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1. Introduction

It was observed in [30] that many important bi-Hamiltonian structures of integrable (systems
of) PDEs have the form

(P1,01 + € Riy1), (1.1)

(no sum over k) where P and Q; are first-order compatible homogeneous Hamiltonian operat-
ors (Hamiltonian operators of hydrodynamic type) and Ry is a single (k 4 1)th-order homo-
geneous Hamiltonian operator compatible with P, and Q;. Here, the homogeneity is defined
with respect to the grading deg 0, = 1.

Denoting with the square bracket the Schouten bracket we have

[P1,01]) = [P1,Ri+1] = [Q1,Ri41] = 0.

In other words the building blocks of the pair (1.1) (P, Q1,Ry+1) define a trio of Hamiltonian
structures. The above structure can be thought as a deformation of the bi-Hamiltonian struc-
ture of hydrodynamic type (Py,Q1). Due to the general theory of deformations the most inter-
esting cases are k=1 and k =2 since for k > 2 the deformation R;; can be always elimin-
ated by Miura type transformations [22]. The most famous example of such structures is the
Hamiltonian trio

P=P, =0, Q=0 +Rs, Q1=2ud +u, R3=07. (1.2)
Coupling Q; and R;3 one obtains the bi-Hamiltonian structure of the KdV hierarchy

(0x, 2u0; + u, + €0]) (1.3)
discovered by Magri in [29], while coupling P; and R3 one obtains the bi-Hamiltonian structure
of the Camassa—Holm hierarchy

(2u3x + 1y, Oy + 628)?) . (1.4)

Bi-Hamiltonian structures (1.1) obtained in this way have been introduced in [30] and have
been called in [25] bi-Hamiltonian structures of KdV type. Another example (from [10, 22])

is the trio:
(0 O ~ (2udi+u, v, (0 07
Pl_(ax 0>an_( axv 2ax)aR2_<8}% 0 > (15)

In this case one coupling yields the bi-Hamiltonian structure of the the so-called AKNS hier-
archy, and the other one yields the bi-Hamiltonian structure of the two component Camassa—
Holm hierarchy [10, 22].

In order to classify this kind of bi-Hamiltonian structures (with k = 1,2) one can use the
following strategy:

1. Use canonical forms of Ry under some natural groups of transformations preserving the
form of (P],Q],Rk+1).

2. Compute compatibility conditions [Py, Ry11] = 0.

3. Use compatibility conditions to obtain trios of Hamiltonian operators.
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The above strategy is motivated by the fact that there exist classifications of canonical forms
of operators Ry | under the action of various transformation groups, while trying to work with
canonical forms of P; or Q; does not lead to manageable forms of the corresponding Ry, in
view of the greater complexity of the latter.

There are two natural choices of the group of transformations to deal with: the group of dif-
feomorphisms of the dependent variables and the groups of reciprocal projective transforma-
tions of the independent variables. The latter group has been introduced in [14] as the group of
projective transformations of the dependent variables coupled with a nonlocal transformation
of the independent variable x of the type

Ty
U =—-———

di = Adx, n

: (1.6)

where A = T%u’ + T and T’s are constants. Depending on the choice of the group the prob-
lem admits a slightly different formulation. In the first case, since the group of diffeomorph-
isms preserves the locality of Hamiltonian operators it is possible to restrict the attention only
to local first-order Hamiltonian operators (also known as Dubrovin—Novikov Hamiltonian
operators)

P =g"9, + TVt (1.7)

In the second case, we can use the group of transformations of dependent variables to reduce
the operator Ry to Doyle—Potemin canonical form: (see [26] and references therein)

Rip1 = OxoRy_1 00, (1.8)

where R;_; is a homogeneous operator of order & — 1. Reciprocal projective transformations
preserve this form [26]; however, they do not preserve locality of P;, so that one is obliged
to consider first-order Hamiltonian operators of localizable shape (or simply localizable), first
introduced by Ferapontov and Pavlov in [13]:

PV = g0, + TV + wiad o vl + ul 97 ' Wik (1.9)
The first approach has been pursued in [25] using the results of [8, 16] for second-order oper-

ators R, and the results of [8, 14, 15, 17, 18] for third-order operators Rs. For instance, in the
2-component case the canonical forms are

(0 1.
Rz_.<_1 o)a“ (1.10)
M _ (0 1) 4
R3 _<10>@’ (1.11)
R —o [ ° . Ouir > o (1.12)
3 — Ux ufl]a}g (Muli)zax+6x(5f)2 Xy .
EX oL

RP =0, . v d,. (1.13)

(12)’+1 (12)’+1
Lax Wax + axm
And the corresponding compatible first-order operators are given in the following theorem.

3
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Theorem: affine classification [25]. P; is a Hamiltonian operator compatible with R, if and
only if

g =cu' + o, (1.14a)
1 1

g12 = §C3u1 + Eclu2 +c5 (1.14b)

g% = c3u® + ¢y (1.14¢)

P; is a Hamiltonian operator compatible with Rgl) if and only if

g =ciu' + e + ¢, (1.15a)
g"? =cqu' + cru* + cs (1.15b)
g22 =ceu' + cyu® + ¢7 (1.15¢)

together with the algebraic conditions
C1C4 — C2Co :0, C3Cq — C7C2 :O7 C3Ce — C1C7 =0. (116)

