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ARTICLE INFO ABSTRACT

Editor: Y Lozano The exact localization result for the expectation value of the : BPS circular Wilson loop in
Keywords: N =4 SYM theory is given in the planar limit by the famous Bessel function expression: (W) =
AdS/CFT correspondence %I ,(\/;). Expanded in large 4 and expressed in terms of the AdSs x S° string tension T = ‘z/—j
Green-Schwarz string N 3

1 BPS Wilson loop this gives (W) = qez’”(l -7 -+ ...).The exponential is matched by the value of the action
2 2, vd

of the string with the AdS, world volume while the prefactor comes from the 1-loop GS string
correction. Here we address the question of how the subleading 7-! term could be reproduced
by the 2-loop correction in the corresponding partition function of the AdSs x S° GS string ex-
panded near the AdS, minimal surface. We find that the string correction contains a non-zero
UV logarithmic divergence implying that comparison with the SYM result requires a particular
subtraction prescription. We discuss implications of this conclusion for checking the AdS/CFT
duality at strong coupling.

1. Introduction

Even in the most symmetric example of AdS/CFT duality — between N = 4 SYM and AdSs x S° superstring — the two sides are not
on an equal footing. While the N = 4 SYM has a well-defined perturbation theory, the AdSs x S° superstring in the Green-Schwarz
description is represented by a formally non-renormalizable 2d action and a priori is not unambiguously defined at the quantum level
beyond the semiclassical 1-loop approximation.

Indeed, already in the case of t he flat target space the 2-loop world-sheet S-matrix of the GS string expanded near the long-string
vacuum contains UV poles. One is thus required to add some specific (divergent and finite) counterterms order by order in loop
expansion in order to maintain its consistency with quantum integrability [1].!

Postulating that quantum AdSs x S° GS theory should have a formulation consistent with integrability implies that its classical
action should be expected to be supplemented with a particular set of 2-loop, etc., higher-derivative counterterms. While the GS
action itself (or the string tension) should not be renormalized due to symmetries of the action [3], the logarithmic divergences do
appear in the 2-loop diagrams [4].
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\begin {align}\bar {\theta }^{I}\Gamma ^{ \hata }D\theta ^{I} &=\te \bar {\theta }^{I}\Gamma ^{ \hata }(\nabla \theta ^{I}-\frac {i}{2}\epsilon ^{IJ}E^{\hbeta }\Gamma _{*}\Gamma _{\hbeta }\theta ^{J} +\frac {1}{4}\Omega ^{ij}\Gamma _{ij}\theta ^{I}+\frac {1}{4}\Omega ^{a'b'}\Gamma _{a'b'}\theta ^{J}) \nonumber \\ &\te = \bar {\theta }\Gamma ^{ \hata }\mathfrak {D}\theta -\frac {1}{4}x^2 e^{\hbeta }(\bar {\theta }\Gamma ^{ \hata }\Gamma _{123}\Gamma _{\hbeta }\theta ) - \frac {1}{4}x^{i}dx^{j}(\bar {\theta }\Gamma ^{ \hata }\Gamma _{ij}\theta ) +\frac {1}{4}y^{a'}dy^{b'}(\bar {\theta }\Gamma ^{ \hata }\Gamma _{a'b'}\theta )+\dots \ , \label {2348}\\ \te \bar {\theta }^{I}\Gamma ^{p}D\theta ^{I} &\te = \bar {\theta }^{I}\Gamma ^{p}(\frac {1}{2}\Omega ^{ \hata j}\Gamma _{ \hata }\Gamma _{j}\theta ^{I}-\frac {i}{2}\epsilon ^{IJ}E^{j}\Gamma _{*}\Gamma _{j}\theta ^{J}-\frac {i}{2}\epsilon ^{IJ}E^{a'}\Gamma _{*}\Gamma _{a'}\theta ^{I}) \nonumber \\ & \te = \frac {1}{2} e^{ \hata }x^{j}(\bar {\theta }\Gamma ^{p}\Gamma _{ \hata }\Gamma _{j}\theta )+\frac {i}{2}dx^{j}(\bar {\theta }\Gamma \Gamma ^{p}\Gamma _{*}\Gamma _{j}\theta ) + \tfrac {i}{2}dy^{a'}(\bar { \theta }\Gamma \Gamma ^{p} \Gamma _{*}\Gamma _{a'}\theta )+\dots . \label {2347}\end {align}


$_{2}$


$e^{\hata }_\mu $


$\G _\a $


\begin {align}h_{\alpha \beta } =&\te L^{A}_{\alpha }L_{A\beta } = E^{A}_{\alpha }E^{A}_{\beta }-2i(1+\frac {1}{2}x^2) (\bar {\theta }\gamma _{(\alpha }\mathfrak {D}_{\beta )}\theta ) +\frac {i}{2}x^2\bar {\theta }\gamma _{(\alpha }\Gamma _{123}\gamma _{\beta )}\theta \nonumber \\ &\te +\frac {i}{2}x^{i}\partial _{(\alpha }x^{j}(\bar {\theta }\gamma _{\beta )}\Gamma _{ij}\theta )-\frac {i}{2}y^{a'}\partial _{(\alpha }y^{b'}(\bar {\theta }\gamma _{\beta )}\Gamma _{a'b'}\theta )- (\bar {\theta }\gamma ^{\mu }\mathfrak {D}_{\alpha }\theta )(\bar {\theta }\gamma _{\mu }\mathfrak {D}_{\beta }\theta ) \nonumber \\ & -iE^{p}_{(\alpha }\Big {[} x^{j}(\bar {\theta }\Gamma ^{p}\gamma _{\beta )}\Gamma _{j}\theta ) + \partial _{\beta )}x^{j}(\bar {\theta }\Gamma ^{p}\Gamma _{123}\Gamma _{j}\theta ) + \partial _{\beta )}y^{a'}(\bar {\theta }\Gamma ^{p}\Gamma _{123}\Gamma _{a'}\theta )\Big {]} \label {2370} \\ &\te -\frac {1}{6}(\bar {\theta }\Gamma _{123}\theta )(\bar {\theta }\gamma _{(\alpha }\mathfrak {D}_{\beta )}\theta ) - \frac {i}{12}(\bar {\theta }\gamma _{(\alpha }\Gamma ^{ij}\theta )(\bar {\theta }\hGamma \Gamma _{ij}\Gamma _{*}\mathfrak {D}_{\beta )}\theta )+\frac {i}{12}(\bar {\theta }\gamma _{(\alpha }\Gamma ^{a'b'}\theta )(\bar {\theta }\hGamma \Gamma _{a'b'}\Gamma '_{*}\mathfrak {D}_{\beta )}\theta ) + \dots . \no \end {align}


\begin {align}& -\sqrt {-h} =\te -\sqrt {-\h } +i\sqrt {-\h }\, \h ^{\alpha \beta }\bar {\theta }\gamma _{\alpha }\mathfrak {D}_{\beta }\theta + \sqrt {-g}\Big {[}\frac {i}{2}x^2 \bar {\theta }\slashed {\mathfrak {D}}\theta +\frac {i}{2}x^2\bar {\theta }\Gamma _{123}\theta +\frac {i}{4}(x^{i}\partial _{\alpha }x^{j})(\bar {\theta }\gamma ^{\alpha }\Gamma _{ij}\theta )\no \\ &\te +\frac {i}{4}(y^{a'}\partial _{\alpha }y^{b'})(\bar {\theta }\gamma ^{\alpha }\Gamma _{a'b'}\theta ) +\frac {1}{2}(\bar {\theta }\gamma ^{\rho }\mathfrak {D}_{\alpha }\theta )(\bar {\theta }\gamma _{\rho }\mathfrak {D}^{\alpha }\theta ) + \frac {1}{2}(\bar {\theta }\slashed {\mathfrak {D}}\theta )^2-g^{\alpha \beta }g^{\gamma \delta }(\bar {\theta }\gamma _{(\alpha }\mathfrak {D}_{\gamma )}\theta )(\bar {\theta }\gamma _{(\beta }\mathfrak {D}_{\delta )}\theta ) \nonumber \\ &\te +\frac {1}{12}(\bar {\theta }\Gamma _{123}\theta )(\bar {\theta }\slashed {\mathfrak {D}}\theta ) + \frac {i}{24}(\bar {\theta }\gamma ^{\alpha }\Gamma ^{ij}\theta )(\bar {\theta }\Gamma \Gamma _{ij}\Gamma _{*}\mathfrak {D}_{\alpha }\theta )-\frac {i}{24}(\bar {\theta }\gamma ^{\alpha }\Gamma ^{a'b'}\theta )(\bar {\theta }\Gamma \Gamma _{a'b'}\Gamma '_{*}\mathfrak {D}_{\alpha }\theta ) \nonumber \\ &\te +\frac {i}{2}\partial ^{\alpha }x^{i}\partial _{\a }x^{j}\, \bar {\theta }\Gamma _{i}\Gamma _{123}\Gamma _{j}\theta \Big {]}+ \dots . \label {2390}\end {align}


$\h _{\alpha \beta }$


$g_{\alpha \beta }$


$_{2}$


\begin {align}\te \sqrt {-\h }\, \h ^{\alpha \beta } = \sqrt {-g}\Big [g^{\alpha \beta }-\partial ^{\alpha }x^{i}\partial ^{\beta }x^{i}-(\partial ^{\alpha }y^{a'})(\partial ^{\beta }y^{a'})+\frac {1}{2}g^{\alpha \beta }\big ((\partial x)^2+(\partial y)^2\big )+\dots \Big ] .\label {4000}\end {align}


\begin {align}\rm {s}^{IJ}\bar {\theta }^{I}\Gamma ^{\hata }L_{s}^{J}=&\te s\, \rm {s}^{IJ}\bar {\theta }^{I}\Gamma ^{\hata }D\theta ^{J}-\frac {is^3}{6}\epsilon ^{\hata \hbeta }(\bar {\theta }\Gamma _{123}\theta )(\bar {\theta }\Gamma _{\hbeta }\mathfrak {D}\theta ) \nonumber \\ &\te +\frac {s^3}{12}(\bar {\theta }\Gamma ^{\hata }\Gamma ^{ij}\hGamma \theta )(\bar {\theta }\hGamma \Gamma _{ij}\Gamma _{*}\mathfrak {D}\theta )-\frac {s^3}{12}(\bar {\theta }\Gamma ^{\hata }\Gamma ^{a'b'}\hGamma \theta )(\bar {\theta }\hGamma \Gamma _{a'b'}\Gamma '_{*}\mathfrak {D}\theta )+\OO (\theta ^6) \ , \label {247}\\ \rm {s}^{IJ}\bar {\theta }^{I}\Gamma ^{p}L_{s}^{J}=&s\, \rm {s}^{IJ}\bar {\theta }^{I}\Gamma ^{p}D\theta ^{J}+\OO (\theta ^6) .\label {2448}\end {align}


