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Abstract

In this paper, we introduce inductive limits of the Fréchet spaces £(p+), ces(p+),
and d(p+) (1 < p < o0) and projective limits of the (LB)-spaces £(p—), ces(p—),
and d(p—) (I < p < o0). After having established some topological properties of
such spaces as acyclicity and ultrabornologicity, we prove that the generalized Cesaro
operators C; (0 < ¢ < 1) act continuously in these sequence spaces, and we determine
the spectra. Finally, we study the ergodic properties, that is, power boundedness,
(uniform) mean ergodicity, and supercyclicity, of the operators C; acting in the (LF)-
spaces and in the (PLB)-spaces mentioned above.
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1 Introduction

Let w := CNo and 0 < ¢ < 1. The discrete generalized Cesaro operator C; : w — @
is given by

"xo+ 1" Ixp 4+ x,
n+1

Ci(x) i= (

) . x = (neny €. (L)
neNy
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For t = 1, we recover the Cesaro operator C1, given by

Xo+xit-tx
n+1

Ci(x) = ( )neNO, X = (Xp)n € 0. (1.2)

The spectra of the Cesaro operator C defined in (1.2) have been analyzed in several
Banach sequence spaces. For instance, in £, for 1 < p < oo, [17, 18, 24, 31], in
the discrete Cesaro space ces(p) [19] and in d(p) [14], for | < p < oo, which is
isomorphic to the strong dual of ces(p”), with p’ the conjugate exponent of p, [12]. We
refer the reader to [8] for a vast list of references concerning the study of the Cesaro
operator C; in other Banach sequence spaces. The research of the operators defined
in (1.1) started later, in the 1980s. This study has been focused on the spectrum of the
generalized Cesaro operator C; (0 <t < 1)in€,,for1 < p < o0, [38, 44],in ces(p)
[19], and in d(p) [14], for | < p < oo, among others, showing, surprisingly enough,
a behaviour rather different from that of the Cesaro operator C;. See also [20, 39, 45].
All the spaces considered satisfy that they are continuously included in the Fréchet
space w, when it is endowed with the coordinatewise convergence topology.

Since the inclusions £, C £, ces(g) € ces(p), and d(q) € d(p) are continuous
ifl < g < p < oo, forgivenl < p < oo and {p,},eN, a sequence satisfying
P < Pn+1 < pn,forn € Ng, with p, | p, we can define the Fréchet spaces

Ept) = () €pr ces(pH) = [) ces(pn), d(p+)= ] d(p). (1.3)

neNy neNy neNy

Besides, for given 1 < p < oo and {p,},en, a sequence satisfying p, < p,+1 < p,
for n € Ny, with p, 1 p, we can define the (LB)-spaces

tp—) = . ces(p—) = | cestpn), dp—) =] d(p). (1.4

neNp neNp neNg

Recently, the spectra of the generalized Cesaro operators C; (0 < ¢ < 1) acting in
these Fréchet and (LB)-spaces have been studied by the first author, Bonet, and Ricker
in [8]. On the other hand, the same authors described the spectra of the Cesaro operator
C acting in the spaces mentioned above [2, 4, 6-8, 15, 16], whose behaviour is still
diverse from that of the generalized Cesaro operators C; for ¢ # 1.

The dynamics of the generalized Cesaro operators (0 < ¢ < 1) acting in the
Banach sequence spaces £, ces(p), and d(p) (1 < p < 00), in the Fréchet spaces
defined in (1.3), in the (LB)-spaces defined in (1.4), and in w, are discussed in [8],
showing that such operators C; are power bounded and uniformly mean ergodic, but
not supercyclic. This behaviour holds true for the Cesaro operator Cy in w [2, 7].
However, this contrasts with the fact that C; is not power bounded nor mean ergodic
nor supercyclic in the aforementioned Banach spaces [4, 5, 11, 14], Fréchet spaces [2,
7, 16] and (LB)-spaces [6, 8, 16].

The aim of this paper is twofold: to introduce and analyze the inductive limits of
the Fréchet spaces £(p+), ces(p+), and d(p+) (1 < p < o0), and the projective
limits of the (LB)-spaces £(p—), ces(p—), and d(p—) (1 < p < 00), and to study
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the spectra and the dynamics of the generalized Cesaro operators C; (1.1),0 <t < 1,
acting in these new sequence spaces, comparing them to those of the generalized
Cesaro operator C; acting in the Fréchet and (LB)-spaces, and making the appropriate
rearrangements for the case of the Cesaro operator Cq (1.2).

The paper is divided as follows: in Sect. 2, we introduce some notation and present
preliminary results on general (LF) and (PLB)-spaces. We also recall some properties
regarding the Fréchet and (LB)-spaces mentioned above (see (1.3) and (1.4)).

In Sect.3 we define the (LF)-spaces L(p—), C(p—), D(p—), with 1 < p < o0
(the (PLB)-spaces L(p+), C(p+), D(p+), with 1 < p < 00) as inductive limits
of the Fréchet spaces given in (1.3) (as projective limits of the (LB)-spaces given
in (1.4)), and study their topological properties such as acyclicity, completeness,
reflexitivity or Montel (such as bornologicity, barrelledness, reflexitivity or Mon-
tel), see Proposition 2, Corollary 3 and Proposition 4. In Sect.3 we also establish
that L(p—) € L(g—), C(p—) € C(g—), D(p—) € D(g—) (L(p+) € L(g+),
C(p+) € C(g+), D(p+) € D(g+)), with continuous inclusions, for 1 < p < g
(for 1 < p < g), as in the (LB)-space case (as in the Fréchet-space case), see Propo-
sitions 7 and 9.

In Sect.4 we determine the spectra of generalized Cesaro operators C; (0 < ¢t <
1) acting in the (LF) and (PLB)-spaces introduced in Sect.3 (see Theorems 15, 20,
and 22). The proofs of the results are based on Lemmas 10 and 12. In particular,
we show that the spectra of C; (0 < ¢t < 1) acting in these (LF) and (PLB)-spaces
coincide with those in the corresponding Fréchet and (LB)-spaces (Theorem 15). We
obtain similar results also for the spectra of C acting in these (LF) and (PLB)-spaces
(Theorems 20 and 22).

Finally, in Sect.5 we study the ergodic properties, i.e., the power boundedness,
the mean ergodicity, and the uniform mean ergodicity, of continuous linear operators
acting in (LF)-spaces (in (PLB)-spaces). We compare such properties with the same
of the continuous linear operators acting in the steps of their inductive spectrum (pro-
jective spectrum), see Theorems 24 and 26. We then apply Theorems 24 and 26 to
establish that the generalized Cesaro operators C; (0 <t < 1) acting in the (LF) and
(PLB)-spaces introduced in Sect. 3 are power bounded, mean ergodic, and uniformly
mean ergodic (Corollaries 25 and 27). We conclude showing that the Cesaro opera-
tor Cy acting in these sequence spaces is, in contrast, not power bounded nor mean
ergodic, and that C; is never supercyclic for every 0 <7 < 1.

2 Notation and preliminary results

For two locally convex Hausdorff spaces (IcHs, for short) X and Y, we denote
by L£(X,Y) the space of all continuous linear operators 7 : X — Y. We write
L(X) = L(X, X) and we denote by I' = I'y a collection of continuous seminorms
that determine the topology of X . The identity operator on £(X) is denoted by / and the
set of bounded sets of X is denoted by B(X). When the space £(X) is endowed with the
strong operator topology (the topology of uniform convergence on 53(X)), it is denoted
by L;(X) (by L,(X)). The topological dual of X is denoted by X’ := L(X, C). We
write X, (we write X}) for the space X’ endowed with the weak* topology o (X', X)
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(the strong topology B(X’, X)). Some standard references of functional analysis are
[27, 30, 34, 42].

Let X be a IcHs. We will say that X is an (LF)-space if there exists an increasing
sequence { X, },en of Fréchet spaces such that the inclusion X,, € X4, forn € N, is
continuous and the topology in X = (J,, X, coincides with the finest locally convex
topology for which each inclusion X,, € X is continuous. We will denote it by
X =ind, X,; the sequence { X, },eN is called a defining inductive spectrum of X. We
will say that X is an (LB)-space if each X, is a Banach space. We remark that every
(LF)-space is ultrabornological [34, Remark 24.36], hence bornological and barrelled.