P; is a Hamiltonian operator compatible with R§2) if and only if

g =ciu' + e, (1.17a)
2 2
¢z clu
g2 =cu + 3 4 2 1) , (1.17b)
u 2u
2 2
c1 (u
g22:2c4u2+i?— 1(1) +cs, (1.17¢)
u u
together with the algebraic conditions
cce+2c1c3=0, cc5s=0, cic5=0. (1.18)
P; is a Hamiltonian operator compatible with R§3) if and only if
g“:clul—i—czuz—i—q, (1.19a)
2 2)2
12 1 U
= -4+ — 1.19b
8 C4ll 2l ul 2141 ) ( )
c csu o (u? g
g2 =2cq’ + 4+ = — '(1) +c6, (1.19¢)
u u u
together with the algebraic conditions
cres+2c1c3=0, cace—2c3¢4 =0, cic6+c4c5=0. (1.20)

The family of contravariant metrics (1.14) depends linearly on the parameters and thus any
pair of metrics belonging to these families defines a bi-Hamiltonian structure of hydrodynamic
type compatible with the second/third-order operator. Other families are defined by nonlinar
constraints and the previous argument fail; see [25] for a complete list of compatible pairs
within the families. )

The second approach has been pursued in [27] in the case R} = 770} where (/) is a sym-
metric constant non-degenerate matrix (det(n”) # 0). The operator R; generates the simplest
orbit of third-order operators under the action of the projective reciprocal transformation group.
The study of compatibility conditions leads to the following results:

4
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e the Christoffel symbols I‘Z define a Frobenius algebra structure on the cotangent bundle of
the manifold of dependent variables (u');

e the operator P = L+ N splits into its local part L and its nonlocal part N, and they are inde-
pendently Hamiltonian operators;

e for n > 3, N =0, and the operator becomes purely local.

The local trios that we got for n > 2 are known in the literature. They can be obtained as special
cases of the results of [34] and also were studied in [2] in terms of Frobenius pencils. However
we point out that the locality (for n > 2) is not an a priori assumption but the result of non
trivial computations. )

The aim of the present paper is to study the case Ry = 179? where (1) is a skew-symmetric
constant non-degenerate matrix (det(n”) # 0). The operator R, generates the simplest orbit of
second-order operators under the action of the projective reciprocal transformation group. The
role of Frobenius algebra in this setting is played by a new type of algebra recently introduced
by Buchstaber and Mikhailov and called cyclic Frobenius algebra.

Definition 1.1. [3]. Let V be some C-linear space (dim(V > 1). A cyclic Frobenius algebra
(CF-algebra) A is an associative algebra 4 with unity 1 equipped with a C-bilinear skew-
symmetric form 7(-,-) : A®c A — V such that

1(A,BoC)+n(B,CoA)+n(C,AoB)=0 (1.21)

where A, B, C € A and o is the product in the algebra.

Let Y = C. Denoting by FZ the structure constants of the product we have

nYA; (Bo C);+ n'B; (CoA);+ 1 Ci(Ao B);
= (T +1'T} +nTY) AiBIC = 0

or, taking into account that A, B, C are arbitrary,
kil il ik ik i
i + D" + Ty = 0. (1.22)

The main results of the paper concerning the compatibility of Hamiltonian operators can
be summarized as follows.

Compatibility Theorem. The Hamiltonian operators P, R are compatible if and only if
° w; = W; where W is a constant matrix that is symmetric with respect to n:

1n(AW,B) =1 (A,BW); (1.23)
o the contravariant Christoffel symbols are linear functions of the form

TV = O (— W' + blu) = — W' — WS} + bl (1.24)

for arbitrary constants bZ
e the product with structure constants T’}

(AoB), =TVA;B
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endows the cotangent space T*M of the manifold M of dependent variables with a structure
of cyclic Frobenius algebra (without unity) and satisfy the conditions:

n(AoB,C) =n(A,CoB). (1.25)

The Theorem is stated and proved as theorem 3.1.
Notice that the condition (1.25) can be also written as

T+ TV = 0. (1.26)
Indeed, relabelling the indices the condition

n'(AoB), =nYA;(Co B),;
reads

(Fﬁ"nif + rf,f"n”) ABiC; = 0.

Conditions (1.21) and (1.25) appear in the paper [34] as cocycle conditions arising from the
compatibility between a local first-order Hamiltonian operator of hydrodynamic type defined
by a flat linear metric and a second-order constant Hamiltonian operator defined by a skew-
symmetric matrix. In this setting the contravariant Christoffel symbols of the linear metric are
constant and define the structure constants of a Balinsky—Novikov algebra.

A corollary of the above theorem is that the nondegenerate symmetric bilinear form
obtained from the the contravariant metric defining P, ‘lowering’ the indices with 7:

Bab = jpTiag” (1.27)
is the Monge metric of a quadratic line complex, an algebraic variety that is defined in the
Pliicker embedding of the projective space with homogeneous coordinates [v', ..., 1" "], where
u =Vt i =1,...,n, V"1 £0. See [14, 15] for more details on this construction. The
equation that characterizes Monge metrics is

8ijk+ 8kijt+8iki=0 (1.28)

can be obtained from the cyclic Frobenius algebra condition. In 2-component case there are
no additional conditions and the general solution of compatibility conditions can be obtained
starting from arbitrary Monge metric

g1 = co(u?)* +c3u® +cu,
1 1

_ 12 1 2
812 = —Cou u —§C3M _Eclu +cs,

g0 =co(u')? +cru' +c,.

The above metric yields a flat contravariant metric g¥, by means of (1.27), if and only if the
coefficient ¢y vanishes. Notice that in the flat case we recover the metric of the above affine
classification theorem.

It is known [36] that Pliicker embedding provides an identification of the leading coeffi-
cient matrix of a second-order homogeneous Hamiltonian operator with an algebraic variety,
more precisely, a linear line congruence. Such a variety is defined by a system of n + 1 linear
equations in P(A?V) and its intersection with Pliicker variety.

