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Abstract: The dynamics of the Caputo-fractional variable-order difference form of the Tinkerbell map
are studied. The phase portraits, bifurcation, and largest Lyapunov exponent (LLE) were employed to
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1. Introduction

Nonlinear dissipative dynamical systems with at least one positive Lyapunov ex-
ponent, certain cross-product terms allowing dynamical effects between distinct state
variables of the systems and all constrained system orbits are referred to as chaotic systems.
Chaotic systems are investigated for being extraordinarily sensitive to little changes in
their initial conditions [1]. An important feature of chaotic systems is their strange at-
tractors; they are described by a fractal structure and a complex arrangement of points.
Firstly, this chaotic behavior was seen in the dynamical systems with continuous time and
it was considered to be an unfavorable characteristic. Researchers soon discovered that
chaotic systems can also be discrete. In the examination of a meteorological model, a major
revelation on chaos was made (Lorenz, 1963) [2]. The Lorenz system is an essential 3D
chaotic system concept. Lorenz (1963) developed a system for describing chaotic systems,
which has led to the discovery of certain 3D chaotic systems, such as the logistics map [3],
Rössler map [4], 3D Stefanski systems [5], Hénon map [6], Lozi map [7], Sprott map [8],
Chen system [9], and others.

Fractional calculus is an old mathematical concept that was created by mathematicians,
such as Leibniz, Riemann, Liouville, and others [10]. However, it has not attracted much
attention until the past few decades. Due to the complexity of its calculation and the
ambiguity of its geometric importance, researchers discovered that fractional calculus can
precisely explain several anomalous events, and it is now widely utilized to describe various
mathematical issues in science and engineering [11–15]. The analysis of the dynamics of
chaotic systems with fractional order has received a lot of attention, and significant results
have been obtained. For instance, in [16], the dynamics of the discrete fractional Duffing
system were analyzed; in [17], the dynamics, control, and synchronization of the fractional
Ikeda map were investigated. However, even though the constant fractional calculus
concept may handle certain significant physical issues, it is unable to capture significant
kinds of physical events in which the order is a function of either dependent or independent
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variables. As a result, it implies that there are categories of physical problems that are better
characterized by variable-order operators [18,19]. In [20], the authors introduced the first
variable fractional order operator concept.

In 1993, S.G Samko and B. Ross studied operators with non-constant order derivatives
or integrals. Finally, they investigated the notions of variable order derivatives and inte-
grals when the orders of the fractional operators were feasible functions of time, space, etc.
They also stated some of their characteristics. As a result, they developed the theory of frac-
tional calculus, which has applications [21], such as in physics [22], signal processing [23],
petroleum engineering [24], modeling of viscoelasticity oscillators [25], and mechanics [26].
Numerical solutions of a variable order fractional financial system are presented in [27];
in [28], the predator–prey model involving the variable order fractional differential equation
with Mittag–Leffler kernel was analyzed. In [29], the authors studied the variable-order
fractional chaotic maps: Chen’s map, logistic map, and Hénon map.

The chaotic discrete-time Tinkerbell map with the following formula is the subject of
this study’s investigation:{

x(n + 1) = x2(n)− y2(n) + θx(n) + βy(n),
y(n + 1) = 2x(n)y(n) + ρx(n) + ηy(n),

(1)

where η, θ, ρ, and β are parameters and n is the step of the discrete iteration.
The map’s name (1) is derived from the classic Cinderella narrative because the

map’s path resembles Tinkerbell’s in the Disney film adaptation of the fictional story.
Many researchers have investigated the Tinkerbell map because it includes many dynamics,
such as a variety of periodic phases and chaotic behavior. For example, references [30–33]
investigated its bifurcation under various situations and initial conditions. In [34], a more
detailed investigation was carried out where the authors found factors that led to flip
bifurcation, Hopf bifurcation, and fold bifurcation in the Tinkerbell map. In [35], the authors
analyzed the dynamics of the Tinkerbell map with fractional order. The major purpose of
this research was to improve the results obtained in [35] by using the Caputo-difference
form of the Tinkerbell map with the fractional variable-order. The fractional variable-order
form is likely to exhibit even more complex dynamics.

The research is organized as follows. Firstly, some definitions of discrete fractional
calculus are presented. Then, the fractional variable-order Tinkerbell map is proposed.
In addition, the dynamics of the proposed model along phase portraits, bifurcation, the
largest Lyapunov exponent (LLE) diagrams, approximate entropy (ApEn), and the 0–1 test
are analyzed. Finally, numerical simulations are executed to illustrate the obtained results.