An (LF)-space X = ind, X,, is said to be regular if every B € B(X) is contained
and bounded in X,,, for some n. Every complete (LF)-space is regular. We will say that
X satisfies condition (M) (condition (My)) of Retakh [37] if there exists an increasing
sequence {U, },en C X such that U, is an absolutely convex zero-neighbourhood of
(X, ), n € N, for which

(M) for every n there exists m > n such that for every [ > m, the topologies 7
and 7, induce the same topology on Uj,.

((Mp) for every n there exists m > n such that for every [ > m, the topologies
o(X;, X;) and o (X,,, X},) induce the same topology on U,.)

Recall that Vogt [41, Theorem 2.10] established that an (LF)-space X satisfies condi-
tion (M) (condition (My)) if, and only if, it is acyclic (weakly acyclic) in the sense
of Palamodov [36]. Acyclic (LF)-spaces are complete [36, Corollary 7.1] (cf. [41,
Theorem 3.2]). Moreover, a standard duality proof shows that (M) implies (My).

If {||-ll,, ¢} eenv denotes a fundamental system of seminorms of the Fréchet space X,
for n € N, we then say that the (LF)-space X = ind, X, satisfies the condition (Q)
(the condition (w Q)) if

(Q)Vndm >n, NeNVk>m, MeN, ¢ >0, 3K €N, S >0Vx € X,,

M s < Slxlle.x +ellxll,n-

(w@Q)VYndm >n, NeNVk>m, Me NIK €N, S >0Vx € X,,

Xl e < SCUxNk & + 61, 5)-)

The condition (w Q) is clearly weaker than the condition (Q). The conditions (Q)
and (w Q) were introduced and studied in [41]. In particular, in [41] it was shown that
such conditions are necessary for the acyclicity and the weak acyclicity and, under
further assumptions, also sufficient. Thereafter, Wengenroth [43, Theorems 2.7 and
3.3] proved that the conditions (M) and (Q) ((w Q) under suitable assumptions on the
spaces X,,) are equivalent. More precisely,

Theorem 1 Let X = ind,, X, be an (LF)-space. The space X satisfies condition (M)
(i.e., it is acyclic) if, and only if, X satisfies condition (Q). Furthermore, if X is an
inductive limit of Fréchet-Montel spaces, then X satisfies condition (M) (i.e., it is
acyclic) if, and only if, it is complete if, and only if, it satisfies (w Q).

@ Springer
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We will say that a IcHs X is a (PLB)-space if there exists a decreasing sequence
{ X1 }nen of (LB)-spaces such that the inclusion X, +; C X, is continuous, forn € N,
and the topology in X = ("), X, coincides with the coarsest locally convex topology
for which each inclusion X C X, is continuous. We will denote it by X = proj,, X,;
the sequence { X}, is called a defining projective spectrum of X. It follows that a
(PLB)-space X is complete provided X, is a complete (LB)-space for infinitely many
n. The (PLB)-space X is called reduced if the inclusion X C X, has dense range for
every n € N. The (PLB)-space X is a Fréchet space if each X,, is a Banach space.

The main problem concerning (PLB)-spaces consists in discussing whether they
are bornological/barrelled. In the case that X = proj,, (X ,1);3 is a reduced (PLB)-space
of strong duals of reflexive Fréchet spaces X,,, if the (LF)-space ind, X, is weakly
acyclic, then X is bornological, as shown by Vogt in [41, Lemma 4.2]. Under the
assumption that the steps X, are Fréchet-Montel spaces, Wengenroth [43, Theorem
3.5] proved that X = proj,, (X n)}} is bornological if, and only if, the (LF)-space ind,, X,
satisfies the condition (w Q). We refer to [40, 41, 43] for further results.

For 1 < p < oo, we write ||-||, for the standard norm in £;,. For 1 < p < co we
define

ces(p) ={x € @ |IXllces(py = IC1(IxDII, < 00}

The Banach spaces ces(p), | < p < oo, have been deeply studied in Bennett [12]
(see also [10, 19, 25, 32]).

For I < p < oo, the dual Banach spaces (ces(p))’ are rather complicated (see
[29]). An isomorphic identification of (ces(p))’ is given in [12, Corollary 12.17], that
is, it is shown there that

d(p) = {x €l fi= (sup |xk|)n€No c z,,}

k>n

is a Banach space, with the norm
Ix¥lagy = %], x €dp.

and that it is isomorphic to (ces(p’))’, where 1 < p’ < oo satisfies 1/p +1/p’ = 1.

For 1 < p,gq < oo, we have that p < ¢ if, and only if, £, C £,, ces(p) < ces(q)
[5, Proposition 3.2(ii)], d(p) < d(g) [14, Proposition 5.1(ii)], £, < ces(g) ([5,
Proposition 3.2(ii)] and [19, Remark 2.2(ii)], where Hardy’s inequality [28, Theorem
326] is used), d(p) < £, [14, Proposition 2.7(v) and 5.1(ii)], and d(p) < ces(q) [14,
Proposition 5.1(i)] with continuous inclusions. We have that £,, ces(p) (and hence
d(p)) (1 < p < oo) are reflexive ([12, p. 61] and [29, Proposition 2]), and also they
are separable. They contain {e, },cn, (here, e, = (8,x)ken,) as an unconditional basis.
The spaces £, ces(g), and d(r) are not isomorphic for 1 < p,q,r < oo (see [15,
Proposition 2.2] for references).

We now recall some properties of w, of the Fréchet spaces defined in (1.3), and
of the (LB)-spaces defined in (1.4). First of all, the definition of the Fréchet spaces
above ((LB)-spaces above) is independent of the choice of the sequence p, | p
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(pn 1 p). The spaces £(p+) are studied in, among others, [21, 35]. The spaces
L(p+), for 1 < p < oo, are reflexive and separable, but not Montel. We refer to
[4] (see also [7]) for the properties of the spaces ces(p—+). The spaces ces(p—+), for
1 < p < oo, are separable, Fréchet—Schwartz (hence Montel) [4, Theorem 3.1 and
Corollary 3.2], but not nuclear [4, Proposition 3.5(ii)]. Clearly, £, € £(p+) € w and
ces(p) C ces(p+) C w, for 1 < p < oo, with continuous inclusions. We also know
[4, Proposition 3.5(iii)] that £( p+) is not isomorphic to any ces(g+), | < g < 0o.The
spaces d(p+), for 1 < p < oo, are also separable, Fréchet—Schwartz, not nuclear,
and not isomorphic to any ces(g+), 1 < g < oo [15, Theorem 4.7].

As in the Banach case, we have that 1| < p < g < oo if, and only if,
L(p+) € £(g+) [7,Proposition 26(ii)], ces(p+) < ces(g+) ([7, Proposition 26(iii)]),
d(p+) C d(g+) (see for instance [15, (4.2)]), £(p+) C ces(g+) [7, Proposition
26(i1)], d(p+) C £(g+) and d(p+) C ces(g+) (see for instance [15, (4.4)]), with
continuous inclusions.

On the other hand, it is known (see again [21, 35]) that the space £(p—), for
1 < p < oo, is complete, reflexive, but not Montel. Furthermore, £(p—) is isomorphic
to ((Z(p’+));3, and (Z(p—));3 is isomorphic to £(p’+), where 1 < p’ < oo satisfies
I/p+ 1/p’ = 1. In [6], the spaces ces(p—) are studied. There, it is shown that
ces(p—) (and also d(p—)), with 1 < p < oo, are reflexive, separable, Montel (see
also [13, pp. 61-62]) and not nuclear. Furthermore, by [6, Proposition 5.1], we have
that the inclusions £(p—) C £(g—), ces(p—) C ces(g—),d(p—) Cd(g—),l(p—) C
ces(g—),d(p—) C €(g—),d(p—) C ces(q—) are continuous provided 1 < p < g <
oo. By [15, Proposition 4.3 and Remark 4.4], it holds that

d(p+))g =ces(p'=), 1<p<oo and (d(p—))s=ces(p'+), 1<p<oo

isomorphically, where p’ satisfies 1/p + 1/p’ = 1. Therefore, the spaces ces(p—)
and d(p—), for 1 < p < oo, are (DFS)-spaces.