6
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It is then clear that there is a correspondence between trios of Hamiltonian operators Py,
0 of the form (1.9) and R, of the form (1.8) and trios of algebraic varieties. In the case n =2
that is summarized by the following theorem.

Projective Correspondence Theorem. If n=2, then there is a bijective correspondence
between trios of mutually compatible Hamiltonian operators P;, Q; of the form (1.9) and
R, = (91 (1))5'3 and pairs of conics Cy, Cy of rank at least 2.

Note that the linear line congruence corresponding to R, degenerates to 0 in this case. The
theorem is stated and proved as theorem 4.1.

In higher dimension the compatibility conditions include Monge’s condition on the metric,
but are not reduced to that condition only. In particular, the geometric interpretation of the
further conditions as conditions on the trio of algebraic varieties underlying the compatible
trio of Hamiltonian operators is still missing. However, it easy to realize that there are plenty
of Hamiltonian trios in any dimension.

In particular, using the solver CRACK [39, 40], a package working within the computer
algebra system Reduce [19], we obtain the general solution P; of the compatibility conditions
[P1,R,] = 0 (with Ry = n702) for n = 4. It turns out that there are 288 subcases, each depending
on several parameters. This calculation has been performed on a compute server of the INFN,
and it took 33GB of RAM and about 15 min of time.

Then, for each subcase one should find all compatible Q; in the same list. We did this
computation for one selected P;, generalizing the Kaup—Broer and AKNS bi-Hamiltonian
pairs, and obtained a list of 64 subcases, again each of them depending on several parameters.

Both lists of solutions are available at the webpage of one of us [28] and also in the article’s
supplementary information. Here, we just wrote two examples of bi-Hamiltonian trios, a local
one and a nonlocal one.

The paper is organized as follows: in section 2 we briefly recall the canonical form of
second and third-order homogeneous operators under projective reciprocal transformations;
in section 3 we compute the compatibility conditions between the simplest canonical form of
a second-order homogeneous operator and a first-order operator of localizable shape; using
these results in section 4 we study trios of such operators and we provide the classification in
the case n =2 and the computational scheme by which we computed the classification in the
case n =4, as well as some examples.

2. Hamiltonian operators and projective reciprocal transformations
First-order Hamiltonian operators are operators of the form
Pij =g (u) 8)5—&—I‘Z(u)ul;7 2.1

formally skew-adjoint and satisfying the Schouten bracket condition [Py, P;] = 0. In the non-
degenerate case (det(g”) # 0) Dubrovin and Novikov proved that P is Hamiltonian if and only
if g¥ is a flat contravariant pseudo-Riemannian metric and I, = —gul'} are the Christoffel
symbols of the associated Levi—Civita connection.

Higher-order Dubrovin—Novikov operators have a much more complicated form, see [9] for
details. However, it was proved [1, 8, 18, 31] that if the order is 2 or 3, they admit, respectively,
the canonical forms

Rg =9, Oja,'i 0, Rg =9,0 (gijax + CZM];) 0 0. 2.2)
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The above canonical forms are invariant with respect to projective reciprocal transformations
of the type (1.6) (see [14, 26, 36]). The result of such transformations on a first-order Dubrovin—
Novikov Hamiltonian operator is a nonlocal Hamiltonian operator of localizable shape

P =gl (u) 0 + T (u) b+ wi (u) b0, sl + w0 i, (u) k. (2.3)

Operators of this form have been studied in [11, 13] and naturally appear in the study and
classification of integrable systems of PDEs (see for instance [23, 26]). Skew-adjointness and
vanishing of the Schouten bracket in this case lead to the following list of conditions:

1. gV is a contravariant pseudo-Riemannian metric and FZ are the contravariant Christoffel
symbols of its Levi—Civita connection; equivalently, the following conditions hold:

giSF{;k —_ g/'xlﬂik7 (24)

g’ =TV +17; (2.5)

2. the following equations hold:

g'wi = g"wy, 2.6)
Viwl, = Vi, 2.7)
RY, = wWid) — wi.6h — wid) + w0k, (2.8)
where V is the Levi-Civita connection of g¥ and
K ory  oryf - .
R]sI; = glpR];sl = ol 871413 + gt (FZFI k Fﬁfiﬂ’) (2.9)

is the Riemannian curvature tensor of g;;.

Canonical forms of operators (2.2) under the action of projective reciprocal transformations
have been found in [36] in the case of second-order operators and in [14] and [15] for third-
order operators. The simplest canonical form of second-order operators (2.2) is R’J =nio?
where 1¥ are the entries of a constant skew-symmetric matrix.

3. Conditions of compatibility

In this section we calculate the conditions that are equivalent to the compatibility of P and R,
i.e. the vanishing of the Schouten bracket [P, R] = 0, for a pair of Hamiltonian operators, where
P = P is a nonlocal localizable first-order homogeneous Hamiltonian operator as in (2.3) and
RV =Ry = 1992, with (n”) a constant skew-symmetric non-degenerate matrix.