2. Fractional Variable-Order Discrete-Time of the Tinkerbell Map

Before presenting the Tinkerbell map with the variable order, some essential theories
according to the concept of the fractional calculus with discrete-time are given. In this
paper, c∆µ

d v(r) represents the µ-Caputo type delta difference of the function v(r) : Nd → R
with Nd = {d, d + 1, d + 2...} and d ∈ R fixed, which is defined as [36]:

c∆µ
d v(r) = ∆−(n−µ)

d ∆nv(r) =
1

Γ(n− µ)

r−(n−µ)

∑
σ=d

(r− σ− 1)(n−µ−1)∆nv(σ), (2)

for µ /∈ N, where r ∈ Nd+n−µ and n = [µ] + 1. The µ-th fractional sum of v(r)
is given as [37] :

∆−µ
d v(r) =

1
Γ(µ)

r−µ

∑
σ=d

(r− σ− 1)(µ−1)v(σ), (3)

with r ∈ Nd+µ and µ > 0. The term r(µ) is the falling function, which is given by:
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r(µ) =
Γ(r + 1)

Γ(ω)
, (4)

where ω = r + 1− µ and

∆nv(r) = ∆(∆n−1v(r)) =
n

∑
k=0

(
n
k

)
(−1)n−kv(r + k), r ∈ Nd. (5)

The standard forward difference operator, ∆v(r) = v(r + 1)− v(r), is used to obtain
the ’difference’ form of the system (1):{

∆x(n) = x2(n)− y2(n) + (θ − 1)x(n) + βy(n),
∆y(n) = 2x(n)y(n) + ρx(n) + (η − 1)y(n).

(6)

In the above system, when replacing n by ω = r− 1 + µ and the difference operator ∆
by the Caputo-like difference operator c∆µ

d , the difference system with the fractional-order
is obtained as: { c∆µ

d x(r) = x2(ω)− y2(ω) + (θ − 1)x(ω) + βy(ω),
c∆µ

d y(r) = 2x(ω)y(ω) + ρx(ω) + (η − 1)y(ω),
(7)

where r ∈ Nd+1−µ, b is the starting point and µ ∈]0, 1] is the fractional-order parameter.
Now, replacing the Caputo-like difference operator c∆µ

d by the variable-order operator
c∆µ(r)

d , the fractional variable-order Tinkerbell map is given by:{
c∆µ(r)

d x(r) = x2(ω)− y2(ω) + (θ − 1)x(ω) + βy(ω),
c∆µ(r)

d y(r) = 2x(ω)y(ω) + ρx(ω) + (η − 1)y(ω),
(8)

where r ∈ Nd+1−µ(r), µ(r) ∈]0, 1], µ(r), and b are the variable order and the starting point,
respectively.

3. Dynamics of the Tinkerbell Map with the Fractional Variable-Order

This section is devoted to numerical techniques for evaluating the dynamics of the
suggested fractional Tinkerbell map with the variable-order (8). The discrete numerical
formula is necessary to evaluate the solutions of the discrete Tinkerbell map with the
fractional variable-order.

Now, the solution of the difference system fractional variable-order obtained in (8) is
given by

x(r) = x(d) + 1
Γ(µ(r))

σ−µ(r)
∑

σ=d+1−µ(r)
(r− σ− 1)(µ(r)−1){x2(σ + µ(r)− 1)− y2(σ + µ(r)− 1)

+(θ − 1)x(σ + µ(r)− 1) + βy(σ + µ(r)− 1)},

y(r) = y(d) + 1
Γ(µ(r))

σ−µ(r)
∑

σ=d+1−µ(r)
(r− σ− 1)(µ(r)−1){2x(σ + µ(r)− 1)y(σ + µ(r)− 1)

+ρx(σ + µ(r)− 1) + (η − 1)y(σ + µ(r)− 1)},

(9)

where r ∈ Nd+1 (see [38]). As a result, since (r − σ − 1)(µ(r)−1) = Γ(r−σ)
Γ(r−σ+1−µ(r)) and for

d = 0, the numerical formula is obtained by
x(n) = x(0) +

n
∑

j=1

Γ(n−j+µ(j))
Γ(µ(j))Γ(n−j+1){x

2(j− 1)− y2(j− 1) + (θ − 1)x(j− 1) + βy(j− 1)},

y(n) = y(0) +
n
∑

j=1

Γ(n−j+ν(j)
Γ(µ(j))Γ(n−j+1){2x(j− 1)y(j− 1) + ρx(j− 1) + (η − 1)y(j− 1)}.