\begin {align}&-2i \rm {s}^{IJ} \int _{0}^{1}ds \, \epsilon ^{\alpha \beta }L^{A}_{\a s} \bar {\theta }^{I}\Gamma ^{A}L_{\beta s}^{J} \te =\sqrt {-g} \Big \{ i(1+\frac {1}{2}x^2+\dots )\bar {\theta }\gamma ^{\beta }\Big [\mathfrak {D}_{\beta }\theta -\frac {1}{4}x^4\Gamma _{123}\gamma _{\beta }\theta \no \\ &\te \label {3303} \qquad \qquad -\frac {1}{4}x^{i}\partial _{\beta } x^{j}\, \Gamma _{ij}\theta +\frac {1}{4}y^{a'}\partial _{\beta }y^{b'}\, \Gamma _{a'b'}\theta +\dots \Big ] +\frac {1}{12} (\bar {\theta }\Gamma _{123}\theta )(\bar {\theta }\slashed {\mathfrak {D}}\theta ) \\ &\qquad \qquad \te +\frac {i}{24} (\bar {\theta }\gamma ^{\beta }\Gamma ^{ij}\theta )(\bar {\theta }\hGamma \Gamma _{ij}\Gamma _{*}\mathfrak {D}_{\beta }\theta ) - \frac {i}{24} (\bar {\theta }\gamma ^{\beta }\Gamma ^{a'b'}\theta )(\bar {\theta }\hGamma \Gamma _{a'b'}\Gamma '_{*}\mathfrak {D}_{\beta }\theta ) \nonumber \\ &\qquad \te +\frac {1}{2} \Big {[} (\bar {\theta }\slashed {\mathfrak {D}}\theta )^2 - (\bar {\theta }\gamma _{\beta }\mathfrak {D}_{\alpha }\theta )(\bar {\theta }\gamma ^\a \mathfrak {D}^\beta \theta )\Big {]} +\frac {i}{2} x^{j}\partial _{\alpha }x^{p} ( \bar {\theta }\gamma ^{\alpha } \Gamma _{p} \Gamma _{j}\theta ) \Big \} - \frac {1}{2}\epsilon ^{\alpha \beta }\partial _{\alpha }x^{i}\partial _{\beta }x^{j}(\bar {\theta }\Gamma _{i}\Gamma _{*}\Gamma _{j}\theta )+\dots , \no \end {align}


$\epsilon ^{\alpha \beta }(\bar {\theta }\gamma _{\delta }\mathfrak {D}_{\alpha }\theta )(\bar {\theta }\gamma ^{\delta }\hGamma \mathfrak {D}_{\beta }\theta ) = -\sqrt {-g}\big {[}(\bar {\theta }\slashed {\mathfrak {D}}\theta )^2 - (\bar {\theta }\gamma _{\beta }\mathfrak {D}_{\alpha }\theta )(\bar {\theta }\gamma ^\a \mathfrak {D}^\beta \theta )\big {]}$


$\theta \rightarrow \frac {1}{2}\theta $


$\sqrt {-g}$


\begin {align}\mathcal {L}_{\rm f}= & \ha i\bar {\theta }\slashed {\mathfrak {D}}\theta + \mathcal {L}_{\rm 4f} + \ldots \ , \label {404}\\ \mathcal {L}_{\rm 4f} = & \te \frac {1}{4}i \Big {[} x^2g^{\alpha \beta }-\partial ^{\alpha }x^{i}\partial ^{\beta }x^{i}-\partial ^{\alpha }y^{a'}\partial ^{\beta }y^{a'}+\frac {1}{2}g^{\alpha \beta }\big ((\partial x)^2+(\partial y)^2\big )\Big {]} \bar {\theta }\gamma _{\alpha }\mathfrak {D}_{\beta }\theta \nonumber \\ &\te +\frac {i}{8}\big {(} \partial ^{\alpha }x^{i}\partial _{\alpha }x^{i}+2x^2-\partial ^{\alpha }y^{a'} \partial _{\alpha }y^{a'}\big {)}\bar {\theta }\Gamma _{123}\theta \nonumber \\ &\te +\frac {1}{96}(\bar {\theta }\Gamma _{123}\theta )(\bar {\theta }\slashed {\mathfrak {D}}\theta )+\frac {i}{192}(\bar {\theta }\gamma ^{\a }\Gamma ^{ij}\theta )(\bar {\theta }\hGamma \Gamma _{ij}\Gamma _{*}\mathfrak {D}_{\a }\theta ) - \frac {i}{192}(\bar {\theta }\gamma ^{\a }\Gamma ^{a'b'}\theta )(\bar {\theta }\hGamma \Gamma _{a'b'}\Gamma '_{*}\mathfrak {D}_{\a }\theta ) \nonumber \\ &\te +\frac {1}{16} (\bar {\theta }\slashed {\mathfrak {D}}\theta )^2 - \frac {1}{16} (\bar {\theta }\gamma ^{\alpha }\mathfrak {D}^{\beta }\theta )(\bar {\theta }\gamma _{\beta }\mathfrak {D}_{\alpha }\theta ) +\dots \ , \label {2431}\\ &\te \mathfrak {D}_\a \theta \equiv \nabla _\a \theta +\frac {1}{2}\gamma _{\alpha }\Gamma _{123}\theta \ ,\qquad \ \ \ \
\slashed {\mathfrak {D}} = \slashed {\nabla }+\Gamma _{123} .\label {2455}\end {align}


\begin {equation}\Delta \mc L= \tfrac {i}{2}(x^{i}\partial _{\alpha }x^{j})(\bar {\theta }\gamma ^{\alpha }\Gamma _{ij}\theta ) +\tfrac {i}{2}(y^{a'}\partial _{\alpha }y^{b'})(\bar {\theta }\gamma ^{\alpha }\Gamma _{a'b'}\theta ) - \tfrac {1}{2\sqrt {-g} }\epsilon ^{\alpha \beta }\partial _{\alpha }x^{i}\partial _{\beta }x^{j}(\bar {\theta }\Gamma _{i}\Gamma _{*}\Gamma _{j}\theta )\ , \label {5566}\end {equation}


$_{2}$


$_{\rd }$


$\rd =1+d, \, d=1-2 \eps $


$\rd =2$


$_{1+d}$


$_{1+d}$


$_{1+d}$


$\w ^{\mu }=(z, w^{r})$


$S^5$


\begin {align}\label {32} &\hat S = \frac {1}{2}\int d^{d+1}\w \, \sqrt {g}(g^{\mu \nu } {\partial }_{\mu }\phi {\partial }_{\nu }\phi +m^{2}\phi ^{2}), \qquad ds^2 = g_{\mu \nu }(\w ) d \w ^\mu d \w ^\nu = {1\ov z^2} ( dz^2 + dw_r dw^r)\ , \\ &\langle \phi (\w )\phi (\w ') \rangle = G_{\Delta }(\w ,\w '), \qquad \Delta = \frac {d}{2}+ \sqrt {\frac {d^{2}}{4}+m^{2}},\ \ \ \ \
\Delta (\Delta - d)= m^2 \ , \label {33} \\ & (- \nabla ^2 + m^2) G_{\Delta }(\w , \w ') = \frac {1}{\sqrt g}\delta ^{(d+1)}(\w -\w ') \ , \label {337} \\ \label {4.6} &G_{\Delta }(\w , \w ') = \frac {C_{\Delta }}{2\Delta -d}\left [\frac {v(\w ,\w ')}{2}\right ]^{\Delta }{}_{2}F_{1}\Big (\frac {\Delta }{2}, \frac {\Delta }{2}+\frac {1}{2};\Delta -\frac {d}{2}+1; v^{2}(\w ,\w ')\Big ), \\ &C_{\Delta } = \frac {\Gamma (\Delta )}{\pi ^{d/2}\Gamma (\Delta -\frac {d}{2})} \ , \qquad \qquad v(\w ,\w ') \equiv \frac {2zz'}{z^{2}+z'^{2}+(w^{r}-w'^{r})^{2}} . \label {35}\end {align}


$_{1+d}$


$\delta _{rs}$


$v$


\begin {equation}\label {4.11} _{2}F_{1}(a,b,c; 1) = \frac {\Gamma (c)\Gamma (c-b-a)}{\Gamma (c-b)\Gamma (c-a)}, \qquad \Re (c-a-b)>0, \ \ c\neq 0, -1, -2, \dots ,\end {equation}


$d$


$a,b,c$


\begin {equation}\label {4.12} G_{\Delta }(\w ,\w ) = \frac {1}{(4\pi )^{(d+1)/2}}\frac {\Gamma (\tfrac {1}{2}-\tfrac {d}{2})\, \Gamma (\Delta )}{\Gamma (1-d+\Delta )}.\end {equation}


$\partial _{\mu }G_{\Delta }(\w ,\w ') \big |_{\w =\w '} =0$


$v$


$\partial _{\mu } v(\w ,\w ') \big |_{\w =\w '} =0$


$\partial '_{\mu }$


$\w '$


$\mu $


$\w '\to \w $


\begin {equation}\label {4.19} \nabla _{\mu }\nabla '^{\mu }G_{\Delta }(\w ,\w ') \big |_{\w =\w '} =\frac {d+1}{2} \frac {1}{(4\pi )^{(d+1)/2}}\frac {\Gamma (-\tfrac {1}{2}-\tfrac {d}{2})\, \Gamma (\Delta +1)}{\Gamma (-d+\Delta )} = - m^2 G_{\Delta }(\w ,\w ) \ ,\end {equation}


$\Delta (\Delta - d)= m^2$


$\delta ^{(1+d)}(\w ,\w )=0$


\begin {align}\label {310} \nabla _{\mu }\nabla '_{\nu }G_{\Delta }(\w ,\w ')\big |_{\w =\w '} = \frac {1}{2}g_{\mu \nu } \frac {1}{(4\pi )^{(d+1)/2}}\frac {\Gamma (-\tfrac {1}{2}-\tfrac {d}{2})\, \Gamma (\Delta +1)}{\Gamma (-d+\Delta )} = - {m^2 \ov d+1} g_{\mu \nu } G_{\Delta }(\w ,\w ) .\end {align}


$d=1-2\eps $


$\eps $


$\Delta $


\begin {align}\label {38} G_{\Delta }(\w ,\w ) = \frac {1}{4\pi \eps }+\frac {1}{4\pi }\big [ \log (4\pi )-\gamma _{\rm E}-2\psi (\Delta _{0})\big ]+\cdots , \qquad \Delta _{0}\equiv \Delta \big |_{\eps =0} = \frac {1}{2}+\sqrt {\frac {1}{4}+m^{2}}.\end {align}


\begin {align}\label {312} m^{2}=0:\ \ \Delta _{0} =1, \quad \psi (\Delta _{0}) = -\gamma _{\rm E}\ ; \qquad \ \
m^{2}=2:\ \ \Delta _{0} = 2, \quad \ \psi (\Delta _{0}) = 1-\gamma _{\rm E}.\end {align}


$y^a$


$m^2 =2$


\begin {equation}\label {333} \ \ \ \ \gxx (\w , \w ') \equiv G_\Delta (\w ,\w ')\big |_{m^2=2} \ , \qquad \qquad \Delta = {d\ov 2} + \sqrt { {d^2\ov 4} + 2 } .\end {equation}


$\eps = \ha (1-d) \to 0$


$\Delta =d$


$G_\Delta (\w , \w )\big |_{m^2=0} = \frac {1}{4\pi \ept } +\OO (\eps )$


\begin {align}\label {4.21} \gxx \equiv \gxx (\w , \w ) &= \frac {1}{4\pi \ept } -\frac {1}{2\pi }+\OO (\eps ) \ , \qquad \qquad \frac {1}{\ept } \equiv \frac {1}{\eps } + \LDR \ , \qquad \LDR = \log (4\pi e^{\gamma _{\rm E}}) \ , \\ \nabla _{\mu }\nabla '^{\mu } \gxx (\w ,\w ')\big |_{\w =\w '} &= -2\gxx = -\frac {1}{2\pi \ept } +\frac {1}{\pi } + \OO (\eps ) \label {334} \ , \\ \nabla _{\mu }\nabla '_{\nu } \gxx (\w ,\w ')\big |_{\w =\w '} &= - {2\ov d+1} g_{\mu \nu } \gxx = g_{\mu \nu } \big [-\frac {1}{4\pi \ept } +\frac {1}{4\pi } + \OO (\eps ) \big ] . \label {335}\end {align}