Theorem 3.1. The Hamiltonian operators P, R are compatible if and only if

e the functions w; are constant and satisfy the condition

Wznlk + Wknh _ 0 3.1
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o the contravariant Christoffel symbols FZ satisfy the conditions:

R W) (3.2)
Dl T 4 T = 0, (3.3)
Ty —IyTY =0, (3.4)
%i{tj = — 3wk —widf. 3.5)

Proof. We will write differential operators by means of distributions as
i e - , . ; ,
P/gy - glj(s (-x_y) + Fgux(s ('x_y) + M;V ()C _y> W{vuy +Wsu)scy ()C _y) Lt( (36)
and
Ry, =n"8" (x—). 3.7)

We use Dubrovin—Zhang formula for the Schouten bracket:

oP! oP, OPk OPY
P R ijk X,y le x,Y le lj ZX l]
PRl = (o Roe T 2l () *au%) EAETICR
)P ) OP; oP!
52 Rl y,Z Rll »y le Rl/(
IR *aw) G 8’8
8P]’ax aPkl apg’k li apgkz li
o Ol + o - R+ T FORL

The vanishing of the distribution [P,R]ﬁzfvvz means that for any choice of the test functions
pi(x),q;(y), r%(2) the triple integral

/// R _pi(x)q; (y) re (z) dxdydz (3.8)

should vanish.
Following [6, 24], we apply a procedure to collect together all terms which are related by a
distributional identity. The procedure is the following

1. Using identities like

v(z=y)d(z—x)=v(x—y)d(x—2) (3.9
together with their differential consequences, we can eliminate all terms containing v(z —
¥)8W (z—x), v(y — x)0" (y — 2), v(x — 2)8™ (x — y) producing nonlocal terms containing
v(x—y)6M (x —z), v(z — x)d" (z —y), v(y — )6 (y — x) and additional local terms.

9
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2. Using the identity

n

f(@) 5 (x—2)= Z <Z)f<"_k) (%) §n=h (x—2), (3.10)

k=0

we can eliminate the dependence on z in the coefficients of v/(x — y)d( (x — z), the depend-
ence on y in the coefficients of v(z —x)d (z —y) and the dependence on x in the coeffi-
cients of v(y —z)0™ (y — x). After the first two steps the nonlocal part of [P,R]ﬁ{g,Z has the
form

ai (x,y,z)u(x—y)y(x—z) +CyCliC(xay7Z)
+ an (x,y) v (x —y) 6™ (x — z) +cyclic (x,y,2).  (3.11)
n=0

3. The local part of [P, R]ﬁ{k” can be reduced to the form

Zemn ) (x = y) 6™ (x —2) (3.12)

using the identities (and their differential consequences)

0(z=x)0(z=y) =6(y—x)d(y—2) = d(x—y)d(x - 2) (3.13)
and the identities (3.10).
The fulfillment of the Jacobi identity turns out to be equivalent to the vanishing of each

coefficient in the reduced form. Below a list of relevant coefficients in our case.
The vanishing of the coefficient of §(x — y)d’’’(x — z) provides the condition (3.2):

jk y o
ag]l li Flj Ik ij li ]_—\;]nlk + 1'\;(] i 0. (3.14)
The same condition is provided by the vanishing of the coefficient '/ (x — y)d(x — z).
The vanishing of coefficient of ¢'(x — y)d'/(x — z) provides the condition

Ol bl " S
agl Ik + 2 8g]l nt— 3Fﬂ< i Fjllnlk + F;‘]T]ll _ F]lk li _ 07 (315)
and the vanishing of coefficient of §''(x — y)d'(x — z) provides the condition

b ki ) ik Lo C o

~ lf+ai, — 30 = Tl T T =0, (3.16)
The difference between (3.15) and (3.16) is equivalent to condition (3.2), while their sum
provides (3.3):

Fkt IJ+FU lk+ij77h =0. (3.17)
The coefficient of v(x —y)d’"/(x — 2) is
whig™ + wixuln™ + ulwi Con" + wlhgr = (w (o)™ +w' (") w; (3.18)

10
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its vanishing is (3.1). The same condition is obtained by the coefficients of v(z — x)0""'(z — )
and v(y —z)8"""(y — x).
The coefficient of uS, §(x —y)d(x —z) is

ord  ory
oul ou

> nli + wénlj(Sk +w n” + w’ nk’ + 6’wl 77[’ (3.19)
Replacing the condition (2.8) in the previous expression and requiring its vanishing we get
condition (3.4):

LUk — PR =0, (3.20)
and the equivalent condition

ik ik
ark  ar

O it ot it — vt G20

The coefficient of §(x —y)d"' (x — z) is

ory ogh\ . ork o
o uSn’® 420, (8 l>771’+ 5 wn' +u w§77 +wiidn* + ufwinl

ks — 30, (Ff") i+ 3uwknl 4 3wl (3.22)

Using (2.5) in order to eliminate the derivative of g/*, the above coefficient can be rewritten as

ry
<%+y,+wa>sh (3:23)

Thus the vanishing of this coefficient provides condition (3.5). The same condition is provided
by the vanishing of the coefficient of ¢, d.
The coefficient of §'(x —y)d’(x —z) is

) oyt w
20, (agl) 2Wujc77h ulwin™® — wiusn*
+ 3ufwin 4 3wkusni — 60, (I"k) 0"+ 3wk 3wl iy (3.24)

It can be proved that the above expression is equal to

) e
o (TFn" T+ T, (3.25)

and thus vanishes due to condition (3.3).
The coefficient of v(x — )’/ (x — z) is

ows 8W? li 8W;< li
s (Wn S T35 ) (3.26)

which is the same as the coefficients of v,,d,; and 1.4, up to renaming indices and variables.

