor d¥** is the symmetrized trace of the product of four generators

1
ajy..dap arpbrpepdy A Ao(n
d = SUTTTTY) = Te Y T T, (2.27)

oeS,

14
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To constrain the numerical coefficients ¢4, ¢4, ... we shall consider the case of R being k-
symmetric representation of SU(N) in the limit of £ > 1. Then (see, e.g., [22])

KN =DV +K) N =1

Cr = , 2.28
R 2N 2N (2.28)
dzhcddﬁbcd N ) 2N
=-A R _ " IN?_6N+6k(k+N . 2.29
Or = C dm R 2 | + 6k +N)] = K 2.29)

As we shall demonstrate below, the ladder beta function is expected to vanish (for generic N)
in the ‘classical’ limit [35]

k — oo, ¢—0, k¢* = fixed. (2.30)

This implies that ¢4 = 0. Then the remaining terms give the following large k limit (at fixed

Q)

2\ 3
laddery(3) k> 1 L, 1 1 2.7 8

(BEHT = (E%N(N_ D+ FRELE ) k= ¢ (W) . (23D

Below we will compute (2.31) explicitly determining the two constants ¢4 and ¢ . Plugging
them into (2.26) will lead to the three-loop expression quoted in (1.23).

3. Two-loop term in (W(©)) for generic representation

Here we sketch the computation of the non-trivial two-loop term in (W) quoted in (1.15).
We generalize the calculation in [1] in order to determine the coefficients k; and k, in (1.14)
which applies to a generic representation R of a simple gauge group G.

We can decompose the two-loop contributions to (W) into planar ladder diagrams, self-
energy diagrams, spider diagrams involving three-vertices, and non-planar ladders, cf figure 1.
Using the results in [1] and introducing explicit color factors, we obtain

1 © 2 2 WO © ©
dimR <W(O> =14+2C Wtfee g+ 4G Wpﬁanax ladder T 2Cr Ca nglf—’_ 2Cr Ca W3€venex
1
+4Cr (CR - ECA> Wfi))n—Planar ladder:| g4 o (3.1

The expressions of all planar pieces in dimensional regularization are [1] (in this appendix we
follow the notation of [1] where d = 2w = 4 — 2¢)

1 1 1
WEQC = g - gcze’ W;Cle)mar ladder — @ + (- Cz)
1 1 log(meE)
(T30 + ),
. (647T26 T s 73T 50 )
1 1 log(meE)
W(O — 2 _ _ _ 1 _ 2
sar = ¢ 64m2e 3272 322 +(1=¢9

1 1 log(me)
>< - - - 9’
64m2e 1672 3272

(3.2)

wy :_w<<];l>+(1—<2)< ! 1 10g(7re”5)>
—vertex Sel

- 64n2e 6472 3272

15
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(a) (b) () (d)

Figure 1. Order \? contributions to the standard Wilson loop. The first three diagrams
are planar: (a) ladder diagram; (b) self-energy one-loop correction in SYM theory (with
vector, ghost, scalar and fermion fields in the loop); (c¢) spider type diagram involving
the trilinear gauge field self-coupling; (d) non-planar ladder diagram. For the -deformed
loop there are additional diagrams with scalar propagators attached to the loop replacing
some of the vector ones.

The non-planar ladder contribution is

[C(1— o] (¢* = cos 113) (¢ — cos 7o)
WO _ra-or / i B (3.3)
non—planar ladder 64m4—2¢ T ST, (4 Sil’l2 7'173 4 sin2 7—274)1 €
Computing it by the method described in [1], we find
-1 1 (@-1HE¢E-7 log(me™®)
WO _o ot 1 @2 DBE=D 2y loglme™) 3.4
non—planar ladder 6472 ¢ 384 12872 + (C ) 3272 (3-4)

Substituting the expressions in (3.2) and (3.4) into (3.1) and also expressing the bare coupling

¢ by its renormalized value using the one-loop beta function 3 = —Ca((1 — Cz)ég—;j +..0 18
we finally find the expression in (1.15).

4. 1D path integral for ladder Wilson loop in k-symmetric SU(N)
representation

As was mentioned in [4], one may also study the (fundamental) WL renormalization and com-
pute 3 using more conventional approach in which path ordering is replaced by a functional
integral over the auxiliary 1D fermions ¢; (i = 1,...,N) asin [38, 41, 42]. We will review this
representation in appendix B. Then in the ladder approximation when the bulk theory reduces
to just a free 4D adjoint scalar field integrating the scalar out leads to an effective theory of
1;(7) with a non-local 1D action of the form (cf (1.26))

Y _ . 1 _ A
s= [ardo - 355 [arer 5w s G, @
872 (r — 1)
Below we will be interested in the case of k-symmetric SU(N) representation in which a dif-
ferent 1D effective representation in terms of 1D bosons [30, 31] is more convenient (cf also
[351)."

18 That the one-loop term in (1.4) does not depend on representation R follows from a direct inspection of the possible
color factors, and using also the condition of the vanishing of beta-function in the abelian limit.

191n [30, 31], this representation was discussed in the context of the half-BPS Wilson loop, but it applies the same
way to the generalized Wilson loop (1.1) or the purely scalar loop (1.10).
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Let us start with the following partition function of periodic bosons X' in the fundamental
representation of SU(N)

7= / DxDx etlo ™47 L =ix0.x+ixd(Mx, ¢ =T  (4.2)

In the case of our interest ¢(7) will be the adjoint free scalar ¢ of the ladder model restricted
to the 7-line (1.10) and (1.11) (up to rescaling by ().

In the operator quantization (with [x/, x;] = 6/) we have Z = tr, [T expi [ d7J((7)] where
the time dependent local Hamiltonian is H(7) = ¢ =—i X¢x. Here, time-ordering is inter-
preted as path-ordering and we have

27
Z=tr, {P exp (i / dr &(ﬂ)} , 4.3)
0

where the trace is over the Hilbert space of \/,%;. The state space is built starting from
X' |0) = 0 and acting with ;. Z may be written as a sum of partition functions restricted to the
subspace where the particle number operator v = ¥;X' has fixed value. On the many-particle
states with v = k the action of Y7“y is the same as that of the generator 7' ¢ in the k-symmetric
representation (that we will denote as S;)*°. Hence, Z computes the sum of all ‘Wilson loops’
in the k-symmetric representations

o] 2
Z=> W, Wi = Tri P exp ( / dr qs(T)) ) (4.4)
k=0 0

To select a particular W contribution we may add the constraint on Yy with a Lagrange
multiplier A = A(7) as

. . N
ZL =iX0:-x +ixo(r)x +A(Xx — k — 5)- 4.5

The extra constant shift by & is due to the choice of Weyl ordering®!. In what follows we shall
use the notation

R =k+ % (4.6)

Note that R? appears in the action as the coefficient of the 1D Chern—Simons term Jdr A, and
one may argue as usual that it should not be renormalized since it is quantized.
We shall see shortly that this shift by % leads indeed to the correct result for Wy in the

simplest case of ¢ = 0, namely, that it is equal to the dimension Tr; | = dim Sy = (k’\,]?;\f:f))f f
the k-symmetric representation

,, N+k—1
Wio = / DxDx e /97X §(yy — R?) = dim Sy = ( * L ) . @

20For example, on one-particle state (corresponding to fundamental representation) we have (YT“x)X;|[0) =
Xe(TY5x X 10) = (T)]x;10).

2n the path integral formulation the number operator v corresponds to Yy — %: if x, X are operators, using the
symmetric (Weyl) ordering prescription we have v = %()‘(ix" + XX — %

17
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This requires careful definition of the path integral over the Lagrange multiplier A, which can
be interpreted as a 1D U(1) gauge field. Indeed, the path integral

27
Wio = /DxD)ZDA exp (1/ dr [ix0-x +A(xx — Rz)]> (4.3)
0
is invariant under
' — ey, i — e 9y, A=A+ 0, a=alr). (4.9)

The function v compatible with periodic boundary conditions on x should satisfy a/(27) —
a(0) = 27n where n is an integer, i.e.