3 (LF) and (PLB) sequence spaces

For the Fréchet spaces £(p+), ces(p+), d(p+) given in (1.3), we have that £(p+) C
L(g+), ces(p+) C ces(q+), and d(p+) C d(g+) continuously if and only if 1 <
p < g < oo (the continuous inclusions have dense range because {e, },cn, is a basis
in each of the spaces £(p+), ces(p+), d(p+)). Thus, for given 1 < p < ocoand {p,},
a sequence satisfying p, < pn+1 < p, for n € Ny, with p, 1 p, we can define the
(LF)-spaces

Lip=) = |J tipab).  Clp—):= | ces(pat).  D(p—):= | d(pab).

neNy neNy neNy

On the other hand, we also have that the (LB)-spaces given in (1.4) satisfy that
L(p—) € L(g—),ces(p—) € ces(q—), and d(p—) < d(g—) continuously, provided
1 < p < g < oo (the continuous inclusions have dense range because {e,},cn, is a
basis in each of the spaces £(p—), ces(p—), d(p—)). Thus, for given 1 < p < oo and
{pn}n asequence satisfying p < pn4+1 < pn, forn € Ny, and p, | p, we can define
the (PLB)-spaces

@ Springer
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Lp+) = () tpa=).  Cp4)i= () ces(pa—).  D(p+) = ) d(pu—).

neNy neNy neNy

The definition of the (LF)-spaces above ((PLB)-spaces above) is independent of the
choice of the sequence p, 1 p (p, | p).

Clearly, the (LF)-spaces L(p—), C(p—) and D(p—) are continuously included in
w, as well as the (PLB)-spaces L(p+), C(p+) and D(p+).

Proposition2 For 1 < p < oo, the spaces L(p—), C(p—), and D(p—) are acyclic
and hence, complete.

Proof By Theorem 1, it is enough to show that these spaces satisfy the condition (Q).
To this end, we will use a well-known interpolation estimate: for | < p < g <r,

I-llg < 107 00,70 3.1)

with 6 = r((qr—:p) € (0, 1), where ||-||, denotes the £;-norm (see, f.i., [33, Proposition

1.d.2(ii). p.43]§. In order to apply (3.1), we observe that for every 8 € (0, 1) and
x,y > 0 we have

x0y1—0 <x+y,

as it is easy to verify. Furthermore, we have for every x, y > 0 and ¢ > 0 that

1 1 6
0.1-0 _ 0.1-0_1-6 _ . 1-6
x’y = —8179)6 ey = (—8(1_9)/0)6) (ey) 7.
Therefore, we deduce for every ¢ > 0,6 € (0, 1) and x, y > 0 that

1
0. 1-0
X'y =< Wx—i—s;:.

Thus, by (3.1) it follows forevery 1 < p < g < r and ¢ > 0 that

1
-y < S 0)/6 I+ eIl (3.2)

Now, forafixed 1 < p < oo, let{p,},en be any strictly increasing sequence satisfying
pn 1 p. Then for any n € N, we choose a strictly decreasing sequence {p, ;}ieN
satisfying p, < pn1 < pn+1, forl € N, and p,; | pn, and denote by || - ||,,.; the
£, ,-norm for every I € N. Then {|| - [|n,i}ien is a fundamental system of seminorms
of the Fréchet space ¢(p,+) for every n € N.

By (3.2), for every n € N there exists m = n + 1 such that for every k > m,

3 — 1 _ Pk (Pnt1,M—Pn,N)
N,M,K € Nand ¢ > 0 there exists § = =57 > 0, where 6 = P k=P
such that

Ixllm e = Slxlle x +elxllnn, VX €Ll(pat). (3-3)
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This implies that L (p—) satisfies the condition (Q). So, by Theorem 1, the (LF)-space
L(p—) satisfies condition (M), i.e., it is acyclic and hence, complete.

To show the acyclicity of the (LF)-space C(p—) (D(p—)), it suffices to replace x
in (3.3) by C;(Jx|) (by X). Indeed, proceeding in this way, we obtain that for every
n € N there exists m = n + 1 such that for every k > m, N,M,K € Nand ¢ > 0
there exists S = e“—;(’)/ﬁ > 0, where 0 = %’ such that

IC1AXDNpr < SUCHAxD I g + & NCH (XDl s Y € ces(put)
(el = 12 g+ I8, Vx € dpub).

that is,

”x“ces(pm,M) <S ”x”ces(pk_[() +¢€ ”x“ces(p,,,N) s Vx € ces(pnt)

(¥ atpir = S I¥lla g + & 15l s ¥ € dpab))

Since {||‘||ces(p,,_,)}leN({||‘||d(p,,,,)}leN) is a fundamental system of seminorms of the
Fréchet space ces(p,+) (d(p,+)) for every n € N, we deduce that the (LF)-space
C(p—) (D(p—))) satisfies the condition (Q) and hence, by Theorem 1 it is acyclic
and necessarily complete. O

Proposition 2 clearly implies that
Corollary 3 Let 1 < p < oo. Then the following properties are satisfied.

(1) The (LF)-space L(p—) is reflexive.
(ii) The (LF)-spaces C(p—) and D(p—) are Montel and hence, reflexive.

Proof (i) Since L(p—) is an (LF)-space, it is clearly ultrabornological and hence,
bornological and barrelled. So, to conclude that L(p—) is reflexive, it suffices to
show that the sets B € B(L(p—)) are relatively o (L(p—), (L(p—))")-compact.
So, we fix B € B(L(p—)). Since by Proposition 2 the (LF)-space L(p—) is
complete and hence regular, there exists n € N such that B is contained and
bounded in ¢(p,+). But, £(p,+) is a reflexive Fréchet space and so, B is rela-
tively o (£(pn+), (£(pnp+))")-compact. This implies that B is necessarily relatively
o (L(p—). (L(p—))")-compact.

(i) The (LF)-space C(p—) (D(p—)) is ultrabornological and hence, bornological and
barrelled. So, to conclude that C(p—) (D(p—)) is Montel, it suffices to show that
the sets B € B(C(p—)) (B € B(D(p—))) are relatively compact. So, we fix
B € B(C(p—)) (B € B(D(p—))). Since by Proposition 2 the (LF)-space C(p—)
(D(p—))is complete and hence regular, there exists n € N such that B is contained
and bounded in ces(p,+) (d(p,+)). But, by [4, Theorem 3.1 and Corollary 3.2]
(by [15, Theorem 4.7]) ces(pn+) (d(pn+)) is a Fréchet—Schwartz space and so,
B is relatively compact in ces(p,+) (d(p,+)). This implies that B is necessarily
relatively compact in C(p—) (D(p—)). O

A further immediate consequence of Proposition 2 above combined with [41,
Lemma 4.2] is the following result.
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Proposition4 Let 1 < p < oo. Then the following properties are satisfied.

(1) The (PLB)-spaces L(p+), C(p+) and D(p+) are bornological.
(i) The (PLB)-space L(p+) is reflexive, whereas the (PLB)-spaces C(p+) and
D(p+) are Montel.

Proof (i) It suffices to give the proof only for the (PLB)-space L(p+). The other cases
follow in a similar way.