1
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The coefficient of v(x — y)d'(x — z) is

Wk
— 21,0y (%; )l’+3u’(92( LR (3.27)

and the same expression, up to renaming indices and variables, holds for the coefficients of
V0, and vy 4y, In the expression (3.27), the coefficient of uxxuy is

Ok ok
23 lsnlz+387uénlz (3.28)
The coefficient of v(x —y)d(x — z) is
ow k
()it

and the same expression holds for the coefficients of v.,d;, and v,.d,, up to renaming indices
and variables. In the expression (3.29) the vanishing of the coefficient of uﬁuj;” provides the
closure condition

owk owk\
—— =0.
( o ow )"
Replacing this condition in (3.28) we obtain that the functions w} are constant. In particular

this tells us that
T = —whid — wi'6f + Y (3.30)

where blfj are constant.
Taking into account this fact the coefficient of §(x —y)d’(x —z) is

vk
82 <3gj ) 420, <8F ) n' + ZMXmelJ

+ 20, (w’;u;) 0’ — 39> (ka) 0"+ 3wl whn' 430, (wiu) . (3.31)

This coefficient vanishes due to previous conditions. Indeed:

ki ik ik
o) 4o oTY; B ory
ou’ ou! ou’

> 0"+ 26 wint - 2wkn 38T whn! 4 3wint

= (8w —wiof)n" +2 (M&’: + o)Wk — wisf — &wﬂ‘) n'
+ 265 win¥ 4 2wkn¥ 4+ 38Twkn" + 3winf = 0. (3.32)

The coefficient of §'(x — y)d(x — z) is

Uk A o
20, <8 ) 0"+ 2ul 0, (M) '+ 3uk winl

O Y
+ 30 (w’;u;) 0’ —30? (F§k> 0"+ 20 whn' 420, (wiu) e (3.33)
It vanishes due to previous conditions; the calculation is similar to that of (3.32).
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Finally, the coefficient of 6(x —y)d(x —z) is

ok . o y N
8 (G o+ 8o~ (1)

oul
+u win" + 07 (W) . (3.34)
Again, this coefficient vanishes due to previous conditions. O

There are very interesting geometric and algebraic consequences of theorem 1. First of all,
very recently a new algebraic structure has been introduced in the theory of Integrable Systems,
namely cyclic Frobenius algebra [3], in a framework which is different from ours. It turns out
that it also arises in our context.

Corollary 3.2. The Christoffel symbols FZ endow the cotangent space T*M of the manifold M
of dependent variables (u') with a structure of cyclic Frobenius algebra.

Proof. The conditions that should be satisfied are exactly (3.2)—(3.4). O

An even more surprising fact is the interpretation as an algebraic variety of the leading
coefficient of any first-order nonlocal homogeneous Hamiltonian operator P that is compatible
with our constant-coefficient second-order Hamiltonian operator R (3.7).

Corollary 3.3. Let us introduce the nondegenerate symmetric bilinear form

Bab = MjpMiag”. (3.35)

Then, gqp is the Monge metric of a quadratic line complex.

Proof. Summing the condition (3.3) with the same condition with the indices i, kK swapped we
obtain the condition

gin + g'm" + g =0, (3.36)

s )

where gkzl = 0g"/Ou!. The above condition can be rewritten in lower indices by multiplication
by Mk 1icTjas yielding

gbc,a + gca,b + gab,c =0. (337)

The above condition is equivalent to the fact that g, is a Monge metric, which is S. Lie’s
representation of quadratic line complexes (see [14, 15]). This proves the Corollary. O

Remark 3.4. It is known [14] that under projective reciprocal transformations (1.6) a Monge
metric transforms as (g;(it)) = (gn(u))/A*. Moreover, it has been proved in [36] that the
leading coefficient matrix of a second-order homogeneous Hamiltonian operator in Doyle—
Potémin canonical form transforms as (1;(it)) = (nu(u))/A%.

That implies that the leading coefficient matrix (g¥) of a first-order operator (1.9) that
is compatible with a second-order operator R} = 192 transforms as (g% (it)) = (g"(u))A?,
which is how the metric of the first-order operator transforms under a generic reciprocal trans-
formations according with [13].
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4. Classification of bi-Hamiltonian trios

The general problem of the classification of local bi-Hamiltonian trios can be formulated as
follows: classify the bi-Hamiltonian trios of operators of the form

Ay =P +Ro, Ay =0y, 4.1
where

e Py, Q) are local homogeneous first-order Hamiltonian operators;
® R, is a local homogeneous second-order Hamiltonian operator;
o the three operators are mutually compatible:

[P1,01] = [R2,P1] =[R2, 0] = 0. 4.2)

Of course, in view of the complexity of the general form of R;, the problem can be reformulated
when R; is written in the canonical form (2.2). This can always be done by means of a point
transformation of the dependent variables, without changing the shape of the three operators.

Then, we can use the projective classification of (non-degenerate) second-order homogen-
eous operators [36] at the price of allowing P, and Q; to have localizable shape (see [26]).
Indeed, the projective classification makes use of projective reciprocal transformations which
transform local operators into nonlocal ones.

In this paper, we will just consider the orbit of R, under the action of projective reciprocal
transformations that contains the constant operator Ry = 192, so to apply the results from the
previous Section.

For this reason, we reformulate and restrict the above problem to: classify the bi-
Hamiltonian trios of operators of the form

Ay =P +R, Ay =0y, 4.3)

where

e Py, Q) are nonlocal homogeneous first-order Hamiltonian operators that are localizable (by
means of the same projective reciprocal transformation);

o Ry =ni 0? is a constant-coefficient local homogeneous second-order Hamiltonian operator;

o the three operators are mutually compatible:

[P1,01] = [R2,P1] =[R2, 0] =0. 4.4)

We will be able to give a complete answer in the case n =2 and a partial answer in the case
n =4, due to the complex structure of the space of solutions.

We observe that solutions the above version of the problem contain trios of local operators
as a particular case, but they also contain trios where the two first-order operators cannot be
simultaneously localized; hence, we obtain solutions with non-removable nonlocal terms.

The Hamiltonian operators of our trios are uniquely identified by algebraic varieties. We
now give a brief description of the procedure that allows us to make the above identification,
which, in essence, boils down to Pliicker embedding.