(1) = ag(T) + 7, ap(2m) = ag(0), (4.10)

ap corresponds to the ‘small” gauge transformation. It allows to gauge fix A to be a constant
2w

A=p, p= L dr A. (4.11)
27 0

Under the ‘large’ gauge transformation a(7) = n7, A changes by an integer n. Naively one
would expect this to be a symmetry of the path integral (4.8) only if R* = k + % is an integer,
which would require N to be even. However, as we shall see below, ;1 — p + n is in fact a
symmetry for any N, due to an ‘anomalous’ contribution of the functional determinant coming
from integration over x and Y. The redundancy under px — 1 + n can be fixed by restricting

the integration over y to the interval [0, 1]

1 2
Wio = / du / DxDx exp (i / dr [ix0-x + u(xx — R%]) . (4.12)
0 0

The functional integral over x and y gives [det(i0, + u)]*N where the determinant can be
defined as usual with the (-function prescription (recall that x(27) = x(0))

. = = =2 —
det(i0; + p) = H (n+p)= MH(UZ —n) = “H nzu H(_nz)
n=-—oc n=1 n=1 n=1
_ sin(p) H (n?) = sin(mp) 010200 — _; sin(rrp). (4.13)
m s

n=1

This leads to the expected result in (4.7)??

1 iR . N l et
quoz/o dppe™ ™ [=2i sin(mp)] :/o dp (1 — e2mim)N

R+5 -1 N+k—1
:( 2 ):( * ) (4.14)
R -7 k
2
Note that as was claimed above, the integrand here is indeed invariant under . — p + n.
Before proceeding, let us point out as a side remark that a similar 1D action (4.5), with
x taken to be N anticommuting fermions with antiperiodic boundary conditions, describes

instead the Wilson loop in the rank k& antisymmetric representation [30] (note that this is dif-
ferent from the fermionic representation of [38, 41, 42] reviewed in the appendix B). Further

22 Here in computing the integral we use analytic continuation in N.
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generalizations with (bosonic or fermionic) x fields carrying an additional U(M) index and a
1D U(M) gauge field on the defect can also be used to describe Wilson loops in representations
corresponding to a general Young tableau.

5. Large k perturbative expansion in scalar ladder model

In this section we will work out the large k expansion of the Wilson loop in symmetric repre-
sentation Sy in the scalar ladder approximation. We will begin with the free theory (¢ = 0) case
to explain the strategy of perturbative 1/k expansion and then move on to the general ¢ # 0
case.

5.1. Free theory

Since the parameter k appears only in the combination (4.6), it will be convenient to work
out the large k expansion as an expansion in inverse powers 1/R?. Thus, our aim will be to
reproduce the large R? expansion of

N+k—1 RP+5—1
qu():dimSk:< >:< 2 >
k RR-7

2(N—1) _ _
R [l_N(N DN —2) ] 5.0

TN 24 R4

Starting with the exact integral representation (4.14) for W;o we may write it in the form
amenable to 1/R? expansion?

1/2 ‘
Wio = / dp e 2mink? [—2i sin(mp)]
~1/2

27i - 1 % 1 —2mip | 1—N ﬂ-z:u/zN
-7

Taking R large and thus setting the integration limits to +00,?* and using the analytic
continuation in the integral

> . l iTa (8]
dpe 2o = — 2 , —1<R 0, 5.3
/,oo pe T = T S T —ay SRS 63

we find

Wio

2N—2 — —
R (1_N(N (N 2)+._.>, (5.4)

- T 24R*
in agreement with (5.1).

This perturbative procedure has a direct counterpart at the level of the path integral (4.12),
i.e. before integrating out Y, x in terms of a functional determinant. Once again, we expect to

23 We shifted 1 by —1 which is a symmetry of the integral in (4.14).
24 The effect of large gauge transformations is not visible in large R? perturbation theory so the restriction on the range
of p-integration can be relaxed.
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find
1/2 1 % 1N
_ o ol [ AT X0 x+u(Rx—RD] _ L 1 =2 |y
Wio= [ an [ Davye e/ Qe sl 69
J(u) = /DXDX el S AT (XOrx+p X0 — [—2i sin(7r,u)]71 — L 4 ﬂ + 7i7T3/”L3 .
- 2 12 720 ’

(5.6)

where in (5.6) x is now a singlet field. Let us show how to reproduce (5.6) in small mass
expansion. This requires isolating the contribution of the constant zero mode of the J, kinetic
operator, i.e.

x=n+y, Y =1+, /de':/dT)Z':O, (5.7)
5= / dr(ixd,x + 1) = / Arx,x’ + uX'T + pian). (5.8)

The Gaussian integration over the constants n and 71 gives the /ll factor and the rest of the small
Ju expansion is then regular?

1 —ta
J(p) = — / Dy'DY' e/ 47X
i
12
X (1 +1,LL/d’TXIX/— ?/dTX,X,/dTIX,X,"F' . )

: 2
=2 (1 win{ [aren) - 5 farex v+ ) L (59)

The expectation values in (5.9) are computed using the propagator for the non-constant mode,
ie.

1 .
D(r) = D(t+21) = (X' (DX (0)) = ZH e
(£0

= Ly sl gy~ g, (5.10)
ime— 4

so that 2(0) = 0. The explicit form of & restricted to the interval 7 € (0, 27) is

@(r):iTz_“, 0<7<2m (5.11)

us

Thus ([ drY'x’) = 0 and

25The facto_r i comes from det'(i9,)~': starting from (4.13), removing the zero mode and then sending y — 0 one
finds (—2i280)~1 — L
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2m 2m
</ dry'x’ /dT,)Z/X,> :/ dT/ dr’ [2(r —7")]2
0 0
2

27 T
= 27r/ dr [9(D)) = ——, (5.12)
0

3

where we used (5.11). As a result, we reproduce (5.2).

5.2. Interacting case

Starting with the ladder scalar model on the circle (4.2), let us make the dependence on the
coupling ¢ explicit by ¢ — (¢ and integrate out the scalar field. This gives the effective 1D
action

S = / dr [i x0rx + pxx — R?)]

ic? gz/ drdr’

82 - X(OT x(T) X(THT*x(T"), (5.13)

s 2 T—7
4 sin =

where we used the explicit form (1.12) of the scalar propagator restricted to the circle. Let us
introduce a compact notation for the integration measure

— d d /
PR (5.14)

4 sin 5
The effective coupling that will play a central role below is

_ (¢’R? 2 _ N
S R=ki. (5.15)

Redefining x and y by a factor of R we may then write (5.13) as
S= 82450 =R [ driixdx+ utox - D)

—ixR? / (TZ\T X(OTx(T) x(rHT*x (7)), (5.16)

where S, stands for the quartic term. As in (5.7) let us separate the constant part of y as

1 1
xzn—|—§x', )Zzﬁ—!—E)Z', /de'z/dT)Z'zO. (5.17)
Then
1
S2 = /dT |:1 )Z/aTX/ + /J,, (nn — 1 + RZX,X,>:| R /1’ = R2/,L, (518)

Sy = —ixR? /@ (n + %;{(r)) T° (n + Il_eX/(T)> (n + TleX/(T/)> T

X (n + Ilix/(T/)> . (5.19)
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Note that in addition to 1/R* term in (5.18) the action (5.19) contains 1/R cubic and 1/R?
quartic interaction vertices. Integrating over p’ we get for the resulting path integral measure

1
/DxD)Z — /D){D)’('/dndﬁ dlnan—1+ —/dT)Z'X' . (5.20)
2mR?

5.2.1. Leading (one-loop) order at large R. Expanding (5.18) and (5.19) at large R? for fixed
2 we note that at leading order the delta-function in (5.20) imposes that

nin; = 1. (521)

Then
S, = i/dT X0, Y,
Si=—is [ &1 [aT°X'(r) iT*X' (') + AT (7) X'()Tn
+ X (MTn aT*Y (7)) + X' (OTn X' () Tn] + OR™). (5.22)

We used the following remarkable property of the measure d7 in (5.14) (valid in dimensional
regularization, or up to power divergences that we will neglect): for a generic function f(7)

d*7 f(r) = 0. (5.23)
Using that for the 7¢ in the fundamental representation
= a =~ a 1 = [ =
(@T*B) (7 T90) = 5(045)(75) - ﬁ(aﬂ)(w), (5.24)
we then have from (5.19)
S—soy g Lgw (5.25)
R R
5P = i/dT X o, X — %% d’r
1
X K 1— N) (i@ () + X7 min ')

1
+2x(7) (&y - N”"”f) x}(T)] : (5.26)

where we used (5.21). The explicit form of the cubic $® and quartic S® terms in the action
will be discussed later. In momentum space representation

XM= Y a®e,  Xm= ) a®e", (5.27)

€7\ {0} €7\ {0}

22



J. Phys. A: Math. Theor. 55 (2022) 255401 M Beccaria et al

S5 in (5.23) becomes

i / dr Y'o.x' =27 Y ta)a(—0). (5.28)

tez\ {0}

Using that?®

Z (—0)cos(dT) =

——, (5.29)
p— 4 sin® 3
we have
[ E R = =253 [a a0+ a-0ae)
(=1
= —27? Z 0] @i(0)a(—0), (5.30)

€7\ {0}

and a similar expression for the integral of two x'’s or two Y’’s. The resulting quadratic part
(5.26) of the total action that determines the leading contribution at large R is

SO —on Z {Ea,-(ﬁ)aj(—é) + % |€] Kl - %)

€7\ {0}

X (ﬁiﬁjai(f)aj(—f) + ninjai(é)c’zj(—f)) +2 ((Sij — %ninj) a;(0)

X aj(—f)]} =2 Z A, () Quo(0) Ay(—0), (5.31)
e\ {0}
where A, = (ay,...,an,a,...,ay) and Q,, is the 2N x 2N matrix

1 1
. l——=)n®n l——=n®n
1 0 -1 imx ( N) N
o0 =3 (1 3+ T

1 1
! I—Nﬁ®n <I—N>n®n
(5.32)
Using that ain = 1 its determinant evaluates to
1 N-1 1 _
det Q(0) = 75 2 (€ + 752 UP) " = (A )™ (5.33)

A short-cut way to this result is to use the rotational symmetry of the problem implying that
determinant can only depend on length on n; which is 1 and then to choose this constant vector
n; = (1,0,...,0).