$_{1+d}$


$_{1+d}$


\begin {equation}S_{F} = \int d^{d+1}\w \ \sqrt g\ \bar \psi (\slashed {\nabla }-M)\psi ,\end {equation}


$\slashed {\nabla }=e^{\alpha }_{\hata }\gamma ^{\hata }(\partial _{\alpha }+\tfrac {1}{2}\omega ^{\hata \hbeta }_{\alpha }\Omega _{\hata \hbeta }), \
\gamma ^{(\hata }\gamma ^{\hbeta )}=\delta ^{\hata \hbeta }, \ \Omega ^{\hata \hbeta }=\tfrac {1}{4}[\gamma ^{\hata },\gamma ^{\hbeta }]$


$e^{\hata }_{\alpha } = \frac {1}{z}\delta ^{\hata }_{\alpha },$


$\omega ^{\hata \hbeta }_{\hat \g } = \frac {1}{z}(\delta ^{\hata }_{0}\delta ^{\hbeta }_{\hat \gamma }-\delta ^{\hbeta }_{0}\delta ^{\hata }_{\hat \gamma }).$


\begin {equation}\label {4.32} \slashed {\nabla } = z\gamma ^{\hata }\partial _{\hata }-\tfrac {d}{2}\gamma _{\hat 0} \ , \qquad \qquad {\partial }_\hata = \delta ^\alpha _\hata {\partial }_\alpha \ ,\end {equation}


$\hat 0$


$z$


\begin {align}\label {4.33} (\slashed {\nabla }-M)S(\w ,\w ') = \frac {1}{\sqrt g}\delta ^{(d+1)}(\w ,\w ') .\end {align}


$M$


$\gamma _\hata $


$M=m I$


\begin {align}&S(\w ,\w ') = -\frac {1}{2^{m+(d+3)/2}\pi ^{d/2}}\frac {\Gamma (m+\frac {d+1}{2})}{\Gamma (m+\frac {1}{2})}\frac {1}{\sqrt {zz'}}\frac {1}{(u+2)^{m+(d+1)/2}}\no \\ &\ \qquad \qquad \qquad \times \Big [(\slashed {\w }\gamma _{\hat 0}+\gamma _{\hat 0}\slashed {\w '})\, {\rm F}_{1}(u)-(\slashed {\w }-\slashed {\w '})\, {\rm F}_{2}(u) \Big ],\label {322} \\ & u(\w ,\w ') \equiv \frac {(z-z')^{2}+ (w^{r}-w'^{r})^{2}}{2zz'} \ , \qquad \slashed {\w } = \gamma _{\alpha }\w ^{\alpha }, \label {223} \\ &{\rm F}_{1}(u) = {}_{2}F_{1}(m+\tfrac {d+1}{2}, m, 2m+1, \tfrac {2}{u+2}), \qquad \ \ \
{\rm F}_{2}(u) = {}_{2}F_{1}(m+\tfrac {d+1}{2}, m+1, 2m+1, \tfrac {2}{u+2}).\label {307}\end {align}


$M$


$\gamma _\a $


\begin {equation}\label {4.38} M = - m \bar \gamma , \qquad \qquad \ \{\gamma ^{\hata },\bar \gamma \}=0, \qquad \bar \gamma ^{2}=-1, \qquad m > 0 \ ,\end {equation}


\begin {align}\label {4.39} S(\w ,\w ') &= -\frac {1}{2^{m+(d+3)/2}\pi ^{d/2}}\frac {\Gamma (m+\frac {d+1}{2})}{\Gamma (m+\frac {1}{2})}\frac {1}{\sqrt {zz'}}\frac {1}{(u+2)^{m+(d+1)/2}}\lp \qquad \times \Big [\bar \gamma \, (\slashed {\w }\gamma _{\hat 0}+\gamma _{\hat 0}\slashed {\w '})\, {\rm F}_{1}(u)-(\slashed {\w }-\slashed {\w '})\, {\rm F}_{2}(u) \Big ] .\end {align}


$_{1+d}$


$w^r$


$u(\w ,\w ')$


\begin {equation}\bar \g = \G _{123}\ , \qquad \qquad \gamma _{\hat 0} = \G _4 . \label {099}\end {equation}


$d=1$


$m=1$


\begin {align}S(\w ,\w ') &= -\frac {1}{4\pi }\frac {1}{\sqrt {zz'}}\frac {1}{(u+2)^{2}} \Big [ \Gamma _{123}(\slashed {\w }\Gamma _{4}+\Gamma _{4}\slashed {\w '})\, {\rm F}_{1}(u) -(\slashed {\w }-\slashed {\w '})\, {\rm F}_{2}(u) \Big ],\label {329} \\ {\rm F}_{1}(u) &= -\tfrac {1}{2}(u+2)(2+(u+2)\log \tfrac {u}{u+2})\ , \qquad \ \ \
{\rm F}_{2}(u) = \tfrac {(u+2)^{2}}{2u}(2+u\log \tfrac {u}{u+2}). \label {339}\end {align}


$\w =\w '$


$u=0$


\begin {align}{\rm F}_{1}(0) &= {}_{2}F_{1}(m+\tfrac {d+1}{2}, m, 2m+1, 1) = \frac {2^{2m}\Gamma (m+\frac {1}{2})}{\sqrt \pi }\frac {\Gamma (\frac {1-d}{2})}{\Gamma (\frac {1-d}{2}+m)}\ ,\label {133} \\ {\rm F}_{2}(0) &= {}_{2}F_{1}(m+\tfrac {d+1}{2}, m+1, 2m+1, 1) = \frac {\Gamma (1+2m)}{\Gamma (m)}\frac {\Gamma (-\frac {d+1}{2})}{\Gamma (\frac {1-d}{2}+m)}. \label {2373}\end {align}


$\Gamma _{123}\{\slashed {\w },\Gamma _{4}\}\ {\rm F}_{1}(0) \to 2 \sigma \Gamma _{123}\,\ {\rm F}_{1}(0)$


$\s = w^4$


\begin {equation}\label {3344} S(\w ,\w ) = \sss \, \Gamma _{123}, \ \ \ \ \ \qquad \sss = - \frac {1}{(4\pi )^{(d+1)/2}}\ \frac {\Gamma (\frac {1-d}{2})\Gamma (\frac {1+d}{2}+m)}{\Gamma (\frac {1-d}{2}+m)}.\end {equation}


$m=1$


$d=1-2\eps $


$\eps \to 0$


\begin {equation}\sss = - \frac {1}{4\pi \ept }+ \frac {1}{4\pi } +\mc O(\eps ). \label {99}\end {equation}


\begin {equation}\nabla _{\alpha }S(\w ,\w ')\big |_{\w =\w '} = \frac {1}{2 (4\pi )^{(d+1)/2}}\frac {\Gamma (-\frac {d+1}{2})\Gamma (\frac {d+1}{2}+m)}{\Gamma (\frac {1-d}{2}+m)}\, \frac {m}{z}\Gamma _{\hat \alpha } =\frac {1}{1+d}\frac {m}{z}\Gamma _{\hat \alpha }\, \sss . \label {336}\end {equation}


$\slashed {\nabla }S(\w ,\w ')\big |_{\w =\w '}$


$\Gamma _{123}^{2}=-1$


\begin {equation}\slashed {\nabla }S(\w ,\w ')\big |_{\w =\w '} = -m\Gamma _{123}S(\w ,\w ) = m\, \sss . \label {3371}\end {equation}


$\sss $


$m^2=1$


$m^2=2$


$m^2=0$


\begin {equation}\sss = - \ha \Big [ G_\Delta (\w ,\w )\big |_{m^2=2} + G_\Delta (\w ,\w )\big |_{m^2=0} \Big ] . \label {401}\end {equation}


$d=1-2 \eps $


$1+d=2$


$\gamma _\alpha \gamma ^\alpha =2$


$1+d$


\begin {equation}\slashed {\nabla }S(\w ,\w ')\big |_{\w =\w '} = {2\ov 1+d} m\, \sss . \label {33710}\end {equation}


$f_2$


$\kappa $


$e^{-\hat S}$


$\hat S= \hat S_{\rm b} + \hat S_{\rm f}$


$\hat S_{\rm b}=T\int d^{2}\xi \,\sqrt {g}\, (1 - \mc L_{\rm b }) = T V - T\int d^{2}\xi \,\sqrt {g}\, \mc L_{\rm b}$


$\mathcal {L}_{\rm b} = - \ha ( {\partial } x_i)^2 + \ldots + \mathcal {L}_{4x} + \ldots $


$g_{\mu \nu }$


\begin {equation}\label {319} f_2 = \langle \mathcal {L}_{4x} + \ldots \rangle .\end {equation}


$_{2}$


$\langle x x \rangle $


$T$


$_{2}$


$V$


$y^a$


$m^2=2$


$x^i$


$f_2$


$b_k$


\begin {align}\label {041} \mc L_{4x} = L_{4x}\big |_{b_{k=1}} \ , \qquad L_{4x} \te = -\frac {1}{8}b_1 (\partial \bm x\cdot \partial \bm x)^{2} +\frac {1}{4}b_2 (\partial x^{i}\partial x^{j})(\partial x^{i}\partial x^{j}) -\frac {1}{4}b_3\bm x^{2}(\partial \bm x\cdot \partial \bm x)-\frac {1}{2}b_4 (\bm x^{2})^{2} .\end {align}


\begin {align}\label {5.5} \langle L_{4x} \rangle = q_\rmb \, \gxx ^{2}\,, \quad \te q_\rmb = - b_{1}\,\frac {N_{x}(2+(d+1)N_{x})}{2(d+1)}+ b_{2}\frac {N_{x}(2+d+N_{x})}{d+1}+ \frac {1}{2}b_3 N_{x}^{2} - \frac {1}{2} b_4 N_{x}(N_{x}+2)\,, \quad N_x=3\, ,\end {align}


$N_x$


$x^i$


$2-2\eps $


$2-2\eps $


$d=1$


\begin {equation}f_{2\, \rm b} = \langle \mc L_{4x}\rangle = q_{\rmb }\, \gxx ^2\ , \qquad \ \ \ \ \ \
q_{\rmb }\big |_{b_k=1}= {N_x^2(1-d)\ov 2(1+d) } = {9(1-d)\ov 2(1+d) } . \label {449}\end {equation}


$q_\rmb $


$d=1-2 \eps \to 1$


\begin {equation}\label {56} q_\rmb \big |_{d\to 1} = \tfrac {1}{2}N_{x}\big [-b_{1}(1+N_{x})+b_{2}(3+N_{x})+b_{3}N_{x}-b_{4}(2+N_{x})\big ] + \tfrac {1}{2}N_x \big [-b_{1}+b_{2}(N_{x}+1)\big ] \eps +\mc O(\eps ^{2}).\end {equation}