We assume that (u') are affine coordinates of an n-dimensional projective space IP(V), where
V is a vector space with dimV =n+ 1 and coordinates (v'). Homogeneous coordinates on
P(V) are denoted by [v!, ...,v"*1], in such a way that ' =/ /v"+!. We recall that Pliicker

14
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embedding (of lines) is the natural injective map Gr(2,V) < P(A2V), where Gr(2,V) is the
Grassmanniann of planes in V, which can be identified as the space of projective lines in P(V).

Elements of P(A2V) can be represented as [p”], where p¥ are coordinates with respect to the
basis e; Aej, i <j, of A2V, (e;) being a basis of V. The coordinates pY are Pliicker coordinates.

The image of Pliicker embedding can be characterized as the space of of decomposable
forms in A?V; it is an algebraic variety described by a system of homogeneous quadratic
relations between Pliicker coordinates: p/p" — p*p/h 4 pitp/k = 0, where i < j < k < h. The
system is empty if n =2, consists of one quadric only if n =3, 5 quadrics if n =4, etc.

A single, additional quadratic equation XT QX = 0, where X = (p¥) and Q is a symmetric
matrix of order dim A2V = (*1"), together with the equations that define Pliicker variety is a
quadratic line complex.

The lines of the quadratic line complex passing through a single point x in the projective
space form a quadratic cone. This x-dependent family of cones endows the projective space
with a conformal structure, the Monge metric. The Monge metric is obtained by considering

lines through two infinitesimally close points P, with coordinates [v!,...,v"*1], and P+ dP,
with coordinates [v! +dv!,... ;1" T! +dv"*1]. Then, the Pliicker coordinates are the minors
Pl =vidv —vdv, withi,j = 1,...,n+ 1, i <j, of the matrix
1 n+1
V e V
(vl H+dvt o4 dv”“) ' @5)

In affine coordinates, upon substituting v"*! = 1, dv**! = 0, the Monge metric is a quadratic
form with respect to the one-forms

wdd —du’, i <], du’ (4.6)

(modulo Pliicker variety); its coefficients are quadratic polynomials (but such a condition is not
enough to characterize Monge metrics). The above geometric construction has been exploited
by many geometers in the past, like A. Clebsch, S. Lie and C. Segre, but has been forgotten
until recently (see [14, 15] and references therein, and the history paper [33]).

From the above discussion, it is easy to generate an ansatz for a first-order operator P; that
is compatible with a constant-coefficient second-order operator R, using the formula (3.35)
and a generic Monge metric g;;.

We remark that also R, defines a projective variety in the same space as the above quadratic
line complex, according with the identification in [36]. More precisely, the two-form 7;;du’ A
di¢ can be made into a three-form 7;,+1dv' A dv/ A dv"*!, where 1,11 = 71, and this yields an
algebraic variety in P(A2V) defined by the equations n,;,-kp/k = (0 and Pliicker’s variety equations
(here 7;; is obtained from 7,41 = 7); by skew-symmetrization). Such a variety is a linear line
congruence. We will discuss it in the case n =4.

4.1 Casen = 2: classification

Theorem 4.1. Let R, and P; be Hamiltonian operators of the following shape:

0 1 i i i i kel i ia—l i
Rz(_l 0>7 P = 870 + T} + Wty 07 'l + w0 'wiadl. (4.7)

Then, the following conditions are equivalent:

e [Ry,P]=0;
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e The local part of P, is determined by an arbitrary non-degenerate Monge metric (gup)
through the formula (3.35). More explicitely, we have

gll _ C()(ul)2+C1ul +62,

1 1
g12 = cou1u2 + §C3M1 + Ecluz + cs,
g% = co(u?)? + c3u® + ¢y, (4.8)

where cg, c1, ¢a, C3, C4, C5 are arbitrary parameters. The nonlocal part of P; is given by
(WJ’) = —1/2c¢y1d, hence the operator is of Mokhov—Ferapontov type [12] and has the form

Pl =g, + TVl — cou' 07 il (4.9)

Proof. The unknown metric g/ can be reconstructed from a Monge metric using (3.35). In
this way, (3.3) will be solved by construction. Then, a simple calculation proves that the
equations (3.2) and (3.4) are verified.

From (3.1) we easily obtain w) = wi = 0 and w] = w3. If we use such conditions, all other
equations are identically verified, with the exception of (3.5) that yields the equation

co = —2w] = —2w3. (4.10)

Concerning the Hamiltonian conditions on P;, we see that (2.7) is verified by the contravari-
ant metric (4.8) and wj’: =-1/ 2c05} . Moreover, it is easy to calculate that the only nonzero

component of the curvature (g;) is R12 = —¢y; using the condition (4.10), we immediately see
that (2.8) is verified.
The Monge metric of the operator P is

. 242 2
g1 = co(u”)” +cau” +cq,

1 1
g1 = —cou'u? — Ecwl — Ecluz +cs,

g0 =co(u')? +cru' +c,.

It is easy to prove that the (symmetric) matrix Q of the corresponding quadratic line complex is
generic (up to the non-degeneracy requirement): if we fix Lie’s form of Pliicker’s coordinates

X' = (uldu2 — uzdul,dul,duz) 4.11)

the Monge metric g is the quadratic expression g = XT QX where

1 1
Co —3C3  3C1
1
Q = —1503 Cyq Cs (412)
§C1 Cs 2

This is a generic conic in P(V) (up to the non-degeneracy requirement on (g¥)).
O

Corollary 4.2. The Hamiltonian operator P; is local if and only if co = 0; in this case, the
operator coincides with the class that has been found in [25].

Note that locality is not preserved by projective reciprocal transformations.
We are ready to state the Projective Correspondence Theorem.
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Theorem 4.3 (Projective Correspondence Theorem). Let n=2. Then, a trio of mutually
compatible Hamiltonian operators P;, Q;, R» of the form (4.3) is equivalently given by any
two conics Cy, C in P(V), each of rank at least 2.