26 This follows, for instance, from % log(1 4 b* —2b cos 0) = = >, bnl cos(nf), after applying (bd,)* and setting
b=1.
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Thus the integral over A, = (a;, a;) gives

[Ttdet 0017172 o (1 + 725", (5.34)
(0

where we used that in the ¢ function regularization®’

o0

Hc = ch = exp (C(O) log cz) =c (5.35)

1£0 (=1

The sc-independent proportionality constant in (5.34) and the normalization of the path integral
measure can be accounted for at the end by observing that for »c = 0 the action (5.16) becomes
free and thus the partition function should be given by (4.14) (or its large R expansion in (5.1))
as discussed above.

We thus find for the ladder Wilson loop expectation value

N—-1
2

(14D), T=Dp+L4+-, Ty=0R"™,
(5.36)

Wy = dim S (1 + 7°5?)

or, equivalently?®,

N _ 1 4 4R4
log Wy = log dim S + ~—— log (1 n C6i : ) LT+ OR™Y, (537
T

o <2 82 R2
— 8x?

Using that R? = k + & and expanding in powers of (*g> we may compare (5.37) with the
ladder part of the two-loop expression for the WL expectation value in (1.17). Since for k-
symmetric representation of SU(N) one has

_ k(k+N)N —1)
o 2N

where I stands for subleading corrections at large R and fixed s

Ca =N, Cr (5.38)
so that C4 Cr = $(N — 1)(k* + Nk) and thus we find the agreement with the leading ¢*g* term
in the expansion of (5.37) in both leading and subleading orders in large k expansion.

5.2.2. Propagators for the x', ¥’ fluctuation. To develop perturbation theory in 1/R? starting
with (5.18) and (5.19), i.e. to compute the effect of interaction terms that complement the
quadratic part of the action (5.31) we need to find the propagators for the corresponding fluc-
tuation fields. Using the covariance with respect to the rotation of the constant vector n; in
(5.17) and (5.21) and of the fluctuation fields we may write the quadratic action (5.26) in the
special frame where

n=n=(0,...,0,1). (5.39)
Let us label the components of non-constant fluctuation x/ as

o= Ot @) = (e Tt ). (5.40)

2T This derivation of the (1 + 72 %2)% prefactor in Wy is formally very similar to the one of the Born—Infeld factor
in the disc partition function of an open string in external abelian gauge field [43].
281n the case of SU(2) equivalent result was announced earlier in [35].
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Then the quadratic action (5.26) reads (r = 1,...,N— 1)

SO = i/dr (P00 + TpDy,) — i 3¢ /52? [(1 - ]1V>

1 1
X <2<P(T')90(T) + 5@(7') @(7) + p(1") @(T)) +1:(7) ﬁr(T)} .
(5.41)

Going to momentum space, inverting the 2 x 2 matrix in the ¢, ¢ sector and using (5.28), we
find for the corresponding propagators

N-—1 1 . /
@%9(7 -7 = <‘P(7—)‘p(7/)> = <95(7')95(7/)> = —W% E m CIE(T_T),
40

/ - / i N_l 1 il(r—1'
Do — 1) = (p(M)p(r)) = (2;6 + N %£> e,

0
1 i : /
@ (7_ o 7_/) _ ! elf(T—T )’
" 2 #ZOE—H?T%M
<ﬁr(7_)77s(7—/)> = Oy @rm(T - 7_,)- (5.42)

Computing the sums and restricting to the interval 0 < 7 < 27 the propagators may be written
explicitly as

Dop(1) = (p(T)p(0)) = (B(T)@(0)) = 5

:

] (4 i 2—),

og (4sin” 7
-

] (4 i 2—),

og (4sin” 7

|:T —m — 7 log (4 sin’ %)] . (5.43)

1
D0(1) = (@(T)p(0)) = (T m =

1 1
21 1+ w232

D (1) =

Then they can be extended to all 7 by periodicity. Note that the linear in 7 part is not continuous
at 7 = 0 where it has a jump. For the corresponding propagators in momentum space we then
have?

o N—-11
(Pppq) = (PpPq) = TN T Sp+4.05

(Brpg) = L_F%ui 5
el = \amp TN )

| .
! T (5.44)

Nr ;. - 51‘ A - 1
(71-p71s0) "2 p+imae |p

In the following, it will be convenient to use these propagators in the more general case

when 7in = u (where u is a positive constant) and thus when n =7 = /u (0, ...,0,1). Then
(5.44)—(5.53) generalize simply by the replacement ¢ — use, cf (5.23) and (5.25).

2 n all cases (A(T)B(7')) = 10 K¢ €T ™). Hence (A,B,) = (2+)2 Jardr'ys, K. el g ivriar — K0, q0-
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X'(r)n

' (")

)

X3 Y4

Figure 2. Diagrammatic representation of sample contractions contributing to >3 and

>4 in (5.45). All positions are integrated with the non-local measure d? 7 defined in
(5.14).

5.2.3. 1/R? order: logarithmic divergence and one-loop beta function. The next step is to
compute the leading 1/R? term I'; in I" in (5.37). It is given by the sum of the three contributions
(which are effectively two-loop ones from the path integral point of view)

[b=D+ X4+ %5. (5.45)

Here D is the contribution of the 1/R? term in S, in (5.18) or in the delta-function in (5.20).
>4 is the contribution of the quartic interaction terms in (5.19) or S in (5.25) and X5 comes
from the contraction of two cubic 1/R vertices in §© in (5.25), see figure 2 for a schematic
illustration of the relevant diagrams. We will focus on the logarithmic UV divergent part of
(5.45). Its renormalization will determine the leading one-loop 1/R? term in the beta function
for .

D-term. The D-contribution in (5.45) comes from the delta-function constraint in (5.20).
Expanding this delta-function in 1/R?* gives

Sin—1+M)=6(in—1)+6in— 1M+ --- = d@mEn — 1)
— 2(S(ﬁn — M| 4+, (5.46)
Ou 1
1 1
= vy = V(O (—
= ke / dr X'x Rzl;%x,w)x,( 0, (5.47)

where we introduced an auxiliary parameter . Then in the subleading term the integration in
(5.20) is done with the constraint 7in = u with u set to 1 at the end. We get using (5.40)—(5.42)

N
SN RUOX0)inms

i=1 (£0

N—1
= Z [<@f¢—f>ﬂn—ll + Z <’r}r,ﬂ7rj>nn_u‘|
r=1

0#£0
_Z_iiJFMN—l+ i(N—1)
_[#0 21 4 AN 0| 27(€ 4 imu 2 |L])

CusN = DN + 1+ 7225)

Iy, 5.48
N1 + 72u? %) 0 ( )
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e/
=Y ° ;= loge+ 06, (5.49)
(=1

where we introduced an exponential cut-off in the sum over £. Then the contribution of the
correction term in (5.46) is found to be
1 1
N—

po_Lt, 1t 0
= R2 0 a —|—772142)_1 ou

(5.50)

o us(N =N +1+ ﬁﬁ;ﬂ)]

N-1 2.2 2
1
X |u" (1 +umsxe”) N+ 72

u=1

Here in the square bracket we included the factor of #V~! from the integral over n, i.e.
f dndn d(nn — u), and the leading s dependent factor in (5.34) and (5.36) generalized to the
present case of u # 1. Computing the derivative over u at u = 1 we finish with

1 (N — 1)

D= Jp- 27
R2ON(1 + n2522)2

[N(N + 1) + 725> 2N* — 1) + 754 2N — D] .
(5.51)