$\gxx ^2= ( {1\ov 4 \pi \eps } + \ldots )^2$


$b_k=1$


$N_x$


$\tfrac {1}{2}N_x \big [-b_{1}+b_{2}(N_{x}+1)\big ] = \ha N_x^2$


$b_k=1$


$f_2$


$\langle \theta (\ww )\bar {\theta }(\ww ') \rangle = S(\ww , \ww ')$


$f_2$


\begin {equation}\label {501} f_{2\, \rm bf} = i \langle \mathcal {L}_{x^2\theta ^2} \rangle \ , \qquad \qquad \ \
f_{2\, \rm f} = \langle \mathcal {L}_{\theta ^4} \rangle \ ,\end {equation}


$\hGamma = \G _{04}, \ \Gamma _* = i \Gamma _{01234} , \ \Gamma '_* = i \Gamma _{56789}$


$\Gamma _{11} = \Gamma _* \Gamma '_*$


$\g _\a $


$_{2}$


$\G _{\hata }=(\G _0,\G _4)$


\begin {align}\mathcal {L}_{\rm f} = & \mathcal {L}_{\theta ^2} + \mathcal {L}_{x^2\theta ^2} + \mathcal {L}_{\theta ^4} \ , \qquad \ \ \mathcal {L}_{x^2 \theta ^2 } = L_{x^2 \theta ^2 } \big |_{c_1=1} \ , \qquad \mathcal {L}_{ \theta ^4 } = L_{\theta ^4 } \big |_{c_k=1} \label {151} \\ \mathcal {L}_{\theta ^2} = & \tfrac {i}{2}\bar \theta \slashed {\mk D}\theta \ , \ \ \ \qquad \ \ \mk D_{\alpha } = \nabla _{\alpha }+\tfrac {1}{2}\g _{\alpha }\G _{123}, \qquad \slashed {\mk D} = \slashed {\nabla }+\G _{123} \ , \label {152} \\ \te L_{x^2 \theta ^2 } = &\te \frac {i}{4}(\bm {x}^{2}+\frac {1}{2}\partial _{\a }\bm {x}\cdot \partial ^{\a }\bm {x})\ \bar \theta \slashed {\mk D}\theta +\frac {i}{4}(\bm {x}^{2}+\frac {1}{2}\partial _{\a }\bm {x}\cdot \partial ^{\a }\bm {x})\ \bar \theta \G _{123}\theta -\frac {i}{4} c_1 \partial ^{\alpha }\bm {x}\cdot \partial ^{\beta }\bm {x}\ \bar \theta \g _{\alpha }\mk D_{\beta }\theta \ , \label {153} \\ L_{\theta ^4} = &\te \,\frac {1}{96}c_2 \bar \theta \G _{123}\theta \ \bar \theta \slashed {\mk D}\theta +\frac {i}{192}c_3\bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \hGamma \G _{ij}\G _{*}\mk D_{\alpha }\theta -\frac {i}{192}c_4 \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \hGamma \G _{a'b'}\G _{*}'\mk D_{\alpha }\theta \lp \te +\frac {1}{16} {c_{5}}\,(\bar \theta \slashed {\mk D}\theta )^{2}- {1\ov 16} {c_{6}}\,\bar \theta \g _{\alpha }\mk D_{\beta }\theta \ \bar \theta \g ^{\beta }\mk D^{\alpha }\theta . \label {154}\end {align}


${\partial } y {\partial } y$


$c_1, \ldots , c_6$


$m^2=2$


\begin {equation}\label {5.10} \langle \partial _{\alpha }\bm {x}\cdot \partial _{\beta }\bm {x} \rangle = -\tfrac {2}{d+1}g_{\alpha \beta }\langle \bm {x}^{2}\rangle \ ,\qquad \qquad \langle \partial _{\a }\bm {x}\cdot \partial ^{\a }\bm {x}\rangle = -2\langle \bm {x}^{2}\rangle .\end {equation}


$\G _\hata =\gamma _\hata $


\begin {align}\label {5.11} \{\g _{\alpha }, \g _{\beta }\} = 2\bar g_{\alpha \beta }, \qquad \bar g^{\alpha \beta } \bar g_{\alpha \beta }=2\ ,\qquad g^{\alpha \beta }\bar g_{\alpha \beta } = 2\ ,\end {align}


$\bar g_{\alpha \beta }$


$_{2}$


$\g _\a $


$\langle \ldots \rangle $


$c_1$


\begin {equation}\langle L_{x^2 \theta ^2 } \rangle = -\tfrac {i}{4} c_1 \langle \partial ^{\alpha }\bm {x}\cdot \partial ^{\beta }\bm {x}\ \bar \theta \g _{\alpha }\mk D_{\beta }\theta \rangle = \tfrac {i}{2(d+1)} c_1\langle \bm {x}^{2}\bar \theta \slashed \DD \theta \rangle . \label {566}\end {equation}


$\DD _\a $


$\bar \theta \g _{\alpha }\g _{\beta }\G _{123}\theta = \bar g_{\alpha \beta }\bar \theta \G _{123}\theta $


\begin {align}L_{\theta ^4} = &\te \frac {1}{96} (c_2 + 12 {c_{5}}- 6 {c_{6}})\bar \theta \G _{123}\theta \ \bar \theta \slashed {\nabla }\theta + \frac {1}{96} (c_2 + 6 {c_{5}}- 3 {c_{6}})(\bar \theta \G _{123}\theta )^{2}\lp \te +\frac {i}{192}c_3 \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \hGamma \G _{ij}\G _{*}\nabla _{\alpha }\theta - \frac {i}{192}c_4\bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \hGamma \G _{a'b'}\G _{*}' \nabla _{\alpha }\theta \lp \te +\frac {i}{384}c_3 \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \hGamma \G _{ij}\G _{*}\g _{\alpha }\G _{123}\theta - \frac {i}{384}c_4 \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \hGamma \G _{a'b'}\G _{*}' \g _{\alpha }\G _{123}\theta \lp \te +\frac {1}{16}c_{5}(\bar \theta \slashed {\nabla }\theta )^{2} -\frac {1}{16} c_{6}\bar \theta \g _{\alpha }\nabla _{\beta }\theta \ \bar \theta \g ^{\beta }\nabla ^{\alpha }\theta .\label {4133}\end {align}


$\G _{11}\theta =\theta $


$i,j=1,2,3; \ a'=5,\ldots ,9$


\begin {align}\label {4145} \hGamma \G _{ij}\G _{*} = -i\G _{ij}\G _{123},\ \qquad \ \ \
\hGamma \G _{a'b'}\G _{*}' = \hGamma \G _{a'b'}\G _{*}\G _{11}=-i\G _{a'b'}\G _{123}\G _{11}\ ,\end {align}


\begin {align}L_{\theta ^4} = &\te \frac {1}{96} (c_2 + 12 {c_{5}}- 6 {c_{6}})\bar \theta \G _{123}\theta \ \bar \theta \slashed {\nabla }\theta + \frac {1}{96} (c_2 + 6 {c_{5}}- 3 {c_{6}})(\bar \theta \G _{123}\theta )^{2}\lp \te +\frac {i}{192}c_3 \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \hGamma \G _{ij}\G _{*}\nabla _{\alpha }\theta - \frac {i}{192}c_4\bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \hGamma \G _{a'b'}\G _{*}' \nabla _{\alpha }\theta \lp \te +\frac {i}{384}c_3 \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \hGamma \G _{ij}\G _{*}\g _{\alpha }\G _{123}\theta - \frac {i}{384}c_4 \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \hGamma \G _{a'b'}\G _{*}' \g _{\alpha }\G _{123}\theta \lp \te +\frac {1}{16}c_{5}(\bar \theta \slashed {\nabla }\theta )^{2} -\frac {1}{16} c_{6}\bar \theta \g _{\alpha }\nabla _{\beta }\theta \ \bar \theta \g ^{\beta }\nabla ^{\alpha }\theta .\label {41338}\end {align}


$\theta $


$\exp {( i S_M)} \to \exp [ - \ha \int \bar \theta (\slashed \nabla + \G _{123}) \theta ]$


$\langle \theta \bar \theta \rangle = (\slashed \nabla + \G _{123})^{-1}$


$\frac {1}{2}\int \bar \theta K\theta = \frac {1}{2}\theta ^T C K\theta $


$CK$


$\int \bar \theta K \theta $


$\langle \ldots \rangle $


\begin {equation}\label {ba1} \langle \theta _u(\w )\bar \theta _v(\w ') \rangle = S_{uv}(\w ,\w ')\ , \qquad \langle \theta _u \theta _v \rangle = (S\, C^{-1})_{uv}\ , \qquad (SC^{-1})^{T} = -SC^{-1} .\end {equation}


$\theta $


$i L= \tfrac {i}{2} [1 + { c_1 \ov d+1 } \bm {x}^{2}] \bar \theta \slashed \DD \theta + \ldots $


$\theta $


$F = - \ha \tr \log ( [1 + { c_1 \ov d+1 } < \bm {x}^{2}> ] \slashed \DD ) = - \ha { c_1 \ov d+1 } < \bm {x}^{2}> \nf \delta (0)$


$\nf =16$


$\delta (0)$


$\delta (0) = \te { d-1 \ov d+1} \sss $


\begin {align}\label {525} & f_{2\, \rm bf}=i \langle L_{x^2\theta ^2} \rangle = - \te {c_1\ov 2(d+1)} \,\langle \bm {x}^{2} \rangle \ J = - \te {c_1\ov 2(d+1)} N_x \gxx \, J \ , \ \ \ \ \ \ J= \langle \bar \theta (\slashed {\nabla }+\G _{123})\theta \rangle = J_1 + J_2 \ , \\ &J_{1} = \langle \bar \theta \slashed \nabla \theta \rangle = - \te {2\ov d+1} \nf \, \sss \ , \qquad J_2 =\ \langle \bar \theta \G _{123} \theta \rangle =\nf \, \sss \ , \qquad \ \ J = \te { d-1 \ov d+1} \nf \, \sss \ , \label {75} \\ & \qquad \qquad N_x=3 \ , \qquad \ \ \ \nf \equiv \tr P_+ =16 . \label {76}\end {align}


\begin {align}f_{2\, \rm f}& = \langle L_{\theta ^4} \rangle = \sum _{k=1}^8 I_k \ , \label {800}\\ I_{1} &= \tfrac {1}{96}(c_{2}+12 c_{5}-6c_{6}) \bi _{1} \ , \qquad \qquad \bi _{1} = \langle \bar {\theta }\slashed {\nabla }\theta \ \bar {\theta }\Gamma _{123}\theta \rangle = - \tfrac {2}{d+1} \nf ( \nf -2) \, \sss ^2 \ ,\label {77} \\ I_{2} &= \tfrac {1}{96} ({c_{2}+6c_{5}-3c_{6}})\bi _{2} \ , \qquad \qquad \bi _{2} = \langle \bar \theta \G _{123}\theta \, \bar \theta \G _{123}\theta \rangle = \nf (\nf -2) \sss ^2 \ , \label {78} \\ I_{3} &= \tfrac {1}{192} c_3 \bi _{3} \ , \qquad \qquad \bi _{3} = \langle \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \G _{ij}\G _{123}\nabla _{\alpha }\theta \rangle = - \te {24 \ov d+1} \nf \sss ^2 \,,\label {79} \\ I_{4} &= - \tfrac {1}{192} c_{4}\bi _{4} \ , \qquad \qquad \bi _{4}= \langle \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \G _{a'b'}\G _{123} \nabla _{\alpha }\theta \rangle = - \te {80 \ov d+1} \nf \sss ^2 \ ,\label {80} \\ I_{5} &=\tfrac {1}{384}c_3 \, \bi _{5} \ , \qquad \qquad \bi _{5} = \langle \bar \theta \g ^{\alpha }\G ^{ij}\theta \ \bar \theta \G _{ij}\g _{\alpha }\theta \rangle = 24 \nf \sss ^2 \ , \label {81} \\ I_{6} &=-\tfrac {1}{384}c_4 \, \bi _{6} \ , \qquad \qquad \bi _6 = \langle \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \G _{a'b'} \g _{\alpha }\theta \rangle =80 \nf \sss ^2 \ , \label {82} \\ I_{7} &= \tfrac {1}{16} c_5 \, \bi _7, \qquad \qquad \bi _7=\langle \bar \theta \slashed {\nabla }\theta \, \bar \theta \slashed {\nabla }\theta \rangle = \Big [ \tfrac {4}{(d+1)^2} (\nf -1) - \ha + \tfrac {d (d+1) -4 }{ 2 (d+1) } \Big ] \nf \, \sss ^2 \ , \label {83} \\ I_{8} &=- \tfrac {1}{16} c_6 \, \bi _{8}, \qquad \qquad \bi _{8} =\langle \bar {\theta }\G _{\alpha } {\nabla }_{\beta }\theta \, \bar {\theta }\G ^\beta {\nabla }^\a \theta \rangle = \Big [ \tfrac {2}{(d+1)^2} (\nf -2) + \ha + \tfrac {d (d+1) -4 }{ 2 (d+1) } \Big ] \nf \, \sss ^2 . \label {84}\end {align}