Let 1 < p’ < oo satisfy 1/p +1/p" = 1. Then L(p'—) = [, en €(p,+), With
1 < p, 1 p/,is a reflexive, acyclic (hence, complete and weakly acyclic) (LF)-
space (by Corollary 3 and Proposition 2). So, it follows that its strong dual (L(p’ —));S
is canonically isomorphic to the projective limit of the strong duals of the spaces
Lp,+), ie., (L(p’—)):g = ﬂneN(Z(p;l—H)’ﬂ and that by [41, Lemma 4.2] the strong
dual (L(p’—));3 is bornological. But, if for every n € N, we take 1 < p, < o0
satisfying 1/p, + 1/p), = 1, then p, | p and (E(p;l+));3 = {(p,—). Therefore, we
deduce that

L(p+) = (L(p'-)j

and hence, it is bornological.
(ii) As it follows from the proof of point (i), we have that

L(p+) = (L(p'=)g, C(p+) = (D(p'=)g, D(p+) = (C(p'=))p,
with 1 < p’ < oo satisfying 1/p + 1/p’ = 1. Accordingly, as L(p+) (C(p+) and
D(p+)) is the strong dual of a reflexive (of a Montel) IcHs, it is reflexive (they are
Montel). O
As an immediate consequence of Corollary 3 and Proposition 4, we obtain that

Corollary5 (i) Let1 < p <oo. If1 < p’ < oo satisfies 1/p + 1/p’ = 1, then

(L(p=)p=L(p'+H), (C(p—Ng=DP'+), (D(p=)p=C(p'+).
(ii) Let 1 < p <oo. If1 < p’ < oo satisfies 1/p+ 1/p’ =1, then

(L(p+Ng = L(p'=), (C(p+)g=D(p'=), (D(p+)p=Cp'-).

We conclude this section with some results regarding the validity of some inclusions
between the spaces introduced above. For this, we recall a characterization for the
continuity of an operator in (LF)-spaces (see [27, p. 147]):

Lemma6 Let X = ind, X, and Y = ind, Y,, be two (LF)-spaces. Let T : X — Y
be a linear operator. Then T € L(X,Y) if, and only if, for each n € N there exists
m € N such that T (X,,) C Y, and the restriction T : X,, — Y,, is continuous.

Applying Lemma 6 we immediately obtain that
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Proposition 7 We have L(p—) C L(g—), C(p—) € C(g—), D(p—) € D(g—),
L(p—) € C(g—), D(p—) € L(g—), and D(p—) < C(g—) with continuous inclu-
sions if, and only if, 1 < p < q < oo.

Proof 1t suffices to give the proof only for the first inclusion. The other cases follow
in a similar way.

So,letl < p<qg<oo.Ifl <p,t pandp <gq, ? ¢q,then p, < g, for every
n € N. Accordingly, ¢(p,+) C £(g,+) with continuous inclusion for every n € N.
Since L(p—) = U,en €(pn+) and L(g—) = U,y £(gn+), the continuity of the
inclusion L(p—) € L(g—) follows from Lemma 6.

Suppose that L(p—) € L(g—) with continuous inclusion for some 1 < p, g < oo.
If L(p—) = Upen ¢(pnt) and L(g—) = U, ey €(gn+) with p, + p and g, 1 ¢
respectively, then by Lemma 6 for each n € N there exists m(n) € N such that
L(pn+) S €(gmm)+) with continuous inclusion. But, for any n € N, £(p,+) C
£(qmn)~+) with continuous inclusion if, and only if, p, < guu) < g.Lettingn — oo,
it follows that p < g. O

For analogous inclusions in the (PLB)-spaces considered, we state a characteriza-
tion for the continuity in (PLB)-spaces given in [9, Proposition 2] (cf. [22, Lemma

4)).

Lemma8 Let X = proj, X, andletY = proj, Y, be (PLB)-spaces such that X € X,
has dense range for alln € N, and each Y, is a complete (LB)-space. LetT : X — Y
be a linear operator. We have that T € L(X,Y) ifand only if for alln € N there exists
m € N such that T admits a unique continuous extension T : X, — Yy,.

Proposition 9 We have L(p+) < L(g+), C(p+)  C(g+), D(p+) S D(g+),
L(p+) C C(q+), D(p+) C L(g+), and D(p+) € C(g+) with continuous inclu-
sions if, and only if, 1 < p < g < oo.

Proof The proof is similar to the one of Proposition 7. Actually, it suffices to apply
Lemma 8, after having observed that each (LB)-space in (1.4) is complete and that
each (PLB)-space is dense in its steps as it contains the set {e;,},,eN,- O

4 Spectra of generalized Cesaro operators in (LF) and (PLB)-spaces

Let X be alcHs and T € L£(X). The resolvent set p(T; X) of T consists of all A € C
such that R(A, T) := (M — T)~! exists in £(X). The spectrum of T is defined by
o(T; X) := C\ p(T; X). The point spectrum o,,(T; X) S o(T; X) consists of
all 4 € C such that (A\/ — T) is not injective. The elements in o,;(T'; X) are called
eigenvalues. An eigenvalue A € Cis called simple if dimker(AI —T) = 1. Waelbroeck
[42] considered the set p*(T; X)(C p(T; X)) consisting of all > € C for which there
exists § > 0 such that the open disk B(A,§) :={z € C: |z—A| <8} € p(T; X) and
{R(u; T) : w € B(X,98)} is an equicontinuous subset in £(X). Then o*(T; X) :=
C\ p*(T; X) is a closed set in C, and satisfies o (T; X) € o*(T; X). Note that if X
is a Banach space, then o (T; X) coincides with o*(T; X). For the classical spectral
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theory of compact operators in IcHs, we refer to [23, 27]. We know (see for example
[8, Corollary 2.2]) that if X is a complete and barrelled IcHs and 7 € £(X), then
p(T;X) = p(T'; Xp),  o(T;X) =0(T'; Xp), o*(T'; Xp) S o™(T; X).
4.1
The proof of this result is along the lines of that for (LB)-spaces given in [3, Lemma
5.2]:

Lemma 10 Let X = ind, X, be an (LF)-space. Let T € L(X) satisfy the following
condition:

(A) Foreachn € N, the restriction T,, of T to X,, maps X, into itselfand T, € L(X,,).

Then, the following properties are satisfied:
. o0
@) op (T X) = _ | opr (T X

G om0 (UD, o xn)
(iii) IfU:O:m o (Ty; X)) Co(T; X) for somem €N, theno™(T; X) = o(T; X).

Observe that in the proof it is used the open mapping theorem (see for example [34])
which s valid in the setting of (LF)-spaces as they have a web and are ultrabornological.

Results regarding the spectra of (PLB)-spaces are stated and shown below (compare
them with Lemma 10). To that aim, we need some preparation.

Lemma 11 Let X bealcHs, T € L(X) and A € p*(T; X). If B(A, &) C p*(T; X) for
some ¢ > 0, then the set {R(z, T) : z € B(A, &)} is equicontinuous.

Proof Since B(X, &) C p*(T; X), for every u € B(A, ¢), there exists e(u) > 0 such
that B(u, e(n)) C p(T; X)andtheset{R(z, T) : z € B(u, e(u))} is equicontinuous.
Therefore,

Bnoc |J Buew).

HEB (A, e)
Since B(A, €) is a compact subset of C, there exist i1, ..., ux € B(X, &) such that
k
BO. &) C | BGu, &), (4.2)

i=1
with ¢; := e(w;) for 1 <i <k.