Quartic terms. The contribution ¥4 in (5.45) comes from the quartic terms in (5.19) after
expanding e’

=i, s =i / Er VOO K EOTN L (5.52)
Using again the SU(N) fusion relation (5.24), i.e.
1
X' (OTX (1) X' (THTX' (7)) = 5[X/(T’)X’(T)][X’(T)X’(T/)]

- %[X'(T)X'(T)][)Z'(T')x'(T')], (5.53)
we obtain
AN
R* 2N
—295,(0)2,,,(0) + [@,,,,(O)]2 +ND (=7 + ) Dy (7 — 1)
+NDoo(T = TNV Dyy(—T + 7)) = D7 = TNV D (=7 + 7')

o) s | @7 (Do OF + D7 — T)Dps(—7 + 1)

= ND (T — 7J)@"I"I(_T +7') + Nz@m;(T - 7'/)@1111(—7' +7)
+[Dpplr = 7T (5.54)

Ignoring constant divergent terms (that drop out after integrating with measure d>7, cf (5.23))
and using the symmetry under 7 <+ 7/, we get
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_IN-d
 R2 2N
+ 2N Do, (—T + TNV D (T — T')
F (N> =N = DDy(1 — TV Dy(—7 +7) + (Dot — THP] . (5.55)

P x [ &r (DT — TV Dp(—T +T')

Using the translation invariance gives

2rN—1 (> dr
Ya= o < /0 P (Dp(T) D502 — 1)

+ 2N Dz (T) Dy (20 — T)
+ (Nz —N — 1)@1]1](7)@7]7](271' —7)+ [@gcap(T)]z] . (5.56)

The propagators 2 in (5.43) have a linear part ~ 7 — 7 and a log part ~ log(4 sin’ 5). Due to
parity around 7 = 7 there cannot be crossed contributions. The logarithmic divergences may
come only the linear in 7 terms®°. The linear in 7 parts are

1 1

. : 1
I S lin — lin R
PP (r —m), D (1) =0, D 5,(T) o (T —m).

14 13

@lin(T) —

m

(5.57)

Using (5.29) with mode regularization, i.e. S Z;X;l e ={(—=0)cos(¢T) we have (cf
2

4sin”
(5.49))
2T
d
/ : TZ r 0’
o 4sin” 3

/ T o 5.58
T: b .
0 4sin2% ( )
2m 0 L—el
dr 2 e
/0 4sin?; = —dn )~ = 4wl
=1

30 The contributions of purely logarithmic terms in & are finite. This may be easily shown in dimensional regular-
ization. In mode regularization, where we add a factor exp(—¢¢) to the ¢th Fourier mode [1], this is also true up to a
power-like divergence l"i Indeed, using log(4 sin’ 3)— =25 Le=¢n cos(nr), we have

n

2T 00 27
d 2 o
/ L. [log 4 (sin2 I)] =4 E e (mtptae l/ dr cos(nt) cos(pr)
0 7 2 Pq Jo

02 T
4 sin 3 By

x cos(qT) = 4 7% Z Pta e 2ptaE g o g Z w4
pq=1 P 1<g<p<o P
1+ (1 +e¥)log(l —e %)
T

=4
1 e

2
- £(1+210g2+210g &) — 6 + O).
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and then finally the logarithmically divergent part of >, is found to be

L, N1

EUV L AR A
4T RON( + 22

[NV + D) 42172 (N+ D) + 7] (5.59)
Combined with (5.51) this gives

2 (N—1):2

DyyW— "%
t 2 RN+ n22)2

[—3 — 2N +2N* + 27753 (N — 1)] .
(5.60)

Cubic terms. The term Y5 in (5.45) is coming from contraction of two cubic vertices S©
in the action (5.19) and (5.25) (i.e. from the quadratic term in the expansion of '),
Explicitly, expanding Ss in (5.19) near n = n = (1,0, ...,0) using (5.17) and (5.40) gives
: 2 /2—\ 1 (! = /
o= it [ &7 (SO

1 ., , i [
- ﬁ[X(T)X(T)][X(T )x(T )]) -y d°r

1 1

X LW(T’) + (MY (MX'(7H] + E[x’(T’)x’(T)]@(T) + @(7))
1 — =/ ! ! !/

- m(cp(f) + @(MNIX (T)Hx ()]
L, _ N R L

- ﬁ[x (X M) + (T ))} =-3 / d°r

1
X {(w(r’) + ()X (X' (7] — N(w(r) + @(NIX X' ()] -
(5.61)

Thus (using that Y'n = @, etc)

§3 = —% / &r {(@(T’) + e(M)le(M)e(t") + n(T)n(T")]
1
- N(QD(T) + @[T )e(r') + 77(7")77(7")]}
= 2@ | (1= 1) ememlpt) + G + [6()
-7 7%R N eLT)P ® % ®

1
+ @M1 (") - P + o] 77(7’)77(7’)} : (5.62)

For three generic non-constant functions of 7 we have the following expression in terms of
their Fourier modes

ErATB(T)C(T) = =272 Z n|A,B;_,C_y. (5.63)
£,pe7\ {0}
l#p
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Hence, introducing the mode regularization factor we get

2.
=T X e

£,peZ\{0}
t#p

1 _ _ _ _
X Kl — N) OpPr—p(p—t + P—0) + @pNe—ph—t

_ 1 _
+@plle-pn-t = 3 Tple-p(p—t + o) - (5.64)
Taking the expectation value of [S®]? using the momentum space propagators in cf (5.44) we
obtain a sum of triple products of propagators, that after the integration can be reduced to a
set of double sums. Regulating all infinite sums with an exponential mode cutoff and dropping

power-like singular terms of the form é or 1"%, we find for the UV logarithmically divergent
part
2V = l<[is<3>]2> - log & WD [2N +3 =272 (N — 1)]
3 2 R? N (1 + 7w252)? ‘
(5.65)
Summing this up with (5.60) gives the total log divergence at order 1/R?
r —D+EUV+ZUV—2—W2N(N—1)%7310 e4--- (5.66)
2 = 4 3 R2 (1 +7T2%2)2 g . .

Log divergence and beta-function. Using (5.37) the ladder Wilson loop expectation value
is thus
N-—1
2

log Wy = log dim S; + log(1 + m2%%) + Ty + O(R™) = log dim S;

3

N-—1 n
(1 + 725¢2)2

T

2 2 272
10g(1+7r%)+FN(N—1) loge+---,

(5.67)

where dots stand for finite parts and higher R~* corrections.
The divergence in (5.67) can be absorbed into renormalization of > (which is equivalent to
renormalization of ( as this is the only running coupling, cf (2.19))

2N ()

—4
R 1w O84S OED (5.68)

X = Hpare — %(,u) -

so that the renormalized W} expressed in terms of renormalized s«(u) (cf (1.31)) satisfies
0 0
- — | W, =0, 5.69
(M B +8 8%) k (5.69)

dse 2N 32

@ = ﬁm + O(R_4). (5.70)

Boe = 1
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The corresponding 52> log i1 ~ (®g® log 1« term in renormalized log Wy is in agreement with the
¢%g®log i term in (1.19) and (1.20):

1 2 66 2m 3

Here we used (5.38), (2.28) and expanded at large k with fixed e = g7(?¢*R%, R? = k + 3N.
The beta-function (5.70) written in terms of ( gives

da¢ ¢’Ng?
du 872 (1 + Z=C*g*RY)

B, — fldder — + OR™). (5.72)

Expanding in small ¢ the leading ¢* term here is in agreement with the one-loop beta-function
in (1.4) (in the large N limit A = Ng?). The first correction from the denominator in (5.72)
comes only at order ¢’ \3.

We also get the following analog of the relation (1.5)

B -1 2R2
ilogwkzeﬁ%, ezu+
0

N NN (5.73)

where the leading one-loop term (5.70) in 3,, comes directly from the leading finite one-loop
term 2! log(1 + 7%5¢%) in (5.67).%!

6. 3, -function from two-point correlator on Wilson line

The Wilson line may be viewed as defining a defect 1D CFT with basic correlation functions
of local operators inserted on the line defined by (here W = exp[¢ [ d7¢] is the scalar Wilson
factor)

(Tr [P OL(11) . .. Ou() W)
(Tr[P'W])

(O1(T) ... Ou(m)) = (6.1)
The corresponding diagrams are shown in figure 3. If we consider the scalar ladder model as
a subsector of N =4 SYM then for the two-point function of a ‘transverse’ scalar ¢, not
coupled to the loop (i.e. not appearing in the Wilson factor W) there is no genuine anomalous
dimension, i.e. all divergences in

G (m2) = 2 (p1(1) d1L(T2)), (6.2)

can be absorbed into ¢ or s only (i.e. no extra Z factor is needed). Thus, the renormalized
two-point function should satisfy

a 8 ren __
(”@ + 5%8—%> G = 0. 6.3)

In this section we discuss how we can use this relation to extract the beta-function /3, from the
two-point function G'".