(10)
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Now, the states of the fractional variable-order Tinkerbell map can be determined
by using Formula (10); therefore, the plots of the bifurcation diagrams, time series of
the states, and phase portraits can be obtained. The initial condition and parameters are
taken from [35], i.e., (θ, β, ρ, η) = (0.9,−0.6013, 2, 0.5) and (x(0), y(0)) = (−0, 72,−0.64).
Figure 1 illustrates the time evolution of the states when µ(r) = 0.03 cos(r/10) + 0.97.
It is more efficient to display the map’s trajectories in the state space because the discrete-
time series in Figure 1 does not definitely demonstrate the absence or presence of chaos.
Figure 2 displays the phase plots for several fractional variable-order functions: µ(r) =
0.03 cos(r/10) + 0.97, µ(r) = 0.03 cos(r/2) + 0.97, µ(r) = 0.05 cos(r) + 0.94 and µ(r) =
tanh(1 + r). One can see that the trajectory almost disappears when µ(r) = 0.03 cos(r/2) +
0.97, but the overall Tinkerbell shape remains valid for the other fractional variable-
order functions.
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Figure 1. Time evolution of the system (8) states for the fractional variable-order µ(r) = 0.03
cos(r/10) + 0.97.

µ(r) = tanh(1 + r) µ(r) = 0.03 cos(r/10) + 0.97
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µ(r) = 0.03 cos(r/2) + 0.97 µ(r) = 0.05 cos(r) + 0.94
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Figure 2. Phase portraits of the Tinkerbell map with fractional variable-order (8) with distinct
fractional variable-orders.

Although phase portraits indicate the behavior of the map, a fuller view comes only
after seeing the bifurcation of the map as a function of many parameters.

3.1. Bifurcation and Largest Lyapunov Exponents (LLE)

In this section, the bifurcation diagram and largest Lyapunov exponents are employed
to study the dynamics of the Tinkerbell map with the fractional variable-order (8). Here,
β ∈ [−0.6,−0.2] is considered a critical parameter and ∆β = 0.0025. Figure 3 shows the
bifurcation diagrams, which were derived using identical initial conditions and parameters
as before. One can see that by considering the variable-order functions, the chaos exists
for certain ranges of the parameter β. Although bifurcation diagrams are important in
detecting the presence of chaos, the most useful tools are Lyapunov exponent(s) (LE). They
can be calculated by using the Jacobian matrix method. The Lyapunov exponents are
defined as [39]:

LEk(x0) = lim
i→∞

1
i

ln | λ
(i)
k | f or k = 1, 2, (11)

where λk represent the eigenvalues of the matrix Ji given by:

Ji =

[
ai bi
ci di

]
, (12)

where

ai = a0 +
n
∑

j=1

Γ(n−j+µ(j))
Γ(µ(j))Γ(n−j+1){ai(2x + θ − 1) + bi(2y + ρ)},

bi = b0 +
n
∑

j=1

Γ(n−j+µ(j))
Γ(µ(j))Γ(n−j+1){ai(β− 2y) + bi(2x + η − 1)},

ci = c0 +
n
∑

j=1

Γ(n−j+µ(j))
Γ(µ(j))Γ(n−j+1){ci(2x + θ − 1) + di(2y + ρ)},

di = d0 +
n
∑

j=1

Γ(n−j+µ(j))
Γ(µ(j))Γ(n−j+1){ci(β− 2y) + di(2x + η − 1)},

and [
a0 b0
c0 d0

]
=

[
1 0
0 1

]
. (13)

It is well known that when λmax is positive, the map is chaotic. Figure 4 illustrates the
Lyapunov exponents with identical initial conditions, parameters, and fractional variable-
order functions using the previous bifurcation plots (see Figure 3). Comparing the obtained
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results in Figures 3 and 4, one can say that the (LLE) agrees well with the bifurcation dia-
grams.

µ(r) = tanh(1 + r) µ(r) = 0.03 cos(r/10) + 0.97

µ(r) = 0.03 cos(r/2) + 0.97 µ(r) = 0.05 cos(r) + 0.94

Figure 3. Bifurcation diagrams of the fractional variable-order Tinkerbell map (8) with β ∈
[−0.6,−0.2] changed in steps of ∆β = 0.0025, parameters (θ, ρ, η) = (0.9, 2, 0.5), initial condition
(x(0), y(0)) = (−0.72,−0.64), and different fractional variable-orders.
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µ(r) = tanh(1 + r) µ(r) = 0.03 cos(r/10) + 0.97
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Figure 4. Plots of the largest Lyapunov exponents versus the parameter β of the system (8) with
distinct functions of the fractional variable-order.