Since the set {R(z, T) : z € B(ui, &;)} is equicontinuous for every 1 < i < k,
fixed p € 'y, foreachi =1, ..., k there exist g; € 'y and M; > 0 such that

P(R(z, T)x) < Miqi(x), z € B(u,é&i), x € X.
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Now, there exists g € I'y such that max{g;(x) :i =1,...,k} < g(x) forall x € X.
So, set M :=max{M; :i =1, ..., k}, it follows that

k

P(R(z, T)x) < Mq(x), z€|JBGu, &), x€X.
i=1

In view of (4.2), this shows that {R(z, T) : z € B(X, €)} is equicontinuous. m]

We show the following result (cf. [2, Lemma 2.1] for Fréchet spaces):

Lemma 12 Let X = ﬂgozl X, be a barrelled (PLB)-space. Let T € L(X) satisfy the
following property:

(A’) For everyn € N there exists T, € L(Xy,) such that T,|x = T and Ty|x
Th+1-

Then:
(i) o(T; X) C Uoo o(Ty; Xy) and Upt(T§ X) C mneN Gpt(Tn; Xn).

n=1
(i1) For all & € ﬂflozl p(Ty; Xy) the resolvent R(A, T) of T coincides with the
restriction of R(A, T,)) of T, to X for eachn € N.
(i) If Upey 0*(Ty; X») € o(T; X), then o*(T; X) = o(T; X).
(iv) Ifdimker(AI — T,,) = 1 for each 1 € (), 0pi (Ty; Xn) and for each m € N,
then op; (T; X) = (e Opt (Tns Xn).

n+l

Proof The proof of points (i) and (ii) is along the lines of [2, Lemma 2.1]. Indeed,
we take A € ﬂflozl p(T,; X,,) and we show that A € p(T; X). We see that Al — T :
X — X is injective: if (Al — T)x = 0O for some x € X, then by (A’) we have
(M — Ty)x =0in Xy. Since A € p(T1; X1), we have x = 0. To show that AL/ — T is
surjective, we fix y € X. Since Al — T, is surjective for each n € N, it follows that
for every n € N there exists x,, € X, satisfying (Al — T;,)x,, = y in X,, for every
n € N. By condition (A’) we have that 7,,|x,, = T,+1. Hence, y = (Al — T))x, =
A — Ths1)xp41 = M — Ty)xp41 in Xpy1 € X, Since A € p(T,; X5), we obtain
X = xp41 forevery n € N. So, x; € X and y = (Al — T)x;. Hence, there exists the
inverse operator (Al — T)~!': X — X.It remains to show that (A — T)~! € £(X),
thereby implying that R(A, T) = (Al — T)~!. So, we observe that the proof above
implies that the resolvent R(A, T) of T coincides with the restriction of R(A, Ty)
to X for each n € N. Since R(A, T,) € L(X,) for each n € N, by Lemma 8 it
then follows that R(A,T) € L(X). Accordingly, A € p(T; X) as desired. Since
e o2, p(Ty; X,) is arbitrary, we conclude that (1,2, p(T,; X,) € p(T; X) and
hence, o (T; X) € Uy o (Ty: Xp).

Finally, the proof of o, (T'; X) C ﬂneN 0 pit (Ty; Xy,) is similar to that in [8, Lemma
2.5].

(iii) We have that o (T; X) € o*(T; X). If o(T; X) = C, then there is nothing
to prove. So, we suppose C\o (T'; X) # ¥ and we take L € C\o (T'; X). Then, there
exists ¢ > 0 such that B(:,e) No(T; X) = #. By assumption, we have B(A, &) N
o*(Ty; X,) = @ forevery n € N, thatis, B(A, &) € p*(Ty; X,) for every n € N. By
Lemma 11, we have that {R(u, T;) : © € B(A, &)} is equicontinuous in L;(X,,) for
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everyn € N. Weclaimthat A € p*(T'; X). Since we know that B(A, e)No (T, X) = 0,
we have B(A,¢) € B(h,e) € p(T; X). So, to show the claim, it is enough to see
that {R(u, T)x : u € B(A, ¢)} is bounded for every x € X, as X is barrelled. By
contradiction, we assume there exists x € X such that {R(u, T)x : u € B(A,¢)} is
an unbounded subset of X. Then, there is ng € N such that the set {R(u, T,,,)x : 1 €
B(A, &)} is unbounded in X . This contradicts the fact that {R(u, T,,,) : & € B(A, €)}
is equicontinuous in £;(X,,) by Lemma 11.

The proof of point (iv) follows as in [§, Lemma 2.5]. O

4.1 Spectra of generalized Cesaro operators G, (0 < t < 1)

The aim of this subsection is to study the spectra of the generalized Cesaro operators
Cs,for0 <t < 1,actinginthe (LF)-spaces L(p—),C(p—),and D(p—) (1 < p < 00)
and in the (PLB)-spaces L(p+), C(p+), and D(p+) (1 < p < 00). In order to do
this, we first observe that

Proposition 13 Let 0 < t < 1 and let X belong to {L(p—),C(p—), D(p—); 1 <
p =oo}orto{L(p+), C(p+), D(p+); 1 < p < oo} Then, C; € L(X).

Proof We first consider the case X € {L(p—), C(p—), D(p—)}, with 1 < p < oc.
So, we take a strictly increasing sequence {pi}ren such that 1 < pr 1 p and set
Xp := £(pr+) if X = L(p—) or Xy := ces(pr+) (Xi := d(pe+) if X = C(p—)
@if X = D(p—)), for any k € N. Then by [8, Proposition 4.4] we have C; € L(X)
for every k € N. By Lemma 6 it necessarily follows that C; € £(X).

We now pass to consider the case that X € {L(p+), C(p+), D(p+)}, with 1 <
p < oo. So, we take a strictly decreasing sequence { px}xen such that 1 < pr | p and
set Xy :=L(px—)if X = L(p+) or X; :=ces(pr—) (Xy :=d(pr—))if X = C(p+)
(if X = D(p+)), for any k € N. Then by [8, Proposition 5.2] we have C; € L(X)
for every k € N. By Lemma 8§ it necessarily follows that C; € £(X). O

We now turn our attention to the study of the spectra of C;.

Lemma 14 Let0 <t < landlet X belongto{L(p—),C(p—), D(p—); 1 < p < o0}
orto{L(p+),C(p+), D(p+);1 < p < o0}. Then 0 € o (Cy; X).

Proof Let0 <t < 1 be fixed. By [8, Proposition 3.2] there exists the inverse operator
C,_1 : w — w and is given (see formula (3.5) in [8]) by

Cfl(x) = (xo, ((n + Dx, — ntxn_l)neN), x = (x0,X1,...) Ew. (4.3)

Since X C w with continuous inclusion, to show that 0 € o (C;; X) it suffices to
establish that C;” ! (X) does not contain X.

We first consider the case that X € {L(p—), C(p—), D(p—)},with1 < p < o0
fixed. So, we take a strictly increasing sequence {px}ren such that 1 < pi 1 p and
strictly decreasing sequences {pi ;};en such that py < pi; < pr+1,fork,l € N, and
Pk 4 pk. Now, we observe that the sequence

1
@Y = (¢n)neN0 = (}’l T 1>n€No
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belongs to L(p—). Indeed, for every k, [ € N we have

> 1 \Pki
ol =2 () <00

n=0
and hence, ¢ € £(pr+) € L(p—). However, from (4.3) it follows that

n+1 nt
n—+1 n

Cl(p) = ((po,( )neN) — (1=t 1—1,..). (4.4)

Accordingly, for every k, [ € N we have

Z |(Ct_l((p))n|pk’l =1+ Z(l — t)l’k,l = +00,

n=0 n=1

which implies that C,' () ¢ L(p—).

Since ¢ and C;” ! (p) are decreasing sequences, we have that = ¢ and C, ! (p) =
Cfl (¢). So, the same argument shows that ¢ € d(pr+) € D(p—) (forevery k € N),
but, ;' () ¢ D(p-).

Since D(p—) S C(p—) (see Proposition 7) and ¢ € D(p—), we also have that
¢ € C(p—). On the other hand, from (4.4) it follows that

n 1 2
r) ):(1,1—-;,1—-;,...)
n+1 /neN 2 3

e e = (1. (1-

and hence,
s > n Pkl
Cc(Cc! Pl — 1— t) " =oo,
n§:0|( HC @Dl n}_oﬁ( i) =0

as (1- n"?t)pkj — (1 — 1)Pk! # 0. This means that C; (¢) ¢ C(p—).

We now pass to consider the case that X € {L(p+), C(p+), D(p+)}, with 1 <
p < oo fixed. So, we take a strictly decreasing sequence {py}xen such that py | p
and strictly increasing sequences {pk ;}ien such that pyy1 < prs < pr, fork,l e N,
and px; 1 pk. Arguing as above, we obtain that ¢ € X, but Cfl (p) ¢ X. O

We denote

::{n—i—l neNo} and Ag:= A U{0}.