This way of deriving (3, has several advantages. First, the propagator on the line is simpler
than on the circle, cf (1.12). Second, there are no constant zero modes on the line and thus

31 An apparent singularity of Cin s just an artifact of the expression of (5.73) in terms of s ~ ¢ rather than

N3
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LR NN LN

01(m1) O2(2) OSE’:&)

Figure 3. Graphical representation of the defect correlator in (6.1). The horizontal thick
line is the Wilson loop. The local operators O, O,, O3 are built out of scalars, vectors
or fermions and are inserted at positions 7, 72, 73. They are connected to the gray ellipse
containing SYM bulk vertices that may be attached to some of the fields coupled to the
loop (blue scalar and vector lines ending on the loop in the figure).

it will be possible to treat the delta-function constraint ¥y = R (cf (4.7) in the free case) by
solving it directly.
Our starting point will be the bosonic 1D action on the line (cf (5.13); we rescaled x by R)

) _ ) drdr  _ " _ a _
s=i [arxony -k [ T T KT, =1

(6.4)
This action has the same local U(1) invariance as in (4.9)%?
xi— e Py, xi—e Oy (6.5)
We can use this symmetry to gauge fix y to be real; then solving the constraint we get
xv =Xy = =m0 = O xv-)- (6.6)

In the following, we shall use the notation 7 for the N — 1 independent components x,. The
kinetic term in (6.4) becomes simply 7,0,7, (since y is real, it contributes only a total
derivative).

The two-point function (6.2) may be written as

G (112) = 22 {[xPLx(TD] [XDLX(T2)]), (6.7)

where the indices of the adjoint scalar ¢ = ¢ T“ are contracted with the 1D bosons. The
average is done with the effective action (6.4) (already incorporating the effect of the integral
over free coupled scalar) and with the free scalar bulk action (1.11) for ¢, .>* Computing first
the expectation value with respect to the bulk field ¢, one gets (71, = 71 — 72)

xg’ 1
G () = W(([X(Tz)x(ﬂ NIX(T)x(12)] — N) ) (6.8)
i2

where (.. .) is the remaining averaging over 1D bosons ¥.

32 Due to the constraint, the kinetic term is invariant up to an irrelevant total derivative.

330ne may view (6.7) as originating from the generating functional with the coupling (¢ + A(1)¢, and then
differentiating twice over the source function (7).
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6.1. One-loop 1/R? contribution

Then writing this in terms of independent N — 1 components 7, = (X, ..., Xy_1) in (6.6)
we get
2
ng | _
Gi(m) = prcpy < [1 -~ n(m2)n(11) + 7(1)10(72)

1 2
— ) — () + o<n4)]> _ (1 _ ) g

N ) 81271,
X {1 + % [D(T12) + D(—T12) —2D9(0)] + O(<774>)} . (6.9)

Here & is the infinite line analog of the exact propagator (5.42) on the circle that is found from
the action (6.4) after using (6.6)*

“dp i -
9D — - ipT
0= |z

1 Ocdp )
T 7+ 722) /0 r [ 3¢ cos(pT) — sin(p7)]. (6.10)

While 2(r) is singular in the IR (at p = 0) the combination appearing in (6.9)

23 /°° cos(pr) — 1
dp————

(6.11)
isregular at p = 0. Its UV divergence at p — oo can be regularized with a hard cutoff |p| < A:

A _ _ _ _
/ dp% — —log(Ar)+ OA™"), A =Aex. (6.12)
0

This is equivalent to mode regularization e if used in (5.42) after identifying € = AT (cf
also (5.49)), i.e.

/ dpM e /A = —% log (1+ A*7?) = —log(A7) + O(A™H).
0

P
(6.13)
Thus we find for the log divergent part of (6.9) (we assume 7 > 0)>
1 ng?
Gn=[(1--) 78
) ( N) 8727122
1 (1) — (1) 2N
X {1 — Ffl Golog(AT)+--- |, f1'0o= TT 2 (6.14)

34 We explicitly extracted the R% prefactor which is due to the normalization of x, =7, in (6.4); (7,(7)1,(0)) =

55 D(1).
35 Note that here the UV scale A enters only together with 7 so that there are no IR divergences. Thus we can safely
take the limit of the infinite length of the line as in the similar computations in [4].
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Then renormalizing » as in (5.68) we find that the renormalized G, (7) satisfies the CS
equation (6.3) with

1 2N 3? 1
(1) —
o= 1000 () = i om0 () @19

which is the same as in (5.70).
6.2. Subleading 1/R* contribution
At the next order we expect to find the following 1/R* corrections in (6.14)

1 2 1 -
Gi(r) = (1 - ) o [1 — g [0 log(Ar)

N ) 821,
(f<2>( 20 + P60 log(Ar) + P (50) logz(]h)) + .. ] _

(6.16)
Assuming renormalizability or using the CS equation (6.3) we have (prime is derivative
over )

%2

a5 152 6.17)

@ _ f<1> f(1)+%(f(1))] — _4N?

B = 1% wfiV 4+ o 2 [P+ 0 ( R6> (6.18)

where in (6.17) we used the one-loop expression in (6.14).

In (6.16) we assumed that all IR divergences cancel, i.e. the UV cutoff enters together with 7.
Thus to check (6.17) and to find the two-loop coefficient f (12) we may concentrate on extracting
the R% log 7 terms.

To compute corrections to (6.9) we note that in general they come from the following
expectation value computed with the effective propagator & in (6.10) (we again use 7 = (x;,.),
r=1,...,N—1)

X= <[(1 — fr)n(ma) 2 — f(r)n(m))'? + 77(7_2)77(7_1)} [ < 7] eiSi"‘> ,

(6.19)

where Sj, contains interacting (higher than quadratic in 7)) parts of the quartic part of the action
in (6.4) after one eliminates y, using (6.6). The relevant quartic interaction term in Sjy 1S
given by

drd
St = —71 #R® / = 4 T,)z{[wmv NI ] — [(T)X ()]

x [(rm(D] = xRN + X EOIREN(1}
(6.20)

In general

X=X1+X+X3+---, (6.21)
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where X,, is given by sums of products of n propagators 2. The 1/R* correction will come from
either doing contractions of four 7 in the prefactor in (6.19) between themselves (X, term) or
from contractions of two 7 with one power of S_*) from the expansion of e'Sint (X3 term). We do
not need to include disconnected contractions as they cancel against the contributions of the
normalization factor in (6.1).

‘We thus find

1 g N 1
G =|1-= 1 Xi+X+ X Ol—=11,
1(712) ( N) S, [ +N—1( 1+ X+ X3) + <R6)}

(6.22)

1
X1 =W =D [D(m2) + D(=m2)], D7) = (1) — 2(0), (6.23)

1

Xo = NN — D) D(112) D(=712), (6.24)
NN — 1) drdr’

X =k / = BT, 6.25)

where Y3 is the relevant connected part given by the sum of products of three propagators
Y; = —2D(1 — 112) [D(—=7) D(1 — ) + D(—7) D(—7 + 7') = 2D(—7")
X D(=7 4+ 7)] = 2D(—7 + 7112) [D(7) D(7 — 7') = 2D(7 — ') D(7')
+D(1) D(—7 + )] +2D(1 — 712) D(—7 + 112)
x [D(r =7+ D(=7+1)] = 4D(—7 + 112) D(—112 + ) D(7 — 7).
(6.26)

All terms in (6.22) are expressed in terms of the shifted propagator D(7) that is regular in the
IR (cf (6.10) and (6.11))

D(1) = R*[2() — D(0)] = /wgip.;(ei’” -1
oo 2T p+iT|p]
1 ~dp ’
T r( + 2?) /0 (T leos(pr) = 1] =sin(pr). (6.27)

The terms in the third line of (6.26) become independent of 7, after shifting of 7 and 7/ by
712 under the integral in (6.25). The remaining terms (in the first and the second line) can be
written, using also the symmetry (7, 7') <> (—7, —7') of (6.25) as

Y; = =4 [D(=1) D(r = 7) = D(=7) D(=7 + )] [D(7 — 712) + D(7 + 712)]
=—4D(-1)D(r - 1) [Q(T —712) + D(T + 112) — D(7' — 712)
- D' + )] (6.28)

Thus (6.22) is given by
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2 2
GL(T)=<1—1) g [ 2N > N

LI 7 S P\ T Ay WL
N)sen |1 TR T et D)

N? drdr’ 1
X ‘D(—le)+ m x / m Y3(T’7J,T12) + O <m>:| .