\begin {align}\label {535} &\qquad \qquad f_{2\, \rm bf} =q_\rmbf \, \gxx \,\sss \ , \qquad \, \qquad q_\rmbf = \,c_{1}\, \frac {24(1-d)}{(d+1)^{2}} \ , \\ &\qquad \qquad \label {533} f_{2\, \rm f} = q_\rmf \, \sss ^{2}\ , \qquad \ \ \ \ \qquad q_\rmf =-{\rm c}\, \frac {1-d}{6\,(d+1)^{2}}\, , \qquad \qquad \ \ \ {\rm c} \big |_{c_k=1}= -12 (5-3d)\\ &{\rm c} =4 (7 c_2+3 c_3-10 c_4- 6c_6) +2 (7 c_2+3 c_3-10 c_4+48 c_5- 30 c_6) (d-1) +3 (c_5-c_6) (d-1)^2 . \label {5388}\end {align}


$c_k=1$


$q_\rmbf $


$q_\rmf $


$c_2,c_3$


$c_4$


$\rm c$


$f_{2\, \rm f}$


$c_5$


$c_6$


$f_{2\, \rm f}$


$4 (7 c_2+3 c_3-10 c_4- 6c_6)$


$\rm c$


$c_5 (\bar \theta \slashed {\mk D}\theta )^{2}$


$\langle \bar \theta \slashed {\mk D}\theta \rangle = \OO (1)$


\begin {align}\label {5.41} f_2 = q_\rmb \gxx ^2 + q\rmbf \gxx \sss + q_\rmf \sss ^2 = \frac {9(1-d)}{2(1+d)}\,\gxx ^{2} + \frac {24(1-d) }{(1+d)^{2}}\, \gxx \, \sss + \,\frac {2(1-d)(5-3d)}{(1+d)^{2}}\,\sss ^{2} \ ,\end {align}


$\gxx $


$\sss $


$\eps = \ha (1-d)\to 0$


\begin {equation}\label {202} f_2 = -\frac {11}{32\pi ^{2}\, \eptt } + f_{2,\rm fin} \ , \qquad \qquad f_{2,\rm fin} = {6 a_\rmb + 16 a_\rmf -19 \ov 32\pi ^2} \ , \qquad \ \ \ f_{2,\rm fin}\big |_{a_\rmb =2, \, a_\rmf =1} = \frac {9}{32\pi ^{2}} .\end {equation}


$f_2$


$_{2}$


$\kappa $


$\zeta $


$\delta ^{(2)}(w,w)$


$\delta (0)$


$\kappa $


$\delta (0)$


$\delta ^{(2)}(w,w)$


$\OO (\eps )$


$x^i$


$\ha $


$_{4}\times \CP ^{3}$


\begin {equation}\label {A.8} \bar \theta \Gamma _{A}\theta =0, \qquad \bar \theta \Gamma _{ABC}\partial \theta = \partial \bar \theta \Gamma _{ABC}\theta \to \bar \theta \Gamma _{ABC}\partial \theta =\tfrac {1}{2}\partial (\bar \theta \Gamma _{ABC}\theta ).\end {equation}


$\langle \bar \theta X \theta \rangle $


$\langle \bar \theta X \nabla _{\alpha }\theta \rangle $


$X$


$\G _A$


$(C X)^{T} = -CX$


$u,v$


$P_+=\frac {1}{2}(1+\Gamma _{11})$


\begin {equation}\langle \bar \theta X \theta \rangle = \tr [SC^{-1}(CX)^{T}] = -\tr [SX], \qquad \ \ \langle \bar \theta X \theta '\rangle = -\tr [S' X] \ ,\end {equation}


$X$


$\wt X$


$\G _A$


\begin {align}\label {B.12} \langle \bar \theta X\theta \ \bar \theta \wt X\theta \rangle = \tr [X S]\tr [\wt X S]-2\tr [XS\wt X S].\end {align}


$\theta '$


$\theta ''$


$\theta $


\begin {align}& \langle \bar \theta X\theta '\ \bar \theta \wt X\theta ''\rangle = \tr [X S']\tr [\wt X S'']-\tr [X S'\wt X S''] {-\tr [X \hat S C^{-1}\wt X^{T}C S]}, \label {b12} \\ &\langle \theta ' \theta \rangle = S'C^{-1} , \qquad \langle \theta '' \theta \rangle = S''C^{-1} , \qquad \langle \theta ' \theta '' \rangle = \hat S C^{-1} . \label {b13}\end {align}


\begin {equation}\label {B.18} \langle (\nabla _{\alpha }\theta (\w ))_{u}\theta _{v}(\w ')\rangle = (\nabla _{\alpha }SC^{-1})_{uv} \ , \quad \langle (\nabla _{\alpha }\theta )_{u}\ (\nabla _{\beta }\theta )_{v}\rangle = (\hat S_{\alpha \beta }C^{-1})_{uv}\ , \quad \nabla _{\alpha }=\partial _{\alpha }+\frac {1}{2\sigma }\gamma _{\hat 0\alpha }.\end {equation}


\begin {equation}\label {B.23} \hat S_{\alpha \beta }(\w ,\w ) = -\frac {1}{4z^{2}}\Big [\G _{\hata \hbeta }+\frac {4m^2 -d(d+1)}{d+1}\eta _{\hata \hbeta }\Big ] \Gamma _{123}\sss .\end {equation}


$\kappa $


$D=10$


$\theta $


$N_\theta =16$


$\tr I =32, \ \tr \Gamma _{11}=0$


\begin {align}&\qquad \tr P_{+}= N_\theta =16, \qquad \qquad P_+ =\ha (1 + \G _{11}) \ , \label {a9}\\ &\tr (P_{+}\G _{A}\G _{B}) =\eta _{AB}\, \tr P_{+}, \qquad \tr (P_{+}\G _{A}\G _{B}\G _{C}\G _{D}) = (\eta _{AB}\eta _{CD}-\eta _{AC}\eta _{BD}+\eta _{AD}\eta _{BC})\, \tr P_{+}. \no \end {align}


\begin {align}\label {C.2} &J_1=\langle \bar \theta \slashed {\nabla }\theta \rangle =-\tr [\g ^{\alpha }P_{+}\nabla _{\alpha }S] =-\frac {m\,}{d+1} \sss \tr [P_{+}\g ^{\alpha }\g _{\alpha }] = -\frac {2\,m\, }{d+1} \sss \, \nf \ , \\ \label {C.1} &J_2=\langle \bar \theta \G _{123}\theta \rangle =-\tr [\G _{123}P_{+}S] = \sss \, \nf .\end {align}


$\g _{\hat \a } = \G _{\hat \a }$


$\hat \a $


\begin {align}\bi _{1} &= \langle \bar \theta \slashed {\nabla }\theta \theta \ \bar \theta \G _{123}\theta \rangle = \tr [P_{+}\g ^{\alpha }\nabla _{\alpha }S]\,\tr [P_{+}\G _{123}S]-2\tr [P_{+}\g ^{\alpha }\nabla _{\alpha }S\G _{123}S] = -\frac {2\thinspace m\,}{d+1}\sss ^{2} \nf (\nf -2), \no \\ \bi _{2} &= \langle \bar \theta \G _{123}\theta \theta \ \bar \theta \G _{123}\theta \rangle = \tr [P_{+}\G _{123}S]\,\tr [P_{+}\G _{123}S]-2\tr [P_{+}\G _{123}S\G _{123}S] = \sss ^{2} \nf (\nf -2), \no \\ \bi _{3} &= \langle \bar \theta \G _{ij}\G _{123}\nabla _{\alpha }\theta \ \bar \theta \g ^{\alpha }\G ^{ij}\theta \rangle = \tr [P_{+}\G _{ij}\G _{123}\nabla _{\alpha }S]\,\tr [P_{+}\g ^{\alpha }\G ^{ij}S]-2\tr [P_{+}\G _{ij}\G _{123}\nabla _{\alpha }S\g ^{\alpha }\G ^{ij}S]\lp = \frac {m\,\sss ^{2}}{d+1}\Big ( \tr [P_{+}\G _{ij}\g _{\alpha }\G _{123}]\,\tr [P_{+}\g ^{\alpha }\G ^{ij}\G _{123}]-2\tr [P_{+}\G _{ij}\G _{123}\g _{\alpha }\g ^{\alpha }\G ^{ij}\G _{123}] \Big ) = -24\frac {m\,}{d+1}\sss ^{2} \nf , \no \\ \bi _{4} &= \langle \bar \theta \G _{a'b'}\G _{123}\nabla _{\alpha }\theta \ \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \rangle = 4\, \frac {m\,}{d+1}\sss ^{2} \tr [P_{+}\G _{a'b'}\G ^{a'b'}] = -80\,\frac {m\,}{d+1}\sss ^{2} \nf \ , \label {a12} \\ \bi _{5} &= \langle \bar \theta \g _{\alpha }\G _{ij}\theta \ \bar \theta \g ^{\alpha }\G ^{ij}\theta \rangle = \sss ^{2}\Big (\tr [P_{+}\g _{\alpha }\G _{ij}\G _{123}]\tr [P_{+}\g ^{\alpha }\G ^{ij}\G _{123}] -2\tr [P_{+}\g _{\alpha }\G _{ij}\G _{123}\g ^{\alpha }\G ^{ij}\G _{123}\Big )\no \\ &=24\,\sss ^{2}\,\nf ,\no \\ \bar I_6 &= \langle \bar \theta \g ^{\alpha }\G ^{a'b'}\theta \ \bar \theta \G _{a'b'}\g _{\alpha }\theta \rangle = \sss ^{2}\,\Big ( \tr [P_{+}\g ^{\alpha }\G ^{a'b'}\G _{123}]\tr [P_{+}\g _{\alpha }\G _{a'b'}\G _{123}] -4\tr [P_{+}\G ^{a'b'}\ \G _{a'b'}]\Big )\no \\ &= 80\,\,\sss ^{2}\, \nf \ , \no \end {align}