Theorem 15 Let O <t < 1 and let X belong to {L(p—), C(p—), D(p—);1 < p <
oo} or {L(p+), C(p+), D(p+); 1 < p < oo}. Then

op(Ci; X)=A and o(C; X) =0"(Cr; X) = Ao.
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Moreover, every A € A is a simple eigenvalue.

Proof Let X € {L(p—), C(p—), D(p—)} be fixed, with 1 < p < co. Then, for every
k € Nwedenote by X the Fréchet space £ (pr+)if X = L(p—)orces(pr+) (d(pr+))
if X = C(p—) (if D(p—)), where {pi}ren is any strictly increasing sequence satis-
fying px 1 p. By [8, Theorem 4.5] we have that

opi(Cr; Xp) = A and o (Cy; Xi) = 0™(Cr; Xi) = Ao. 4.5)

Since the restriction of C; to X} maps X into itself for every k € N, we can apply
Lemma 10(i)—(ii) to obtain that

A =0p(Cr; X) Co(Cr; X) C Ag.

On the other hand, by Lemma 14 we have that 0 € o (Cy; X). Therefore, it follows that
o (Cy; X) = Ag. Moreover, the assumption in Lemma 10(iii) is fulfilled, and hence

a*(Cy; X) = a(Cy; X) = Ao.

If & € 0,/(Cy; X), then {0} # ker(Al — C;) C ker(Al — C{*) (here, C;” denotes
the operator C; acting in w), as X C w. Accordingly, 0 < dimker(Al — C;) <
dimker(A/ — C{”) = 1 (see [8, Lemma 3.4(i)]). It follows that dimker(Al — C;) =1,
i.e., A is a simple eigenvalue.

Now, we suppose X € {L(p+), C(p+), D(p+)}, with 1 < p < oo. Then for
every k € N we denote by X the (LB)-space £(px—) if X = L(p+) or ces(pr—)
(d(pr—)) if X = C(p+) (if X = D(p+)), where {pi}ren is any strictly decreasing
sequence satisfying py | p. By [8, Theorem 5.3] we have that (4.5) is valid also in
this case. Moreover, by [8, Theorem 5.3] we also know that dimker(n—ill —C)=1
in Xy, for each k € N and n € Ny. Since C; maps X into itself for every k € N, we
can apply Lemma 12(iv) to conclude that

opt(Cr; X) = [) 0 (Crs Xp) = A.

keN
By Lemma 12(i) we also obtain that
o
o (Ci: X) S 0(Cri X) € | o(Cis Xp) = Ao.
k=1

Since by Lemma 14 we have that 0 € o (Cy; X), it then follows that o (C;; X) = Ayp.
Finally, by Lemma 12(ii)—(iii) we conclude that

0" (Cy; X) =0 (Cy; X) = Ao.

The proof that every A € 0,,,(C;; X) is a simple eigenvalue follows as in the case
of (LF)-spaces. O
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4.2 Spectra of the Cesaro operator

We are now concerned about the study of the operator C; and of its spectra. To do
this, we first observe that

Proposition 16 Let X be one of the spaces in {L(p—), C(p—), D(p—); 1 < p < 00}
orin{L(p+), C(p+), D(p+); 1 < p < oo}. Then C| € L(X).

Proof The proof is along the lines of the proof of Proposition 13, after having observed
that the operator C; acts continuously in the Fréchet and (LB)-spaces considered in
this paper, see [2, Sect. 2] for £(p—+), [4] for ces(p+), [6, Proposition 5.3] for £(p—)
and ces(p—), and [15, Proposition 4.9] for d(p+) and d(p—). O

In the literature, the spectra of C; are analyzed, among others, when C; acts in the
Fréchet and (LB)-spaces defined in (1.3) and (1.4). We state and refer to these results
below. For I < p < oo, we write

B(p/2, p/2) = iz eC ‘z— g‘ < g}

Lemma 17 Let X belong to {£(p+),ces(p+),d(p+); 1 < p <oo}l. If1 < p < o0,
then
op(Ci; X) =W and  B(p'/2,p'/2) € opi(Cy, Xp);
o(Ci; X) = B(p'/2, p'/2) U{0};
a*(C1; X) =0 (C1; X) = B(p'/2, p'/2),

where 1| < p' < oo satisfies 1/p + 1/p’ = 1. On the other hand, if p = 1, then

op(C1; X) =9 and {z€C: Rez >0} Cou(Cy; Xp);
0(C1; X) ={z€C: Rez >0} U{0};
o*(C1: X) =0 (Cy; X) = {z € C: Rez > 0).

/

Moreover, every 0 # & € o (Cy; X) is a simple eigenvalue for C| acting in Xﬂ

For the proof of the results in Lemma 17, we refer the reader to [2, Theorem 2.2]
for £(p+) (1 < p < 00), to [2, Theorem 2.4] for £(1+4), to [7, Theorem 2.3 and
Proposition 2.4] for ces(p+) (1 < p < 00), and to [16, Theorem 3.2 and Proposition
33]ford(p+) (1 < p < 00).

Lemma 18 Let X belong to {£(p—), ces(p—),d(p—); 1 < p < oo}. Then
op(Ci; X) =0 and  B(p'/2,p'/2) C op(Cy; Xp);

B(p'/2,p'/2) U{0} C o (C1; X) € B(p'/2, p'/2);
o*(C1; X) =0(C1; X) =B(p'/2, p'/2).

where 1 < p’ < oo satisfies 1/p+1/p' = 1.
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The proof of Lemma 18 for £(p—) is given in [8, Proposition 5.5], for ces(p—) is
given in [6, Propositions 3.1, 3.2, 3.3], and for d(p—) in [16, Theorem 3.6].

Let us begin the study of the spectra by considering X € {L(p—), C(p—), D(p—)},
with 1 < p < 0.

Lemma 19 Let X belong to {L(p—),C(p—),D(p—);1 < p < oo}). Then 0 €
o(Cy; X).

Proof The formulain (4.3) is valid also for r = 1, i.e., the inverse operator C N Lo —
w exists in L(w) and it is given by

Crl) = (x0, (0 + Dxw = nxai),0n)s - x = (ol € @.
We consider the following sequence as in the proof of [6, Proposition 3.2]:

1— (_1)n+1

X = (Xn)n =< 2n+ 1)

) =(1,0,1/3,0,1/5,...). (4.6)
neNy

Therefore,
x=01,1/3,1/3,1/5,1/5,...). “@.7)

Now, let X € {L(p—), C(p—), D(p—)} be fixed, with 1 < p < oo, and let {pi}ren
be a strictly increasing sequence satisfying 1 < px 1 p. Then for every k € N
we denote by Xy the k-th step of the inductive spectrum defining X as done in the
previous subsection (i.e., Xy is one of the Fréchet spaces £(pr+), ces(px+), d(px+))-
So, for every k € N we have the sequence x defined in (4.6) satisfies x € d(pr+) S
L(pr+) C ces(px+) (see (4.7)) and hence, x € Xy € X. However, the n-th entry, for
n € N, of ;! (x) is given by

(== A= (=D" _ =D+ D"

DT — 2

= (=D

Since xog = 1, we get that C1_1(|x|) = (|(=1)"nen,, which does not belong to
ces(pr+) forallk € N,as C1(IC; ' (x)) = (1, 1, 1, 1, 1, ...). Accordingly, C; ' (|x|)
does not belong to either d(px+) orto £(pr+) for all k € N. Therefore, C1_1(|x|) ¢ X.
Thus, we obtain 0 € o (Cy; X) as we wanted. O

In the following result, we see that the behaviour of the spectra of C; in the
(LF)-spaces considered in this paper is similar to that in the (LB)-spaces in (1.4)
(cf. Lemma 18):

Theorem 20 Let X belong to {L(p—), C(p—), D(p—); 1 < p < oo}. Then

op(C1; X) =9 and  B(p'/2,p'/2) € op(Cy; Xp);
B(p'/2, p'/2) U0} C o (C1; X) € B(p'/2, p'/2);
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o*(Ci; X) =0 (Ci; X) = B(p'/2, p'/2),

where 1 < p' < oo satisfies 1/p +1/p’ = 1.