Proof. We observe that the action of projective reciprocal transformations on R, yields R,
multiplied by the determinant of the projective transformation, so R, is invariant under the
action of SL(V).

Then, the action of SL(V) on V induces an action on A2V that, in the case n =2, is bijective
on SL(A2V). This means that conics in P(A2V) can be classified by their rank (provided we
regard V as a complex vector space).

The rank of the quadratic line complex corresponding to a non-degenerate Monge metric
must be at least 2; a rank 1 quadratic line complex yields a degenerate Monge metric.

Finally, we observe that any pencil P; + AQ; of operators of the type (4.8) is of operators
of the same type, due to the linearity of the coefficients. That implies that any two operators
whose metric is defined by (4.8) are compatible. O

Remark 4.4. When n =2 the Pliicker variety is empty. Moreover, it is immediate to prove
that the algebraic variety defined by R, a linear line complex, degenerates to 0. So, no other
algebraic variety else than the two conics of the above statements come into play when n = 2.

A first projective classification of bi-Hamiltonian trios of the shape of theorem 4.1 can be
made in the following way.

Proposition 4.5. With respect to the action of projective reciprocal transformations, there are
two inequivalent classes of trios Ry, P;, Q; that are mutually compatible and of the type (4.7).
They are described by

1. Ry, P, Q1, where the quadratic line complex corresponding to Py > has rank 2 and Q; is
arbitrary, and

2. Ry, P13, Q1, where the quadratic line complex corresponding to Py 3 has rank 3 and Q; is
arbitrary.

The classification is far from being complete; indeed, finding the invariants of a pair of
quadratic forms is a well-known problem. Let us consider the pencil of conics C; — AC; in
IP2(C). The group SL(3,C) acts on the pencil in a natural way. The characteristic polynomial
of the pencil det(C; — AC;) is multiplied by a constant after the action of a group element,
hence its roots are invariants of the pencil.

Proposition 4.6. Let 1k(C;) = 3, and assume that the three roots of the characteristic polyno-
mial of the pencil det(Cy — \Cy) are distinct; denote them by \;, i =1, 2, 3. Then, there exists
a basis of C? such that C, = 1d and C, = diag()\;).

Proof. There exists a basis in which the pencil can be rewritten as Id —AC,. The group of
stabilizers of Id is SO(3,C). It is easy to prove that the characteristic vectors are independent:
indeed, they are eigenvectors of C;~ 'C,. Such vectors provide the basis in which the canonical
form of the statement is achieved. O

Historically, in the case when one of C;, C; is non-degenerate the problem was solved by
Weierstrass [37, 38], while in the degenerate case a solution was provided by Kronecker [20]
and Dickson [7]. See [35] for a modern treatment of the problem and related references.
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4.2. Casen =2: examples

We will consider, as the simplest example in n =2 components, the Poisson pencil of the
Kaup-Broer system (first obtained in [21]). The trio is defined by

0 o, (20 ow -
P‘—(ax o)’ PZ—(ulaeraf u28X+Bxu2>’ @13

0 -1
R_<1 0)@. (4.14)

The first-order operators have the leading coefficient matrices

(@-( o) @-(a 2) @15

The corresponding Monge metrics are

s=(0 ) (D)0 )= %) @10

and
T
_ 0 -1 2 u 0 -1 2u*  —u!
(82.00) = (1 0 ) <u1 2u2> (1 0 > = <—u1 2 ) -17)
We recall that Pliicker’s coordinates in Monge form are
W'di? — e, du',  du (4.18)

With respect to the above coordinates, the matrices of the quadratic line complexes take the
form

0 00 0 -1 0
O1=(0 0 1), O=(-1 0 O0]. (4.19)
010 0o 0 2
Indeed, it is easy to realize that
gz,abduadub =-2 (uldu2 — uzdul) du' +2du*du?, (4.20)

and similarly for the other Monge metric. We observe that Pliicker variety is empty for the
Pliicker embedding of P2, so the above quadratic forms provide the only defining equations
for the corresponding quadratic line complexes.

Remark 4.7. Note that rk(Q;) = 2 and rk(Q,) = 3. That means that, while Q; defines a third-
order homogeneous Hamiltonian operator according with [14], Q, does not define a local
third-order HHO (but see [4], as it could be nonlocal!).

Remark 4.8. Another remarkable example is the AKNS Hamiltonian trio (see [25] and refer-
ences therein); we will not calculate the corresponding quadratic line complexes here as they
can be found as in the above Example; however, both first-order operators are defined by a
Monge metric whose matrix Q has rank 2: Q; is the same as in the previous example and the
other is

0= (4.21)

(= ]
SN =
(=Nl
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4.3. Casen =4: classification

When n =4, we have been able to find a complete solution of the problem. We used the fol-
lowing algorithm.
First of all, we fix a second-order operator, for example

00 0 -1
oo -1 0|,
R=101 o ol® (4.22)
10 0 0

We observe that the corresponding 3-form is
n=—=2dv! Adv* Ady® —2dV* AdVP AV,

The equations of the corresponding linear line congruence are 7;p™* = 0, which translate into
the system

pH+p¥ =0,p°=0,i <5, (4.23)

which yield a linear line congruence upon intersection with Gr(2, V).

Reciprocal projective transformations act non-trivially on R,, but we will know all canonical
forms of the trios if we compute P; as the nonlocal and localizable first-order homogeneous
operators that are compatible with R,: [R,, P;] = 0. In this subspace of operators we must then
compute all pairs Py, Q; of operators that are compatible: [P, Q;] = 0 to form trios (see (4.3)
and thereafter).