$\tr [P_{+}\g _{\alpha }\G _{a'b'}\G _{123}] = 0,\
\tr [P_{+}\G ^{a'b'} \G _{a'b'}] = -20\, \nf $


\begin {align}\label {C.7} \bar I_7 = & \langle \bar \theta \slashed {\nabla }\theta \ \bar \theta \slashed {\nabla }\theta \rangle \lp = \tr [\g ^{\alpha }P_{+}\nabla _{\alpha }S]\tr [\g ^{\beta }P_{+}\nabla _{\beta }S] -\tr [\g ^{\alpha }P_{+}\nabla _{\alpha }S\ \g ^{\beta }P_{+}\nabla _{\beta }S] -\tr [\g ^{\alpha }P_{+}\hat S_{\alpha \beta }C^{-1}(\g ^{\beta })^{T}C\, P_{+}S] \lp =4\,\left (\frac {m\,}{d+1}\right )^{2}\,\sss ^2 \nf (\nf -1) +\sss ^{2}\Big [-\ha +\frac {d(d+1)-4m^{2}}{2(1+d)}\Big ]\, \nf \ , \\ \label {C.14} \bi _8 = &\langle \bar \theta \g _{\alpha }\nabla _{\beta }\theta \ \bar \theta \g ^{\beta }\nabla ^{\alpha }\theta \rangle \lp = \tr [ \g _{\a }P_{+}\nabla _{\beta }S]\tr [\g ^{\beta }P_{+}\nabla ^{\alpha }S] -\tr [ \g _{\a }P_{+}\nabla _{\beta }S\ \g ^{\beta }P_{+}\nabla ^{\alpha }S] -\tr [ \g ^{\a }P_{+}\hat S_{\beta \alpha }C^{-1}(\g ^{\beta })^{T}C\,P_{+}S] \lp = 2\left (\frac {m\,}{d+1}\right )^{2}\sss ^2 \nf (\nf -2) +\sss ^{2}\,\Big [ \ha +\frac {d(d+1)-4m^{2}}{2(d+1)} \Big ]\nf ,\end {align}


$\g ^{\alpha }\g _{\alpha \beta }\g ^{\beta } =2$


$\zeta $


$\zeta $


$\xi ^\a $


$_{2}$


\begin {align}&\langle x^{i}(\xi )x^{j}(\xi ') \rangle = \delta ^{ij}G_{x}(\xi , \xi ') \ , \quad \langle y^{a'}(\xi )y^{b'}(\xi ') \rangle = \delta ^{a'b'}G_{y}(\xi , \xi ') \ , \quad \langle \theta (\xi )\bar {\theta }(\xi ') \rangle = G_{\theta }(\xi , \xi ') .\label {b1}\end {align}


$\rm G_{\theta }$


$-\rm S$


\begin {align}&\lim _{\xi '\rightarrow \xi }G_{x, y}(\xi , \xi ') = \rfe _{x, y} \ , \qquad \qquad \lim _{\xi '\rightarrow \xi }\partial _{\alpha } G_{x, y}(\xi , \xi ')=\lim _{\xi '\rightarrow \xi }\partial '_{\alpha } G_{x, y}(\xi , \xi ') = 0 \ , \label {bb1} \\ &\lim _{\xi '\rightarrow \xi }\partial _{\alpha }\partial '_{\beta } G_{x, y}(\xi , \xi ') = \rh _{x, y} \, g_{\alpha \beta } \ , \label {b2} \\ &\lim _{\xi '\rightarrow \xi } G_{\theta }(\xi , \xi ') = \rfe _\theta M \ , \qquad \lim _{\xi '\rightarrow \xi } i\mathfrak {D}_{\alpha }G_{\theta }(\xi , \xi ') = \rh _\theta \gamma _{\alpha } \ , \ \ \ \ \ M= - i \G _{123} \ , \label {bb2} \\ &\lim _{\xi '\rightarrow \xi }\mathfrak {D}_{\alpha }\mathfrak {D}'_{\beta }G_{\theta }(\xi , \xi ') = (H_{\theta } g_{\alpha \beta } + \rk _{\theta } \gamma _{\alpha \beta })M . \label {b3}\end {align}


$f_2$


\begin {align}\label {d6} \langle \mathcal {L}_{4\rm b} \rangle =&\te N_{x}\rh _{x}^2-\frac {1}{2}N_{x}^2 \rfe _{x}\rh _{x}-\frac {1}{2}N_{x}(N_{x}+2) \rfe _{x}^2+N_{y}\rh _{y}^2+\frac {1}{2}N_{y}^2 \rfe _{y}\rh _{y} \ ,\\ \label {d7} \langle \mathcal {L}_{4\rm f} \rangle = &-\tfrac {1}{2} \rfe _{x} \rh _{\theta } \,N_{x} {\nf }+\tfrac {1}{4}\big [N_x(\rh _x+ \rfe _x )- N_y\rh _y\big ] \rfe _{\theta } {\nf } \nonumber \\ &+ \tfrac {1}{48}\big {[}N_{x}(N_{x}-1) -N_{y}(N_{y}-1) + ({\nf }-2) \big {]}\nf \, \rh _{\theta } \rfe _{\theta }\nonumber \\ &-\tfrac {1}{8} \rh _{\theta }^2 \nf ^2 - \tfrac {1}{4} \rfe _{\theta }\rk _{\theta } {\nf } .\end {align}


\begin {align}& \tr (\gamma _{\a }\Gamma _{ij}\Gamma _{123}P_+) = 0 \ , \quad \tr (\gamma _{\a }\Gamma _{a'b'}\Gamma _{123}P_+) = 0 \ , \quad \Gamma _{ij}\Gamma ^{ij} = -N_{x}(N_{x}-1) \ , \quad \Gamma _{a'b'}\Gamma ^{a'b'} = -N_{y}(N_{y}-1) , \no \\ & \langle (\bar {\theta }\gamma _{\alpha }i\mathfrak {D}_{\beta }\theta )(\bar {\theta }\gamma _{\rho }i\mathfrak {D}_{\lambda }\theta )\rangle = \tr (\gamma _{\beta }\gamma _{\alpha }P_+)\tr (\gamma _{\lambda }\gamma _{\rho }P_+) \rh _{\theta }^2-\tr (\gamma _{\lambda }\gamma _{\alpha }\gamma _{\beta }\gamma _{\rho }P_+) \rh _{\theta }^2 -\tr \big [ \gamma _{\alpha }P_+ M\gamma _{\rho }(H_{\theta }g_{\lambda \beta }+\rk _{\theta }\gamma _{\lambda \beta })M\big ] \rfe _{\theta } .\end {align}


$N_{x}=3, \, N_{y} =5, \, {\nf } = 16$


$\delta (0)$


$\zeta (0)$


$_{2}$


$\delta (0)$


\begin {equation}E_x =2 ( \rh _{x} + \rfe _x) \ , \qquad E_y =2 \rh _y \ , \qquad E_\theta = 2 \rh _\theta \ , \label {b107}\end {equation}


$\rk _{\theta }=0$


\begin {equation}\label {bb12} N_{x}(N_{x}-1) -N_{y}(N_{y}-1) +( {\nf }-2) =0\ ,\end {equation}


$N_x=3, \ N_y=5, \ \nf =16$


\begin {align}\langle \mathcal {L}_{4\rm b} + \mathcal {L}_{4\rm f} \rangle = &\te {1\ov 4} N_x E_x \big [E_x - (N_x +4) \rfe _x\big ] + {1\ov 4} N_{y}E_y \big [ E_y +N_{y} \rfe _{y}\big ] \no \\ \label {d007} &\te -\tfrac {1}{4} \, {\nf } E_{\theta } \big [ N_{x} \rfe _{x} + {1\ov 8} \nf E_\theta \big ] +\tfrac {1}{8}{\nf } (N_x E_x - N_y E_y) \rfe _{\theta } .\end {align}


$\langle \mathcal {L}_{4\rm b} + \mathcal {L}_{4\rm f} \rangle $


$E_{x,y,\theta }$


$\delta (0)$


$N_{x}=3, \, N_{y} =5, \, {\nf } = 16$


\begin {align}\langle \mathcal {L}_{4\rm b} + \mathcal {L}_{4\rm f} \rangle =&\,\, \te (- {21\ov 4} E_x -12 E_{\theta }) \rfe _x + {25\ov 4} E_y \rfe _y + (6 E_x -10 E_y) \rfe _{\theta }\no \\ & + \te {1\ov 4} ( 3 E_x^2 + 5 E_y^2 - 32 E^2_{\theta }) . \label {b108}\end {align}


$\delta (0)$


$\prod _\xi \sqrt {G(x(\xi ))}$


$\int \delta (0)[ x^2(\xi ) + \ldots ]$


$\int \delta (0)\, \langle x^2 \rangle \sim \delta (0) \rfe _x$


$\int \delta (0)[ \bar \theta M \theta + \ldots ]$


$E^2$


\begin {equation}\label {bb33} E_{\theta } = \ha E_x=\ha E_y \ \ \to \ \ 3 E_x^2 + 5 E_y^2 - 32 E^2_{\theta } =0.\end {equation}


$\rm G$


$\zeta $


$_{2}$


$\zeta (0; \xi ,\xi ')$


$\delta $


$_{2}$


\begin {align}&(-\nabla _{\alpha }\nabla ^{\alpha }+2)G_{x} =\delta ^{(2)} _x( \xi , \xi ')= \zeta _{m^2=2}(0 \ ; \xi , \xi '), \qquad -\nabla _{\alpha }\nabla ^{\alpha }G_{y} =\delta ^{(2)} _y( \xi , \xi ') = \zeta _{m^2=0}(0 ; \xi , \xi ') \ , \\ & i \slashed {\mathfrak {D}}G_{\theta } =\ri \delta ^{(2)} _\theta ( \xi , \xi ') = \ri \zeta _{\theta }(0; \xi , \xi ') \ , \\ &\rh _{x}= - \rfe _{x} + \tfrac {1}{2}\zeta _{m^2=2}(0; \xi , \xi ) \ , \qquad \rh _{y} = \tfrac {1}{2}\zeta _{m^2=0}(0; \xi , \xi ) \ , \qquad \rh _{\theta } = \tfrac {1}{2}\zeta _{\theta }(0; \xi , \xi ), \\ & \zeta _{m^2}(0; \xi ,\xi ) =\tfrac {1}{4\pi } ( \tfrac {1}{6} R^{(2)} - m^2) = -\tfrac {1}{12\pi } -\tfrac {1}{4\pi }m^2 \ , \\ & \zeta _{\theta }(0; \xi ,\xi ) =\tfrac {1}{4\pi } ( \tfrac {1}{6} R^{(2)} - \tfrac {1}{4} R^{(2)} - m^2) = \tfrac {1}{24\pi } -\tfrac {1}{4\pi }m^2 \label {b77} .\end {align}


\begin {align}&\rG _{x} = \tfrac {1}{2\pi }\log \bar \Lambda - \tfrac {1}{2\pi }\ , \qquad \rG _y = \tfrac {1}{2\pi }\log \bar \Lambda \ , \qquad \log \bar \Lambda \equiv \log \Lambda + \Ge \ , \label {b88}\\ & \rh _{x} = - \rG _x -\tfrac {7}{24\pi } \ , \qquad \ \ \ \rh _{y} = -\tfrac {1}{24\pi } \ ,\label {b99} \\ &\rG _{\theta } =- \tfrac {1}{2\pi }\log \bar \Lambda + \tfrac {1}{4\pi } \ , \qquad \rh _\theta = -\tfrac {5}{48\pi } \ , \qquad \rk _{\theta }=0 \ , \qquad H_{\theta } = -\tfrac {5}{48\pi } \ , \label {b66}\end {align}