Proof Let X € {L(p—), C(p—), D(p—)} be fixed, with 1 < p < 00. So, let { pi }ren
be a strictly increasing sequence satisying 1 < px 1 p. Then for every k € N
we denote by Xy the k-th step of the inductive spectrum defining X as done in the
previous subsection (i.e., Xy is one of the Fréchet spaces £(pr+), ces(px+), d(pr+)).
We observe that the conjugate exponents p) form a strictly decreasing sequence such
that p; | p’, where 1 < p’ < oo satisfies 1/p + 1/p" = 1. We point out that also in
the case p = oo, we have 1 < py < oo for every k € N. Since the assumptions in
Lemma 10 are satisfied, we can apply Lemma 10(i)—(ii) combined with Lemma 17 to
deduce that 0,;(C1; X) = ¥ and

cc: )< (N (Ue€ixo) = (B2 pp/2)010)
meN  k=m meN

B(p'/2, p'/2). (4.8)

Accordingly,

o(Ci; X) € B(p'/2, p'/2).

We now show that B(p'/2, p'/2) € 0,/(Cy; X/’S). To this end, we recall that by
Corollaries 3 and 5 we have that the strong dual X /’3 of X is reflexive (hence bar-
relled) and it is given by X//3 = mkeN(Xk);ﬁ’ where each (Xk);g is one of the
(LB)-spaces £(p;—), ces(p,—) or d(p;—). On the other hand, by Lemma 17 we
have that B(p; /2, p;./2) € 0,:(C}; (Xk);g) for every k € N. Since the assumptions
in Lemma 12 are clearly satisfied with T = C| and every element in B(p'/2, p'/2)
is a simple eigenvalue for C|, we can apply Lemma 12(iv) to deduce that

B(p'/2.7'/2) € () BPi/2. Pi/2) S [\ op(Cli (Xi)p) = 0 (Cs Xp).
keN keN

So, it follows via (4.1) that
B(p'/2.p'/2) € o (Cl: Xp) S 0 (C; Xj) = 0(Cy; X).
Since 0 € 0(Cy; X) by Lemma 19, it follows by (4.8) that

B(p'/2,p'/2) U{0} C o (C1; X) € B(p'/2, p'/2).

Since o (Cy; X) € B(p'/2, p’/2) and o (Cy; X) € o™(Cy; X), we can argue as the
proof of [6, Proposition 3.3] to conclude that
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o™ (C1; X)=0(Ci; X) = B(p'/2,p'/2).

m}

We now pass to study the spectra of C acting in the (PLB)-spaces L(p+), C(p+),
and D(p+), for 1 < p < oco. We first show that the analogous of Lemma 19 holds
also in this case. The argument is similar.

Lemma 21 Let X belong to {L(p+),C(p+), D(p+);1 < p < oo}. Then 0 €
o(Cr; X).

Proof Let X € {L(p+), C(p+), D(p+)} be fixed, with 1 < p < oo and let { px }ren
be a strictly decreasing sequence satisfying p < px | p. Then for every k € N
we denote by Xy the k-th step of the projective spectrum defining X as done in the
previous subsection (i.e., Xy is one of the (LB)-spaces ¢(px—), ces(px—), d(pr—)
with py > p > 1).

We now observe that the sequence x defined in (4.6) satisfies x € d(pr—) <
L(pr—) C ces(pr—) (see(4.7)) forallk € N,aseach p; > 1,and hence, x € X forall
k € N. Accordingly, x € X.But, Cl_1 (Ix]) = (1nen, (see the proof of Lemma 19) and
SO, C1_1(|x|) does not belong to ces(px—) forall k € N, as C1(|C1_1(x)|) = (1)yen.
This implies that C; ! (x) ¢ X. Therefore, we deduce that 0 € o (Cy, X). O

We are ready to study the spectra of C; in the (PLB) sequence spaces considered.
Theorem 22 Let X belong to {L(p+), C(p+), D(p+); 1 < p < oo} If1 < p < o0,

then
op(Ci; X) =9 and  B(p'/2,p'/2) C op(Cy; Xp);
B(p'/2, p'/2) U0} C o (C1; X) S B(p'/2, p'/2);
o*(C1; X)=0(C1; X) = B(p'/2,p'/2),

where | < p' < oo satisfies 1/p + 1/p’ = 1. On the other hand, if p = 1, then

op(Ci; X) =0 and {zeC: Rez>0}§ap,(C{;X;3);
{zeC: Rez>0}U{0} Co(C1;X) C{ze€C: Rez>0};
0*(C1;X)=0(Cy; X) ={ze€ C: Rez > 0}.

Proof Let X € {L(p+), C(p+), D(p+)} be fixed, with 1 < p < oo and let { pg }ren
be a strictly decreasing sequence satisfying pi | p,with p < pi forevery k € N. Then
for every k € N we denote by Xy the k-th step of the projective spectrum defining X as
done in the previous subsection (i.e., Xj is one of the (LB)-spaces £(pr—), ces(pr—),
d(px—) with p; > p > 1). We observe that the conjugate exponent p; forms a strictly
increasing sequence such that p; 1 p’ with 1 < p; < p’, where 1 < p’ < oo.

Fix p # 1. Since the assumptions in Lemma 12 are clearly satisfied, we can apply
Lemma 12(i) combined with Lemma 18 to deduce that

o (C1; X) = () 0pu(C1; Xp) = 9
keN
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and that

a(Ci; X) € | Jo (€ X0 < | BWL/2. pp/2) € B('/2, p'/2).
keN keN

We now show that B(p'/2, p'/2) € 0,/(Cy; X/’S). To this end, we recall that by
Proposition 4 and Corollary 5, the (PLB)-space X is reflexive and its strong dual X /’3 is
given by X’ﬂ = UkeN(Xk);f}’ where each (Xk):9 is one of the Fréchet spaces £(p;+),
ces(p;+) ord(pj+). On the other hand, by Lemma 18 we have that B(p; /2, p;/2)
op(Cl: (X k)%) forevery k € N. Since the assumption in Lemma 10 is clearly satisfied

with T = C}, we can apply Lemma 10(i) to deduce that

B(p'/2.p'/2) = | B(pi/2. pi/2) S | op(Cl: (X0))p) = o (Cf: X]p).
keN keN

So, it follows by (4.1) that
B(p'/2,p'/2) S 0p(Cl; Xp) S o (Cy; Xp) = o (Cr; X).
Since 0 € 6 (C1; X) by Lemma 21, we conclude that
B(p'/2,p'/2)U{0} S o(C1: X) € B(p'/2, p'/2)

and hence,

o(Ci; X)=B(p'/2, p'/2).

Since by Lemma 18 we have 0 *(C1; Xi) = B(p, /2, p,/2) forevery k € N, it follows
that

o™i x0 = B(i/2. pi/2) < B'/2,P'/2) = o (C1; X).
keN keN

We can then apply Lemma 12(iii) to conclude that c*(C1; X) = o(Cy; X) =
B(p'/2, p'/2).

Now, consider p = 1. In such a case, the result follows by arguing as above and
observing that

U B(i/2. pi/2) = {z € C: Rez > 0},
keN

as p; — oo. O
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5 Dynamics of generalized Cesaro operators in (LF) and (PLB)-spaces

Let X bealcHs. For T € £L(X) andn € N, we write 7" = T o --- o T. The Cesaro
means of 7 are denoted by

1l
T[”]ZEZT”"

m=1

We say that T is

(1) power bounded if {T"},cN is equicontinuous in £(X);
(2) (uniformly) mean ergodic if {Tj,1}nen converges in Lg(X) (in Lp(X)).

For a separable IcHs X, we say that T is

(3) hypercyclic if there exists x € X whose orbit {7"x n € Ny} is dense in X;
(4) supercyclic if there exists x € X such that the projective orbit {A7"x A € C,n €
Np} is dense in X.

We refer the reader to [11, 26] for general textbooks.

5.1 Dynamics of generalized Cesaro operators C; (0 < t < 1)

Proposition23 Let 0 < t < 1 and let X belong to {L(p—),C(p—), D(p—); 1 <
p < oo}orto{L(p+),C(p+), D(p+); 1 < p < oo}. Then the generalized Cesaro
operator C; is not supercyclic in X.