(6.29)

The computation of the logarithmically divergent part of the 1/R* correction in the second line
of (6.29) is quite non-trivial and is presented in appendix C. Here we just quote the result

1 xg? 2N » - N?
Gim=(1-—)Z _|[1-2 — 2 jog(Ar)+ —
« ( N) 8m27% { R T4 O8O
42 N2 252 (1 — by 7252

VA — _
T 1oo*(A — log(A
X (5 2527 o8 (A7) + R (12 og(AT) +

(6.30)

The coefficient b; in general is scheme dependent; in the momentum cutoff scheme we found
that (see appendix C)

by = 1. (6.31)
The log? term obeys the RG condition (6.17) while the log term leads to the two-loop term in

the beta-function (6.18)

2 2 301 _ 2.2
2N » 2N= 3 (1 — by = 3¢%) (‘)(1). 6.32)

COR? 14+ m2x2 R4 (1 4+ 7222)3 RO

As already discussed below (1.29) the lowest sc* term in the 1/R* correction corresponds
precisely to the ¢ > term in the two-loop ladder beta function for ¢ in (1.4) and (1.23).

6.3. Comments on scheme dependence and three-loop 31" in general representation

Let us comment on the scheme dependence of the beta-function (6.32). In general, in this
one-coupling theory (with only ( or s running and expansion going in powers of 7 = RI—Z) the
scheme freedom should correspond to coupling s redefinitions

w— x+ %ql(%)+-~- , (6.33)
d»e 1 1
B = g, = 109 + gabala) +--- = B
1
+ 1 [1GIBIG) = iG] + - (6.34)

Thus unless g(€) is exactly proportional to the one-loop beta function term b;(§) (as it happens
in simplest cases of one-coupling theories) the two-loop 1/R* term is not, in general, invariant.
For example, considering small s expansion, with ¢, = ¢;5¢? + ¢35¢* + - - - and using that the
one-loop term in (6.32) is by = 2N(5¢> — w2»* + - - ) we find that ¢, b} — b1q} = —4N(c2 +
) + e
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Thus while the coefficient of the leading s term in the two-loop correction in (6.32) is
invariant, the coefficient b; of the first subleading s> term is, in general, scheme dependent. At
the same time the denominator (1 4 723¢)~3 structure originating from (1 + 723¢?)~! factors in
the exact propagator (6.27) appears to be universal (at least in a natural class of regularization
schemes that do not substantially modify the structure of (6.11) and (6.27)).

Next, let us elaborate on the implications of the structure of /3, in (6.32) (see comments
below (5.70)). Using the definition of >z we may turn (6.32) into a perturbative large R*> ~ k
expansion of B4

> RNE 2\?
ﬁlcadder — C S5 _C5<47T2> _ m C7<g—) —+ ... (635)

47r2 8 472

Note that three loop g°C” term in (6.35) comes entirely from the expansion of the denominator
in the first term in (6.32) or from (5.72). Indeed, the 1/R* term in (6.32) produces only (°g* +
ngg + - - - terms. Comparing with (2.31) for general N fixes the coefficients there as

1
=0, @ =-3(@) =57 (6.36)

We thus obtain the following three-loop ladder beta function for general representation (cf
(1.21) and (1.22))

ﬁladder _ C3 1 e 872 ’
4m2 42> \4n2
2 3
+(g5CA =3¢ Q) ¢ (f;z) +0(g). (6.37)

We will prove in appendix D that in the planar limit, for any irreducible representation R of
SU(N) the coefficient Qg of the ¢ (2)¢” term in (6.37) is universal, i.e. one has (A = g2N)

2 2 A 3
ﬁlcadder — C3 m _ C5 <4W2> + (qg — %) C7 <m> + O(>\4)
(6.38)

Comparing with (1.8), we see that the Qg term in (6.37) corresponds to the ((2) transcendental
part of the coefficient g3 = 1 — <2 in (1.8).

This agreement is remarkable glven that the three loop beta function is, in general, expected
to be scheme dependent. Indeed, the expansion (1.8) has been derived in dimensional regular-
ization while (6.32) and (6.35) have been obtained in a mode regularization. This suggests that
only ¢4 term in (6.37) is actually scheme dependent while ¢ in (6.36) is scheme 1ndependent
An explanation of this scheme independence is that this coefficient comes from the x* term in
the expansion of the one-loop term in 3, in (1.29), i.e. from the first scheme-independent term
in the perturbative 1/k expansion.
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Appendix A. SU(N) conventions

For the SU(N) generators in the fundamental representation we have (a =1, ... LN — 1
i=1,...,N)
[Ta’ Tb] — ifah() T(),
Tr7¢ =0,
1
Tr(T°T") = 55‘”’, (A.)
aa N? —1
(T°T");; = W@‘j,
aa 1 1 acd rbed ab
TiTg = 3 0id e — Né,»jék, , S e = N§. (A.2)
Then also
1 1
To(TTTT?) = ~Te(1) TH(TT?) — — Te(T’T?)
2 2N
N 1\ N—1 N? —1)?
== - = = ( ) , (A.3)
2 2N 2 4N
1 1
To(TT’TT?) = — To(T?) Te(T?) — — Tu(T’T?)
2 2N
1 N2 -1 21
_ 1N = N , (A4)
2N 2 4N
N? —1)?
To(TT’T T = TH(T*T*T"T?) = %. (A.5)
For a generic representation R we define the index Cr by
TT* = Cr1, Tr(T°T% = Cg dim R. (A.6)
In the special case of the fundamental representation
Te(TT%) l(1\/2 1) — G N =1 (A7)
T = — — = . .
2 Y
For the adjoint representation (T‘;dj)bc = —ifupe S0 from (A.2) we have Cp = N.
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For the k-symmetric representation S

dimsk:(N+:_l>, Csk=W~ (A.8)
Let us note also the following relation®®

TeT T = (cR — %CA> T°. (A.9)
Also, if X is some matrix (e.g. a product of some generators) then

T°TP XTT? = TeTPXTPT* — %CA TeXT*. (A.10)
Useful examples are

Te(T*T*T*T") = C; dim R, (A.11)

To(TT TT?) = (cR — ;cA> To(T’T?) = (CR — ;CA> Cr dim R.

(A.12)

Appendix B.1 D fermionic representation for the Wilson loop

The Wilson loop admits a 1D fermionic representation [38, 41, 42] that we will review here for
the case of a general representation of gauge group. We start with the path-ordered exponential

1

Uyp = {P exp /TZF(T)] , (B.1)
ab

where F(7) = F9(7)T*“ is a Lie algebra valued function in the representation R (with the
corresponding indices being a, b). We can write

Q 5
Ui =e [514;1(72) Oup(T1)
2 ) 1) _a
e </ W suey @ &w(r))] o
)
Q= / drd7’ bu(u () 0(r — 1), (B.2)
1

where u and u are (Grassmann) vectors of R and 6 is the step function. 2 admits the following
representation in terms of path integral over anticommuting fields v, and v, (which are vectors
in the representation R) with the antiperiodic boundary condition 1(7,) = — (1)’

e = / DDy exp / dr [0, +i(w + Yu)] . (B.3)

36 For other similar relations see, for instance, section 3.1 of [44].
37 This follows from #(7) being the propagator associated with the first order kinetic term 9-0(1) = &(7).
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Then for a closed loop the trace of U in (B.2) may be written as

5 .
TrU = m |:10g/DwD’¢
X exp / dr (Y0-1p — YF + i + Pu)) . (B.4)
u=u=0

Equation (B.4) represents the two-point function (¢)(27) ¥(0)) whose perturbative expansion
is expressed in terms of factors of F(7) connected by z-propagators, i.e. by theta functions that
implement path-ordering.

As an example, let us consider the scalar ladder model. Integrating the free scalar field we
get the corresponding 1D effective action

S = /dT o) + %Cz/dT dr’ D(t — YY) T(T) Y(HT(T").  (B.5)

Here D(7 — 7') = (¢(1)é(7')) is the scalar propagator restricted to the line. Introducing an
auxiliary 1D field o,(7) we may write the corresponding ladder WL expectation value as

1
W={ |5} B

where (...) amounts to Wick contractions of the free fields o,(7) with the propagator
(oa(T)op(T")) = d4D(T — 7'). This reconstructs the standard perturbative evaluation of the
Wilson loop like (1.1) or (1.10).