3.2. The 0–1 Test

The 0–1 test tool [40] was used to analyze the dynamics of the Tinkerbell chaotic
map with the fractional variable-order. The 0–1 test for chaos is another indicator, it
was used to validate chaos from a time series. To represent this method, a set of states
{u(l), l = 1, 2, . . . L} was analyzed; the translation components p and q are given as:

p(l) =
l

∑
i=1

u(i) cos(ic), (14)

q(l) =
l

∑
i=1

u(i) sin(ic), (15)

where l ∈ {1, 2, . . . L} and c are chosen randomly in (0, π).
By using p and q, the mean square displacement was determined by the following

formula:

Mc =
1
L

L

∑
i=1

((p(i + l)− p(i))2 + (q(i + l)− q(i))2), l <
L
10

. (16)
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The asymptotic growth rate was calculated by:

Kc = lim
l→∞

log Mc

log l
. (17)

Thus, the system is chaotic when K = median(Kc) approaches 1, and it is periodic
when K approaches 0. Generally, if the system is regular, then the p− q trajectories are
bounded; when the p − q trajectories are unbounded, the system is chaotic. To detect
the chaotic behavior of the Tinkerbell map with the fractional variable-order, Figure 5
shows the asymptotic growth rate K with distinct fractional variable-orders and p − q
plots are depicted in Figures 6 and 7. The state u(l) is obtained by using identical initial
conditions and parameters in Figure 3. In our results, the asymptotic growth rate K of
the proposed map (8) approaches 1 for a specific range of β, which proves the existence
of chaos. The results of the 0–1 test are consistent with the bifurcation and largest(LE)
diagrams.

µ(r) = tanh(1 + r) µ(r) = 0.03 cos(r/10) + 0.97
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Figure 5. The 0–1 test plots of the Tinkerbell system with the fractional variable-order (8) for different
fractional variable-orders.
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µ(r) = tanh(1 + r)
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Figure 6. The p-q plots of the 0–1 test of the system (8) with different fractional variable-orders and
values of β: (a) β = −0.6013, (b) β = −0.30, (c) β = −0.58, (d) β = −0.31.
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µ(r) = 0.03 cos(r/2) + 0.97
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Figure 7. The p-q plots of the 0–1 test of the Tinkerbell map with the fractional variable-order (8) for
distinct fractional variable-orders and values of β: (a) β = −0.26, (b) β = −0.34, (c) β = −0.6013,
(d) β = −0.37.

3.3. The Approximate Entropy

Here, the complexity of the system (8) is described by using approximate entropy,
which is defined as follows. (ApEn) assigns non-negative numbers where higher values
show higher complexity. Let w(1), w(2), . . . w(M) be a set of discrete states and present
M−m + 1 vectors by:

W(j) = [w(j), . . . w(j + m− 1)]. (18)

The given vectors are the m consecutive w values, which begin with the jth state.
Note that the value of the approximation entropy (ApEn) depends on two principal pa-
rameters: the tolerance r and the embedding dimension m. In this case, r = 0.2std(w) and
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m = 2 where std(w) presents the standard deviation of the data w. Define the following
formula:

Cm
j (r) =

k
M−m + 1

, f or j ∈ [1, M−m + 1], (19)

where k is the number of W(j), which verifies the condition d(W(j), W(l)) ≤ r and
d(W(j), W(l)) represents the distance between W(j) and W(l), the approximation en-
tropy [41] is defined as:

ApEn = χm(r)− χm+1(r), (20)

where χm(r) is given by

χm(r) =
1

M−m− 1

M−m+1

∑
j=1

log Cm
j (r). (21)

Figure 8 illustrates the approximate entropy (ApEn) of the proposed map (8) for
several functions of the fractional variable-order.
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Figure 8. ApEn plots of the Tinkerbell map with the fractional variable-order (8) for several frac-
tional variable-orders.
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4. Conclusions and Future Works

In this research, the Caputo-difference form of the Tinkerbell map with fractional
variable-order was studied. Phase-space portraits, bifurcation, and the largest Lyapunov
exponent (LLE) indicate that the dynamics of the proposed system are dependent on the
fractional variable-order. The 0–1 test and the approximation entropy (ApEn) confirmed
our results obtained by the phase plots, bifurcation, and the largest Lyapunov exponent
(LLE) diagrams. The results found in this work assure the successfulness of the fractional
variable-order on the Tinkerbell map. One of the future goals is to use such systems
and their applications in encryption and secure communications since the change of the
fractional order to a fractional variable order makes the encryption more powerful.
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