Proof Since the operator C; is not supercyclic in w by [8, Theorem 6.1(iii)], it follows
that C; cannot be supercyclic in X, as C; continuously maps X into itself and X is
dense in w. O

To study the power boundedness and the mean ergodicity of C; acting in the (LF)-
spaces (in the (PLB)-spaces) considered in this paper, we first establish some results
on continuous linear operators to compare their ergodic properties with the ones of
their inductive spectrum (projective spectrum).

We first consider the case of operators acting in (LF)-spaces.

Theorem 24 Let X = ind; X = UkeN Xk be an (LF)-space such that the inclusion
X C X1 is continuous, for k € N, and let T € L(X) satisfy assumption (A) of
Lemma 10. Then the following properties are satisfied.

(1) If Ty := T|x, is power bounded in Xy for every k € N, then T is power bounded
in X.
(i) If Ty is mean ergodic in Xy for every k € N, then T is mean ergodic in X.
(iii) If Ty is uniformly mean ergodic in Xy for every k € N and X is regular, then T
is uniformly mean ergodic in X.

Proof (i) Let x € X be fixed. Then there exists k € N so that x € Xj. Since
T (Xy) = Tx(Xg) € Xi, we have that T"x € Xy forevery n € N. But, T = T
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is power bounded in Xj. So, we have that {T"x : n € N} is bounded in Xy, and
hence, it is in X. Since x € X is arbitrary, and X is barrelled, we conclude that
{T"},eN is equicontinuous, i.e., T is power bounded in X.

(ii) Let x € X be fixed. Then there exists k € N such that x € X. Since T =
Tk Xx — Xk is mean ergodic, we have that {7},;x} is convergent in X; and
hence, {T},)x} is also convergent in X, as the inclusion X; € X is continuous.
Since x € X is arbitrary, we can conclude that 7 is mean ergodic in X.

(iii) We assume that X is regular and T = T, is uniformly mean ergodic in each
Xy. By (ii), we have that T}, converges to some P € L(X) in L;(X). We
fix B € B(X). Then, there is k € N so that B € B(Xj). By assumption on
T € L(X), we have that for every s € I'y = I'x,,

sup s(Tj,)x — Px) - 0 asn — oo.
xXeB

Now, we take r € I'x. Since X; € X with continuous inclusion, there exists
C > 0ands € I't =TIy, so that

r(x) < Cs(x), x € Xg.
Therefore,

sup ¥ (Tyx — Px) < Csup s(Tj,) — Px),
xeB xeB

from which it follows

sup r (Tj,x — Px) — 0, asn — oo.
X€eB
This completes the proof of point (iii). O

Corollary 25 Let O <t < 1 and let X belong to {L(p—),C(p—), D(p—);1 < p <
oo}. Then the generalized Cesaro operator C; is power bounded and uniformly mean
ergodic in X.

Proof The result follows by Theorem 24 and [8, Theorem 6.6]. O
We now pass to the case of operators acting in (PLB)-spaces.

Theorem 26 Let X = proj, Xi = (\iey Xk be a (PLB)-space and let T € L(X)
satisfy the assumption (A’) in Lemma 12, i.e., for every k € N there exists Ty € L(Xk)
such that Ty|x = T and Ty|x,, = Try1. If Ty is power bounded ((uniformly) mean
ergodic) in Xy for every k € N, then T is power bounded ((uniformly) mean ergodic)
in X.

Proof Let us first prove the power boundedness. We write 'y to denote a fundamental
system of seminorms in Xy, for k € N, and we set

F::{'maxkr,-:keN, ri €Ty, i=1,...,k}.

i=1,...,
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Then I' is a fundamental system of seminorms in X.

Fixed r € T', there exist k € Nand r; € I'; fori = 1,...,k such that r =
max;—1,. . ri. Since T; is power bounded in X;, fori = 1, ..., k, we have that for
everyi = 1,..., k, there exist C; > 0 and s; € I'; such that

ri(T"x) < Cisi(x), x € X;, neN.
Thus, for C := max;—1,_x C;, we have

..... =1 i x)
forevery x € X andn € N,as Tj|x = T fori = 1, ..., k. Therefore, T is power
bounded in X.

We now pass to consider the mean ergodicity. So, we fix x € X. Then, x € Xj for
every k € N. Since Ty : Xy — Xy ismean ergodic forevery k € N, (T )[,)x converges
to some yi in Xy for every k € N. For k = 2, we have that (73)(,)x converges to y; in
X7, and also in Xy, as X2 € X with continuous inclusion. But, (72)x = (T1)[a)x
(as x € X C Xy for every k) converges to y; in X;. Thus y» = y;. Proceeding
inductively, we can see that all the y; coincide, and denoting it by y, we have that
y € X and Tj,)x converges to y in X.

Finally, we consider the uniformly mean ergodicity. So, we fix B € B(X). Then
B € B(Xy) forevery k € N. Since Ty : Xy — Xy is uniformly mean ergodic for every
k € N, there exists P, € L(Xk) such that for every r; € 'y we have (for every k € N
wehave T = Ty on B as B C X)

sup rk(T[n]x — Prx) = sup rk((Tk)[,,]x — Prx) — 0.

xeB xeB

This yields that 7: X — X is uniformly mean ergodic in X and Py|x = Pxy1|x for
every k € N. In particular, the operator P: X — X defined by Px := Pjx forx € X
belongs to £(X) and T},) — P in £,(X) asn — oo. O

Corollary 27 Let 0 <t < 1 and let X belong to {L(p+), C(p+), D(p+);1 < p <
oo}. Then the generalized Cesaro operator C; is power bounded and uniformly mean
ergodic in X.

Proof The result follows as an immediate application of Theorem 26 and [8, Theorem
6.6]. O

5.2 Dynamics of the Cesaro operator

It is known that the Cesaro operator C; is neither power bounded nor mean ergodic
inf, (1 < p < oo) (see [1, Proposition 4.2]), and it cannot be supercyclic since
o1 (C}: £)) contains too many elements (see [11, Proposition 1.26]). Furthermore,
the same characteristics hold for ces(p) (1 < p < 00) (see [5, Proposition 3.7(ii)])
and for d(p) (1 < p < o0) (see [14, Propositions 3.10 and 3.11]).
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For the Fréchet spaces and (LB)-spaces defined in (1.3) and (1.4), we have that
C is not mean ergodic nor power bounded nor supercyclic in £(p+) (1 < p < 00)
[2, Theorems 2.3 and 2.5], in ces(p+) (I < p < o0) [7, Proposition 5], in d(p+)
(1 < p < 00) [16, Proposition 3.5],in £(p—) (1 < p < 00) [8, Proposition 6.10], in
ces(p—) (1 < p < 00) [6, Propositions 3.4, 3.5], and ind(p—) (1 < p < o0) [16,
Proposition 3.8].

On the other hand, the dynamics of C; in w are the same as the ones for C; (0 <
t < 1) in w. Indeed, by [7, Theorem 6.1] and [2, Proposition 4.3], we have that Cy is
power bounded, mean ergodic, and not supercyclic in .

The proof of the following result is similar to the ones from the references above.

Proposition 28 Let X belongto{L(p—), C(p—), D(p—), L(g+), C(g+), D(g+); 1
< p <00, 1 <q < oo}. Then Cy is neither power bounded nor mean ergodic nor
supercyclic in X.

Proof By Theorems 20 and 22 we have that B(p'/2, p'/2), for 1 < p < o0
(B(q'/2,q'/2),for 1 < q < oo and {z € C Rez > 0} for ¢ = 1) are included
in op[(Ci; //3). So, by [11, Proposition 1.26] we conclude that C; cannot be super-
cyclic in X. Furthermore, for p, g < oo,

op(Cl; Xg) N{AeC: A > 1} #4.

Thus, by [6, Lemma 3.2], C; is neither power bounded nor mean ergodic. The proof
for p = oo is the same as in [6, Proposition 3.4]. O
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