The same steps may be repeated in the case of the circular %-BPS loop in N =4 SYM
where the function F' can be read off from (1.1) with ( = 1. Assuming interaction terms in the
SYM action do not contribute (as turns out to be true) and integrating out the free scalar and
vector fields we obtain

/DYDY 2w $(0) exp [ [dr o + ([ dr ’LZ)T“(/))Z}

<W(1)> — - -
[ DYDY exp [ [ dr 90, + £ ([ dr wrw)z}

(B.7)

We used that here the effective propagator corresponding to the combination (AA + ¢$)® is
constant [18],i.e. D(7) = Dy = % Introducing an auxiliary constant field o,, we may write

the quartic action in a local form
- 2
([ ervmrom)

N / dr DO — %aa / dr ()T (r) — o2. (B.8)

- 8
/ ar o+ £

Integrating out the fermions 1/, 1, we then obtain another equivalent representation

(W = <Tr {ﬁb (..) z/gdaae_”le... (B.9)
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Let us show how (B.9) can be used to reproduce the perturbative expansion in (1.13). We
expand the trace using (7,|(0,)"!|r) = 6(, — 7). For instance,

27
(27)(9,)73|0) = / dr dr’ 6(r — 0)0(r' — NHIQ2n — 7') = / d*r. (B.10)
0 <7/

We then obtain

2

1 : a a C
Tr {m} — dim R + TK(T Tb)oaob%/ ) &+ Tr (T°T°T
o 2r @ TI<T2
2 2
x T9) aaabacad<g—2> / dr+--.  (B.ID
471- T1<...<74
Taking the average using that
1 1
<Ua0b> = Eéaba <Ua0bacad> - Z(éab5cd + 5a05bd + 5ad5bc)a (Blz)
To(TT?)5 = Te(TT*) = dim R Cg, (B.13)

Te(TT T TS ap0ca + OacOpa + Oaadpe) = 2TH(TTTPT?Y + To(TT TT?)

1
= dim {201% + Cr (CR — —CAH ., (B.14)

2
2
/ d*r = 272, / d*r = S7*, (B.15)
T1<T2 71 <...<T4 3
we find that
;<W“)> =1+ e g+ 1 (6Cr — Ca) g* + O(g% (B.16)
dim R 4 R 192 RVMR ’ :

which is in agreement with (1.13).

Appendix C. Computation of divergent part of 1/R4 term in scalar two-point
function

To find the divergent part of the f dr d7'(t — 7/)7%Y; term in (6.29) we shall use somewhat
eclectic direct cutoff method. First, let us introduce a UV cutoff ¢ — 0 in the (7 — 7) 2 kernel
(which originated from the 4D scalar propagator restricted to the line) as

1 1 o el
_ ip(r—71")
(r —7')? - (T—7)2+a> /_ocdp 2a e > a—0. (C.1)
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Using the expression for the propagator D in (6.27) in Y3 in (6.28) and integrating over 7, 7/
we then obtain’®

drdr’ o0 00
3_\/(7- /)2+612 3:/0' dpl/(; dp2f(P1,P2)a (C2)

 de aWrERI(1 — e91) 52 cos(piTi2)
a(l + 7252 pips

X [1+ a5 + e (3 — m3”) + 2e72(1 — w?5c?)] .

f(p1,p2)

P1<p2

Introducing an extra hard momentum cutoff p,, p, < A (which we will later relate to 1 /a) and
integrating over p, we get

A
S 45 cos(pi712) o a a 2.2, .a 2.2
Y3:/dlm[ pl(l—e”‘)[l—&-w% +ep1(3—7r%)]
x Bi(—al) + e“" (3 — 3 *)Bi(—apy) + e (=3 + 77 5*)Ei(ap))
+2e (=1 +e)(—1+ m5?) log(a)] , (C.3)
where Bi(z) = — [ dr ¢’ and A = Ae*. To perform the last integration over p, we con-

sider the integrand in the limit A — oo, a — 0. Dropping power divergent terms ~1/a and
integrating over p; < A we find that the terms depending on 7, are

P (=3 +mx?) ., o
T T Ty )
2523 (=5 + 2 log(al) + 72 5¢%) -
- e log(ATi2) + - - - . (C4)

To this we need to add the contribution of the X, term in (6.24) or D (112) D(—712) in (6.29).
Introducing the same momentum cutoff A in the propagators D (6.27) ( fooodp — fOAdp) and
integrating over p we get for 7 > 0

D(tr) = ‘T::w log(Al7]) T +OA, (C.5)

2(1 + m22)

D(112) D(—712) = log?(A7y,) + finite. (C.6)

_
(1 + 72522)2
Combining the contributions of (C.4) and (C.6) we get for the relevant divergent terms in (6.29)
1 xg? 2N » N? 457
G =(l-S )z |1l- 77 55! A —_
« ( N) 8121 [ R 14 a2s BT sy

N2 2 52 [5 — 2 log(al) — 72>

(1 & m2se2)} Diogcany+-

x log?(A7) +

(C.7)

38 Note that singular terms like at p — 0 that appear at intermediate steps cancel.

ptims<[p]

42



J. Phys. A: Math. Theor. 55 (2022) 255401 M Beccaria et al

The coefficient of the log? term here agrees with the one following from the RG constraint
(6.17).

The resulting coefficient of the leading 4> term in the beta function will then be 5 —
2 log(a) (cf (6.30) and (6.32)). To match the known two-loop coefficient of ¢ term in B'{‘dder
in (1.3) and (1.8) we need to require that a and A are related so that log(aA) = 1. It is clearly
desirable to find a more systematic regularization approach in which this value will appear
automatically. In principle, it should be sufficient to introduce a UV cutoff only in the bulk
propagator kernel ﬁ appearing in the 1D effective action (6.4). Then this cutoff will appear
also in the exact s-dependent propagator (6.10). However, our attempts to use some natural
choices like dimensional regularization led to complicated integrals that we did not manage to
evaluate.

Appendix D. Universal form of planar limit of three-loop term in 37"

The three-loop ¢’ term in BE9%" in (1.23) contains the group-theoretic coefficient

deCd dla{de
==—_ D.1
9% = C dim R @©.b
Here we shall prove that for any irreducible representation R of SU(N) one has
. Or 1
Jm N =5 02

independently on R, leading to the universal coefficient of the ((2)C 7 term in (6.38).
To prove (D.2) we need first to recall some definitions. The Chern character in representation
R with generators 7§ is a functionof X* (a =1, . .. JN? — 1) defined by
aga |
Ch(R) = Tr [eX"R] =) —dg"x“ ... X, (D.3)

n! R
n=0

Ch(R; x Ry) = Ch(R;) Ch(R»), Ch(R; + Ry) = Ch(R;) + Ch(R,). (D.4)
For symmetric Sy and antisymmetric A; representations it is known that

Ch(S,) = Z Hn:‘|:Ch:’le)] i,

k= Znimi i
i

m,-! n;
k=>"njm; i
i

D.5)

where the sums are over all integer partitions of k (n; appears in the partition with multiplicity
m;). Tensoring representations one can obtain expressions for characters in terms of fundamen-
tal characters, see examples below. For a generic irreducible representation with ng blocks in
the Young tableau, the leading large N power comes from the term with a maximal power of
Ch(F)

Ch(R) = é[Ch(F)]"R + (D.6)
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In (D.6) Ay is obtained as the product over all blocks B in the Young tableau of their hook
length, defined as one plus the number of blocks below and to the right to B. The relevant
terms in (D.3) are then

1 1 1. i
Ch(R) = a l:N"R + ng N"® ™! <§d§”X"X” + mdghLdX“XhX‘Xd 4. )

nr(ng — 1) e —2
AT
lahahlabcdabcd :
X SdXX" P XOXOXX ) ] (D.7)

where subscript F refers to fundamental representation. Picking the terms with 0, 2, 4 factors
of X“ gives the leading power of N in

nR

dim R = cee
im I +
N? — | ngN™="! nrN
_ R D.8
R7 dim R 2ig 2 * B9
abc nRNnR_l abci
ded: - thd_|_...
Using now that
wbved wabed  NAN? — D(N? +6)  N°
debed gabed i :E+..., (D.9)
we obtain for (D.1)
N3
= 4. D.10
Or o + ( )
implying (D.2).