We brought to an end the first part of the above programme: we computed all P, that are
compatible with R, and have the above form. The results are available at the link [28] and also
in the article’s supplementary information. The calculation was nontrivial and was performed
on a compute server of the Istituto Nazionale di Fisica Nucleare (INFN—Italian National
Institute of Nuclear Physics), using Reduce [19, 32] and about 64GB of RAM for 1 h.

It is worth to describe the algorithm that we used.

1. First of all, since we know that the metric of the first-order operator is a Monge metric, we
calculate the most general Monge metric in the case n =4. It is parametrized by a finite
number of constants.

2. We also know that w; are constants, and we use this information in the setup of the
computation. )

3. Christoffel symbols I'} are determined by the formula (3.30) in terms of w} and of new
unknown constants bZ Summarizing, the unknowns are constants, and are: the coefficients
in the Monge metric, the coefficients in the ‘tail’ w} and the coefficients bZ that make up I‘Z

4. Then, compatibility equations are solved. There are 2 groups of linear equations in the above
unknowns: (3.1) and (3.2). The conditions (3.3) and (3.5) are automatically satisfied. The
nonlinear condition is the associativity condition (3.4).

The Hamiltonian operator conditions on P; are (2.5) (which is linear with respect to the
unknowns), (2.4), (2.6) and (2.7) (which are nonlinear). Note that the equations (2.8) are
automatically fulfilled.

5. The overdetermined system solver CRACK [39, 40], a package working in Reduce, was
used to solve the above nonlinear algebraic equations. The solution obtained in this way is
too involved to be printed out here, since it consists of 288 subcases. The full list can be
found in a compressed folder available at the link [28] and also in the article’s supplementary
information.
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6. It is excessively complicated to write down all solutions of the compatibility conditions
from [Py, Q)] = 0, where P; and Q are two solutions of the above equations (think of each
of the 288 subcases to be used in a compatibility computation with another operator from
each of the 288 subcases). However, the solutions are computable in reasonable time with
modern computers, see below.

We observe that the results obtained are not exactly a classification of the trios with the
given R,; indeed, the reciprocal transformations act on R, with a stabilizer, that might be used
to reduce the number of constants in P;. At the moment, we do not consider this problem.

4.4. Casen=4: a subclass

In view of the complexity of the compatibility calculation of the operators in the full set of solu-
tions of [R,, P;] = 0, we can present here the results for a subset of all possible trios: namely,
those that are a direct generalization of the Kaup—Broer and the AKNS trios in section 4.2.

Indeed, we can observe that in those examples P; has always constant form (in particular,
its matrix is the ‘antidiagonal identity’). We can therefore postulate the form of P; (besides
the form of R,) as

01 00
1 0 00

P = 00 0 1 O (4.24)
0010

and then find, in the set of solutions of [R,, Q1] = 0 with the given ansatz of Q, those that are
compatible with Py: [Py,Q;] = 0.

We obtain 64 cases of first-order operators Q; as above. The computation is shorter than
that of [R»,Q>] = 0 only, and can be done on a modern laptop. It makes use of the packages
developed in [5] in order to calculate the conditions [P, Q;] = 0. Here, we will just show two
cases, one is local and the other is nonlocal.

4.4.1. Local case. The metric of the first-order operator is

2[7;11424—6‘55 Cs4 b%llf—i—bisul — C49 b}3M2—C34
(gij) _ Cs4 0 b{3u2 —C34 0 (4 25)
hé]u4+h{3u1 — C49 b{3u2—C34 2b}3u3+046 2b{3u4+631 )
b{3u2 —C34 0 2b}3u4+031 0
The free parameters are
3!, b1%, €31, ¢34, Cag, Ca9, €54, Cs5. (4.26)

Nonzero coefficients in the Christoffel symbols are determined by the only nonzero constants
b, which are

14 13 23 13 31 11
b2 :b17 b :bl7 b4 :b27

b33 _ bP bi4 _ b{3 b33 _ b%S
Y i N
It turns out that nonzero Christoffel symbols (in upper indices) are

11 11 13 13 14 13 23 13
il =pll TB=pB TH=p TB=p

31 _ pll 33 _ 113 34 _ 113 43 _ 113
P4 _b27 r _blv F4 _bla P4 _bl'

20
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4.4.2. Nonlocal case. The metric of the first-order operator is

0 csq — (u')?wi
(¢) = csq — (u')?w? 2b%2u + 53 — 2u'vPwi
0 —(caq +u'uPw?)
—(cau+ulPw?) b — o3 —ulutwi —PuPw?
0 —(c3q +u'Pw?)
—(cag+u'Pw?)  bPud — c33 — ulutw? — vPuPw? 4.27)
0 _ ( 3)2 2 .
C31 u w1
ez — (u®)*w? o8 — 2ulutw?

The nonlocal part is defined by the free parameter w} (with the requirement w} # 0) and the
equations
4

wi=wi, w; =0 otherwise. (4.28)
The free parameters are
22
bi”,wai,€28,€31,€33,C34,C53,C54 (4.29)
The only nonzero constants bZ are
22 42 _ 122

The nonzero Christoffel symbols are

3.2

12 1,2 14 21 1
Fl = —U W17 Fl = —U W17 Fl = —U 1’1/'17 1 MW17
F%z = —ulw%7 F? = —u3w% F%“ = —u4w%, F%4 = —u3w%,

32 =—u'wi, T3=-uwl, T =—u'w? TP=07—i’w}

42 _ 12 43 _ 32 44 4.2 44 3,2
I'y=—-uwy, Iy =—ww), I3 =-uw, I')J=-uw
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