$\Lambda $


$\rG _x$


$\rG _\theta $


${1\ov \ept } \leftrightarrow 2\log \bar \Lambda $


\begin {align}& \langle \mathcal {L}_{\rm 4b} \rangle = \tfrac {1}{96\pi ^2} d_1 \log \bar \Lambda + \tfrac {1}{576 \pi ^2} d_2 \ , \label {b17} \\ & d_1 = (7N_{x}^2+28 N_x -N_{y}^2)\Big |_{N_x=3, \, N_y=5} = 132 \, , \quad d_2= - (42 N_x^2+119 N_x-N_y)\Big |_{N_x=3, \, N_y=5}= - 730\no \ , \\ & \langle \mathcal {L}_{\rm 4f}\rangle =\tfrac {1 }{4608 \pi ^2} e_1 \log \bar \Lambda +\tfrac {1}{18432 \pi ^2}e_2 \ , \label {b18}\\ & e_1 = \nf \left (5 N_{x}^2+283 N_{x}-5 N_{y}^2-19 N_{y}+5 \nf - 10\right )\Big |_{N_x=3, \, N_y=5, \, \nf =16} =11904 \ ,\no \\ & e_2 = \nf \left (-10 N_{x}^2-806 N_{x}+10 N_{y}^2+38 N_{y}-35 \nf +20\right )\Big |_{N_x=3, \, N_y=5, \, \nf =16} =-41728\ , \no \\ & \langle \mathcal {L}_{\rm 4b} + \mathcal {L}_{\rm 4f}\ \rangle = {95\ov 24\pi ^2 } \log \bar \Lambda - {113\ov 32\pi ^2} . \label {b19}\end {align}


$\delta (0)$


$\langle x^{i}(\w _{1})x^{j}(\w _{2})\rangle $


$\rd =1+d=2-2\eps $


\begin {equation*}\begin {imageonly} \begin {aligned} \begin {tikzpicture}[thick,baseline=0] \begin {feynman} \vertex (a1) at (-1,0); \vertex (a2) at (1,0); \vertex (oo1) at (0,0); \vertex (oo2) at (0,1); \diagram * { (a1) -- (oo1); (a2) -- (oo1); (oo1) -- [half left] (oo2); (oo1) -- [half right] (oo2); }; \end {feynman} \node [left] at (a1) {$i$}; \node [right] at (a2) {$j$}; \end {tikzpicture} \end {aligned} \end {imageonly}\end {equation*}


\begin {align}\label {6.8} &\langle x^{i}(\w _{1})x^{j}(\w _{2})\rangle _{\rm 1} = \, \langle x^{i}(\w _{1})x^{j}(\w _{2})\int d^{\rd } \w \,\sqrt {-g}\, \mc L_{4x}\rangle \\ &= - \,\delta ^{ij}\int d^{\rd }\w \,\sqrt {-g}\,\Big [ (N_{x}+4 ) \gxx (\w _1,\w ) \gxx (\w ,\w _2) + \tfrac {4+d(4-N_{x})+3N_{x}}{2(d+1)} {\partial }_{\w \a } \gxx (\w _1,\w ) {\partial }_{\w }^{ \a } \gxx (\w ,\w _2) \Big ] \, \gxx .\no \end {align}


$\gxx =\gxx (\w , \w )$


\begin {align}\label {6.10} \langle & x^{i}(\w _{1})x^{j}(\w _{2})\rangle _{\rm 1} = \delta ^{ij} P \int d^\rd \w \,\sqrt {-g}\, \gxx (\w _1,\w ) \gxx (\w ,\w _2) \ , \ \ \ \ \ P= P_x + \ldots \ , \ \ \ \ P_x= 2 \, N_x \frac {1-d}{1+d}\, \gxx .\end {align}


$c_1$


$P$


$\langle x^{i}(\w _{1})x^{j}(\w _{2})(\bm {x}^{2}+\tfrac {1}{2}\partial _{\l }\bm {x}\cdot \partial ^{\l }\bm {x})\rangle = 0$


$\langle x^{i}(\w _{1})x^{j}(\w _{2})\partial _{\alpha }\bm {x}\cdot \partial _{\beta }\bm {x}\rangle = -\frac {4}{d+1}\eta _{\alpha \beta }\delta ^{ij}.$


\begin {equation}\label {6.15} P=\Big (2N_{x}\,\gxx + \frac {1}{1+d}N_{\theta }\, \sss \Big )\frac {1-d}{1+d}.\end {equation}


$d\to 1$


$d\to 1$


$N_x=3, \ N_\theta =16$


\begin {equation}\label {6.16} \delta \mc L_{2\, x} =\ha C_1 \bm {x}^{2}, \qquad \qquad C_1 = - \lim _{d\to 1} P = {1\ov 2\pi } .\end {equation}
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$\sss $
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$B(\lambda ) =B_0 + B_1 + \ldots = {\sqrt \lambda \ov 4 \pi ^2} - { 3\ov 8 \pi ^2} + \ldots $
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$12 B_1= - {9\ov 2 \pi ^2}$
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$_5 \times S^5$
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$_{4}\times \CP ^{3}$


$N$


$\lambda = N/k$


\begin {equation}\label {811} \langle W \rangle = \frac {N}{4\pi \lambda }e^{\pi \sqrt {2(\lambda - {1\ov 24})}} + \mc O(N^{0}) = \frac {N}{4\pi \lambda }e^{\pi \sqrt {2\lambda }} \Big [1-\frac {\pi }{24\sqrt 2}\frac {1}{\sql }+\cdots \Big ]+\mc O(N^{0}).\end {equation}


$T= \frac {1}{\sqrt 2}\sqrt {\lambda -\frac {1}{24}}-\frac {\log 2}{2\pi }$


$\log 2$


$\lambda - \frac {1}{24} + \mc O(N^{-1})$


$\exp (-\mu N + J)$


$J= \frac {1}{3} C \mu ^3 + B \mu + A$


$B= \frac {k}{24}+\frac {1}{3k}$


$N\to N-B= N-\frac {k}{24}+\frac {1}{3k}$


$L^4 = 2 \pi ^2 \a '^2 [ \lambda - \frac {1}{24} (1- {1\ov k^2}) ]$


$N$


$\lambda $


$T = {1\ov \sqrt 2} \sqrt {\lambda - {1\ov 24}}$


\begin {equation}\label {821} T= \frac {1}{\sqrt 2}\sqrt {\lambda - \te {1\ov 24}}\ , \qquad \ \ \ \ \ \ T_0\equiv \frac {\sqrt \lambda }{\sqrt 2}= T\sqrt {1 + \tfrac {1}{48} T^{-2} } . \ \ \ \
\end {equation}


$T$


$g_{\rm s}= \sqrt \pi (2\lambda )^{5/4} N^{-1}$


\begin {equation}\label {831} \langle W \rangle = \frac {\sqrt {T_0} }{\sqrt {2 \pi } \ g_{\rm s} }\ e^{2\pi T } + \mc O\big ((g_{\rm s})^{0})\big ) \
= Z_1 \ \sqrt { T_0\ov T} \, e^{2\pi T } + \mc O\big ((g_{\rm s})^{0}\big ) \ , \qquad \ \ Z_1 = \frac {\sqrt {T} }{\sqrt {2 \pi } \ g_{\rm s} } .\end {equation}


\begin {equation}F= - \log \big (Z_1^{-1} \langle W \rangle \big ) = - 2 \pi T + \ha \log { T\ov T_0 } = - 2 \pi T - \tfrac {1}{ 192} T^{-2} + \OO (T^{-3}) . \label {841}\end {equation}
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\begin {equation}\label {85} \langle W \rangle = \frac {1}{2\sin \frac {2\pi }{k} }\, e^{ {\pi ^2 \ov k} T_2} \Big [ 1-\frac {k^2+32 }{24k }\frac {1}{T_2 }+\OO (T_2^{-2}\big )\Big ] \ , \qquad \qquad T_2 = {1\ov \pi } \sqrt { 2 k N} .\end {equation}
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One might expect that in some particular cases the GS string partition function may still be UV finite. Indeed, that was found to
happen in the case of the 2-loop correction to the null cusp anomalous dimension [5-7]. This example, however, is special in having
flat induced 2d metric (implying that possible covariant counterterms may vanish). As we shall find below, the 2-loop UV poles do
not cancel in the case of the expansion near a minimal surface with curved AdS, metric.

This raises the general question of how strong-coupling predictions of SYM theory (coming from localization or assumption of
quantum integrability) can be directly compared to perturbative results on the AdSs x 3 string side, i.e. how to provide independent
checks of AdS/CFT at strong coupling beyond the semiclassical 1-loop approximation. There is no known direct way of implementing
quantum integrability in the string perturbation theory that would fix in general the required 2-loop and higher counterterms allowing
to get finite string predictions that can be compared to the SYM side. One may then need to compute several observables in order to
“measure” the coefficients of the counterterms before being able to make unambiguous (scheme-independent) predictions that would
check AdS/CFT at strong coupling.?

In this paper we will focus on the case of the 1 BPS circular Wilson loop observable in the planar limit represented by the AdSs x S°
string partition function on the disk expanded near the AdS, minimal surface. We will find that the 2-loop UV divergences do not
cancel automatically and thus matching the known strong-coupling result on the SYM side requires a particular prescription of how
to subtract the UV poles and fix the finite part. It would be interesting to see if there are other observables (like particular derivatives
of latitude WL, etc.) that may happen to be UV finite and thus can be directly compared to the SYM side.

1.1. The setup

One of the postulates of the AdS/CFT correspondence is the equivalence between the expectation value (W) of a Wilson loop
in N =4 SYM and the partition function of the quantum superstring in AdSs x S° defined with appropriate boundary conditions
[14-18]. The simplest example is provided by the % BPS circular Wilson loop with known exact gauge theory expression [19-21]
which in the planar limit is given by

2N
W) = ==1,(Va). 1.1)
Vi

Expanded in the limit of large 't Hooft coupling 4 = Ng? and expressed in terms of the AdS; x .S° string tension 7' = L _ Vi and

2ra’ 2r

2
string coupling g, = i"—r (1.1) may be written as [22]

2 N /i 3 1 [T o0 301 1
(W):\/j—e [1——+...]=c— —e [1———+...], ¢ =—. (1.2)
7 A3/4 8 \/; Yg, V2n 16z T L fox

This should represent the large string tension expansion of the disk partition function of the AdSs x S° superstring near the AdS,
minimal surface that ends on a circle at the boundary of AdS; [16-18].

Indeed, the term in the exponential in (1.2) is the same as the classical string action evaluated on the AdS, induced metric
with the regularized volume V' = —2x. The prefactor ¢, represents the 1-loop correction given by a product of quadratic fluctuation

determinants [18] (see also [8,23,24]). The origin of the ﬁ factor was explained in [22]. The computation of the remaining \/;2»
v/

factor in (1.2) remains an open problem as it depends on a precise normalization of the GS superstring measure (it was indirectly
confirmed by matching the ratio of the % and % BPS WL expectation values [13]).
Our focus here will be on the subleading T~! term in (1.2) that should correspond to the 2-loop contribution in the GS superstring

path integral expanded near the AdS, minimal surface. Separating the prefactor Z; = gl % in (1.2) we may write it as
Wy=2ze", F=—-fmyv, (1.3)
- 3 - 3
T)=foT + fi+ LT +...==T +loge, + =T+ ..., =—. 1.4
f( = fy fi+ /2 0g ¢y 3022 fa 3022 1.4

Viewing (1.3) as the string partition function we used that since AdS, is a homogeneous space the corresponding free energy should
be proportional to its IR-renormalized volume V' = —2r in the case of the circular boundary (V' = 0 in the case of the line). In general,
Viirele = % — 2z and V. = % where z — 0 is an IR cutoff in AdS,.