Let us now present some explicit examples of particular representations that check the
expansions (D.8). Let us begin with the case of the representation Hj which is the minimal
one not included in S, and Ay, series. We start with

DXDXD=DII+QHH+E. (D.11)

Using (D.4) and (D.5) one obtains [22]

2

1 3 1
Ch = —|Ch(F)|” — =Ch(3F). D.12
() = 3lcn®)]* - ZCh(sF) ®.12)
Using (D.3) and expanding to 4th order gives then
, N(N? —1) 3(N? - 3)

— = -/ D.13

dimy 3 , CBj oN ( )

daB‘gd (N2 — 7y dghed 1+ X (govged 4 gacgha . godghe) (D.14)
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Contracting with d4**? for adjoint representation and using d4** = >N? 5>

1 . Qr 1
dtedqgbed = — N(N? — 1)(N* + 39N? — 162 lim —~ = .
AT = g JN+ R & ‘R—Hj 24
(D.15)
As a next example we consider is Bjj From
Ox 0 =rod+HE, (D.16)
we obtain
cn( ) = L{en@)]" + L[en(E)Pener) - L[enen))? - Lonur)
8 4 8 4 )
(D.17)
Expanding as in (D.3) gives
2 _ 2 _
dim :N(N 1)(N+2)7 c :2(N + N 4)’
8 H- N
(D.18)

1
dejabcd ded — — N(N? — 1)(N + 2)(N* + 7N3 + 74AN? + 48N — 384),

96
(D.19)
and thus again
. Qr 1
lim ~<%| - =
N N3 IR ~ 24 (020)

Our final example is B} Using

DxszﬁﬂjJrH]Jr@j, Dx@:@jJrE (D.21)

and (D.12) and (D.17) we get

Ch(T) = g lon(E)]* + [ChER)* - %Ch(F) Ch(3F),
_ NA(NZ-1) P 2(N? —4) N2(N? —1)(N? — 4)(N? + 42)
- 2 H™" v 144 ’
lim @’ _
N—wo N3 R:EE‘ 24"

: abed jabed
di dsedagbet =

(D.22)
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Appendix E. Two-loop ladder beta function from two-point correlators
on the line

In [4] we showed how to compute the two-loop ladder beta function 32" in the planar limit
by considering the defect two-point function of the scalar fields (either coupled to the loop or
‘transverse’ to it) in the case when the scalar Wilson loop in the fundamental representation
is defined on a straight line of length 2L. Here we will extend that calculation to the case of a
generic representation of SU(N) at finite N.

E.1. Transverse scalar

For one ‘transverse’ scalar denoted by ¢, which does not appear in the Wilson line exponent
we want to compute

(Te[Po10) 617 exp [*,dr 6] )
<Tr [P exp fdeT/ ¢(7/)]>

GL(m) = (L) L(7)) = (E.I)

Here ¢ is rescaled by ¢ so that the relevant coupling that appears in the propagator is
& = (*g®> = N~ ' ¢ (where ¢ was defined in (1.10)). The propagator on the line (cf (1.11) and
(1.12)) in dimensional regularization is given by (cf (2.3))

NE 1

D(r) = >
™ 82 ||

d=4—¢, £E=0C¢% (E.2)

One loop. At the tree and one loop level we have from (E.1)

L
<Tr[P eprLdT'¢(7/)]>:1+ I /_\ Lt

- T1 72
(E.3)
L /. ’“\\
O{PoLO o) exp | o] = b
+ _L , \‘ m L + _L m ,/ \‘ L
0 T T1 D) 1 2 0 T
+ _L I' /_\ ‘| L + _L .,’ \‘
0T T2T 71 0 T T2
b i + _ k +
071 T T2 07T
(E.4)
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A given diagram contributes with factor [4—7{7]", v = number of loops. The planar diagrams
have color factor [Cr]”, while the last two two-loop non-planar diagrams have a factor of
Cr(Cr — 3Ca). As a result, we find for (E.1)

TECE | T UL 1) 27— (L4 7)) CaGRE?

G =
() 472 3274 (—1 + €)e

+0(&,

(E.5)

where the dependence on Cg is just by an overall factor. This is renormalized by setting
(cf (2.8))

- _ - C
E=u e+ 2 Ew+-]. p= 5 (E6)
€ 4
One can then take L — oo and finally
DS S § < 2
G ) = Cr 5 — |1 — Ca>5 (og(um) + 1) + O@E)] . (E7)
4r T 47
Note that here there is no need for an additional Z-factor so that we have
0 0
v - — | G (r; —0. E.8
<M8N+B§a£> "0 (7 p1) (E.8)

Two loops. At two loops, the most convenient scheme is the regularization discussed in [4]
where the propagator is as in (2.12)

/|

Y

e—0. (E.9)

We find that the renormalized two-point function is then”

£ 1 3 £
ren, . _ 2
G(T; 1) = Cr o) [1 — CA4_7T2 log(pur) + CA<4_7T2>

2
x (; + % log(ur) + 1og2(m)> + 0(53)] , (E.10)

so that (E.8) is satisfied with

¢=C e 1c2 3 o E.l11
Be = Apa TS Am+ (2 (E.11)

39 Compared to (E.7) found in dimensional regularization in this regularization scheme the one-loop correction
contains just log(x7) term, i.e. the two . parameters in (E.7) and in (E.10) are related by a factor of e.
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E.2. Coupled scalar

The same analysis for the scalar field ¢ coupled to the Wilson line requires the evaluation of
around 200 different diagrams. All of them can be treated with the regularization (E.9) with
the final result
: N2
1
G*(Typ) = CR i— [ + CAi (1 — 3 log(ut)) + Ci ( 3 )

2
X ( 2+ 52—4 2 log(uT) + 6log (Mﬂ) + (9(53)] » (E12)

where in addition to renormalization of £ one needs to introduce a Z-factor, i.e. G*" = ZG with

)
zZ=1- Lg og(e L) + 5 Ag
272
As aresult, G"" satisfies the Callan—Symanzik equation with an anomalous dimension A (see

a discussion in [4])

— [2 log(e L) + log*(e L)] + O(&). (E.13)

9 9 c— ren
u@ + 55—8—5 +2(A =1 (£'G*"(r;w) =0, (E.14)

where (¢ is as in (E.11) and
3CE A2

82 644

A=1+ + 0. (E.15)

Appendix F. Multiply wound Wilson loop

Our results have a simple application to the case of k-wound Wilson loop in the fundamen-
tal representation F. This generalization amounts to the replacement Trg U — Trg(U¥) in the
definition of the Wilson loop (1.1). To start, let us write

Trp U* = ch,. Trg, U, (E.1)

where the sum is over all irreducible representations appearing in F®X. Then, (F.1) implies the
following relation for the associated Wilson loops

Wi wound = »_ ¢ Wr,. (F2)
The coefficients {c;} in (F.1) appear in the inversion of the Frobenius formula [45]

Trg U = — > xw(e) ] Tre U4 (F3)
|R‘ oES i=1.2
\R\ geee
Here K = |R| is the number of blocks in the Young tableau of R, k;(o) is the length of the ith
cycle of the permutation o. The symmetric group characters x (o) are obtained as
Xr(0) = coeff.of x;' ... x{¥ in A [ ] P, (F4)

j=1
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where )\; are the rows of the Young tableau of R, padded with zero to have K entries, v/ (o) is

the number of cycles of length jin o, and A(x) = [ ] ;. jx(x;i — x;). For K = 2 this gives the

well known relations*°

Tra,nU = %(Trp Uy — %Trp U, TrpU= %(Trp U)* + %Trp U?, (F5)
so that the inversion of (F.3) reads

Trg U? = Try U — Try U. (F.6)
Repeating the same procedure for higher values of k, (F.6) generalizes to

Tre U° = Try U — Tran U + Traan U,

Trg U* = Trgy U — Trayy U + Troay U — Traan U,

Trg U° = Trsy U — Trgny U + Tra gy U — Tra g U + Traaaan U, (E7)

and so on. To evaluate (1.15), we need the sum of Cr and Cﬁ based on the decomposition (F.1),
i.e. the effective k-dependent coefficients

N2 —1
C Cr = k? ,
R%Z R N E5)
R s (N2 = DIN? + k(=3 + 2N?)] '
Ci— Y Ch=k N ,
leading to
1 N> —1
Y —woun =1 ¢ 2 2—1
5 Whovouma = 1+ —= g + 12 (V* — 1)

K? 3 1
x {192 (1 - ZNZ) + g2 (1= &1+ 0@ (E9)
We remark that, for ( = 1, the winding is implemented by the simple substitution rule gZ —
k*g?, which is clear in the matrix model representation of the BPS WML (at any finite N).
For generic ¢, we notice that the coefficient of the (1 — Cz) term is instead ~ k2g4, i.e. has a
different scaling with k.

The same analysis applies to the two point functions or more general correlators. Once we
write {Tre[O(71) . .. O(7,) UX]) as derivatives of ((TrrU(n)*)) where 7(s) is a local coupling
to O, and we can treat TrF[U(n)]k as above.
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4OWe use (s1, 55, . . .) to label traces in representations R by the corresponding Young tableau.
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