To avoid the step of renormalizing the IR divergence, i.e. to get a manifestly IR finite quantity one may consider the ratio
Weirete) ! Wine) = Z1 €772 On the SYM side the expression for the circular WL in (1.1) corresponds to the normalization choice

for which (W,.) = 1.

2 Even ignoring the issue of UV divergences on the string side, to provide a scheme-independent comparison of the SYM and string predictions one
should compare at least two observables, e.g. dimensions of two operators as functions of the ’t Hooft coupling 4 in the planar limit, and eliminate
A expressing one dimension as a function of the other. That function can then be matched to the one relating the AdS energies of one corresponding
string states. Also, in some cases, to eliminate possible ambiguities in the definition of string path integral it may be useful to consider ratios of
partition functions, see, e.g., [8-13].

3 Let us note that like the AdS; x S° radius, the shape and radius of the minimal surface AdS, metric can not be renormalized due to underlying
symmetry of the theory. Thus AdS, should remain the solution of the quantum-corrected 2d effective action also the 2-loop and higher level.

2
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The AdSs X S° GS action [3] is non-linear and while its 1-loop semiclassical quantization is straightforward (see, e.g., [18,25-27])
there are issues related to potential UV divergences and scheme dependence at higher loop orders. The AdSs x .S> GS action itself
should not be renormalized being protected by a high amount of symmetry and the presence of the fermionic WZ term [3], and the
1-loop finiteness of its on-shell effective action can be checked directly [18], there are potential higher loop divergences that may
require introduction of higher-derivative counterterms with coefficients that need to be fixed in a specific way to be consistent with
symmetries of the model.* Currently, there is no known way to directly fix such possible counterterms.®

It could still be that for some special observables the underlying symmetry of the theory may lead to a UV finite result thus
allowing a direct comparison to the finite strong-coupling expansion on the dual gauge theory side. Indeed, examples of consistent
2-loop computations in AdSs x S° GS theory matching the expected gauge theory results appeared in [5-7,28]. The challenge is
to find a regularization scheme consistent with symmetries of the theory. Ideally, one would like to use a version of dimensional
regularization to avoid dealing with power divergences and ambiguities in choice of local measure and local field redefinitions (and,
in particular, gauge dependence). Even though the GS fermions are originally 2d scalars, a direct use of dimensional regularization
is problematic as the GS action involves ¢#¥ symbol in the fermionic WZ term.

Once the GS action is expanded near a particular bosonic background, the fermion kinetic term takes a 2d Dirac form so that the
fermions may be interpreted as a collection of 2d spinors. Then the use of dimensional regularization would not be consistent with
the effective 2d global AdS, supersymmetry [18] of the gauge-fixed world sheet theory. One may still try to use some version of
dimensional reduction regularization [29] like it was done in [5-7].° In general, having curved AdS, background metric requires
special care in choice of regularization prescription even in simpler 2d QFT models like the super-Liouville one [32,33] (see also
[34-371). The ambiguity in choice of quantization is to be fixed by extra constraints like preservation of hidden symmetries of the
path integral or expected symmetries of boundary correlators.

1.2. Results

Fixing the static gauge on bosons and the corresponding “adapted” k-symmetry gauge on the fermions (generalizing the flat-space
gauge used, e.g., in [1]) one finds that the Lagrangian for the physical 8 + 8 GS string fluctuations takes the following symbolic form
[18,38]7

L =(0x"? + m2x* + (0y")* +i0(Y + mp)0 + T~ [(ax)“ + x2(0x)? + x* + (0x)%(9y)?
+ (0Y)* + ¥2(09)? + (0x0x + x2)(OVO + 6%) + ... + 000V0 + OVOOVO + ... ] +0OT). (1.5)

Here all indices are contracted with the induced AdS, metric and derivatives are 2d covariant so that there is a manifest AdS,
symmetry with fermions 6 treated as a set of 8 Majorana 2d fermions. x’ represent 3 transverse fluctuations in AdSs; with mass mﬁ =2,
y* are massless fluctuations in .S° and 6 have mass m% =1.

The important simplification (compared to the examples in [4-7]) is that in the static x-symmetry gauge we will use below there

are no cubic interaction terms in (1.5) and thus all 2-loop graphs contributing to the free energy will be just the “double-bubble” ones

with each of the two propagators being either bosonic or fermionic. As the AdS, propagators (and their derivatives) taken at the
coinciding points are constant, the remaining integral over the bulk point is trivial, giving just a factor of the AdS, volume V as in
1.3).

We will use the dimensional reduction regularization, i.e. will keep the field indices and thus the tensor and spinor algebra
contractions in their original 2d form while treating the arguments of the fields as points in 2 — 2¢ dimensional space, thus continuing
the remaining scalar propagator factors to AdS; withd=1+d =2 —2¢, ¢ — 0.8

4 This is similar to the case of TT deformation: to ensure that the classical integrability of a theory extends also to the quantum level one is to
add specific counterterms at each order in the inverse tension expansion (see a discussion in [1]).

5 If one imagines deriving GS action as a collective coordinate action for a fundamental string soliton in 10d supergravity from the supergravity
action one may also get some specific higher derivative corrections suppressed by the inverse string tension. However, the supergravity action itself
gets corrected by string o’ corrections and which should be the resulting “bootstrapped” GS + corrections action is unclear.

6 The examples considered in [4-7,30] were different from the present one in having flat induced metric and thus flat-space propagators for 2d
fields (but lacking 2d Lorentz symmetry in the interaction terms). The special Catalan-constant contribution (matching gauge-theory integrability
prediction [31]) was coming from non-trivial 2-loop integrals that could be isolated from UV divergent and scheme-dependent parts. In fact, the
logarithmic UV divergences were found to cancel in the gauges used in [5-7]. This will no longer be so for the circular WL case discussed below
where all terms will have rational coefficients and thus will be on an equal footing.

7 We assume that the radius of AdS, is 1 and rescale the 2d fields by square root of the tension T.

8 Note that there is only trivial Euler number 1-loop divergence (that should be cancelled by measure) at the 1-loop order [18,22]. Compared to
the S-matrix case considered in [1] here the evanescent 1-loop 5 / RY counterterm does not contribute to the 2-loop free energy: expanded near
AdS, it does not contain a non-trivial linear in dxdx term.
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All 2-loop contributions will be expressed in terms of the regularized values of the following constant factors representing the
coincident values of the AdS,,, propagators for a boson with mass mg =2 and a fermion with mass m; = 1 °

G LT L _% g AA—d)y=md=2 2 (1.6)
= G —d T h) = e “ T (€) , A-d)y=m, =2, ay =2, .

o=

+2, ¢ = log(dme’®) , e=31-d), 1.7

m\|_.

L(5HTG +4) |

- 1 =" /+ﬂ+0(‘5)’ A:g+mf, mg=1, a=1 (1.8)
(4,,)(d+1)/2r(§ —d+A) 4re’  4Arm 2

The massless scalars y* will not give a non-trivial 2-loop contribution in dimensional regularization.'? The resulting 2-loop correction
/> to the free energy in (1.3) will be found to have the form

fr=4,G + ¢ GS+¢$?, 1.9
_9l-d) _24(1-d) _20-d)5-3d)
= ra T Utap T (1.10)

Here the G? contribution comes from the quartic x-terms, the G S one — from the mixed x26? terms and the S? one — from the quartic
6 terms in (1.5).

As each of the three terms in (1.9) is multiplied by 1 — d = 2¢, the double-pole (log> UV divergences) cancel independently in each
of the three types of contributions.!! However, the single pole % term does not cancel:

6a, + 16a; — 19

22 , (1.11)

=gt +0© . =
where é = % +2¢ = 5 + ¢ (cf. (1.7)). The remaining log UV divergence means the finite part is a priori scheme dependent and cannot
be directly compared to the gauge-theory result in (1.4).12

One may try several options of how to interpret the result (1.9),(1.10):

(i) One may assume a “hard” version of dimensional reduction regularization in which contractions of all of the world-volume
indices (both ones of derivatives and the spinor ones) to be done first in 2 dimensions and after that the resulting scalar propagators
are to be continued to 1 + d = 2 — 2¢ dimensions. In this case one is to set d = 1 in the coefficients in (1.9) first so that the total 2-loop
result will be just zero. The issue will then be of how to reconcile this with a non-zero value of f, in the gauge theory expression in
(1.4). In any case, the question of how to make this prescription consistent is a priori unclear.'?

(ii) One may conjecture that the 2d UV pole in (1.11) should be subtracted out or cancelled by an appropriate counterterm. This
interpretation was used in [1] in the case of the 2-loop correction to scattering of fluctuations on an infinite GS string in flat target
space. In the “modified minimal subtraction” (where one drops the % term in (1.11)) the finite part in (1.11) will be given by (see
(1.6),(1.8))

9
S2.fin

ay=2ai=1 3272 (1.12)

This is 3 times larger than the gauge theory coefficient in (1.4), implying that exact matching would require some additional finite
subtraction .

To try to modify the value of the finite part in (1.12) one may take into account that the finite constants in the coincident values
of the bosonic (1.6) and fermionic (1.8) propagators in AdS, are, in general, scheme-dependent and thus special choices of them may
be required for consistency with underlying 2d supersymmetry (cf. [33]). One may conjecture that the required modification of the

9 Here we are not indicating dependence on a normalization mass y and radius r of AdS, (in general, tl - % + 2log(ur)) assuming that ur = 1. In
general, a redefinition of x corresponds to a scheme change (for example, we may absorb # into log u).

10 Note that we are assuming that masses of the fields in (1.5) are kept fixed while replacing AdS, by AdS,_,,. One could consider an alternative
prescription of keeping the boundary dimensions of the fields fixedto A, =2, A, =1, A, = % but that approach does not appear to lead to a consistent
picture.

11 The cancellation of the 2-loop double-pole divergences in the bosonic contribution is due to the constant curvature of the AdSs space. This is
a general fact for a 2d sigma model on a constant curvature space (see a discussion in [4]). The same cancellation found also for the fermionic
contribution may be viewed as a consequence of the residual global supersymmetry relating the bosonic contribution to the fermionic ones.

12 Note that if we use dimensional regularization to regularize also the AdS, volume V in (1.3) as vol(AdS,,,) =vol(AdS,_,,)=z//’I'(~d /2) =
—2x[1 + (2= ¢)e + ...] then the presence of a pole in (1.11) will lead to an extra finite contribution to f,. However, this will be due to mixing the
UV and IR regularizations; this does not appear to be a consistent procedure in general.

13 Note that compared to standard version of dimensional reduction regularization [29] were the main concern was to maintain balance of degrees
of freedom to maintain supersymmetry here we have a separate complication of how to continue e*” terms.
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dimensional reduction regularization that leads to (1.6),(1.8) is the one for which the coincident values of the bosonic and fermionic
propagators differ only by the sign'*

1 ay, .
G=_S=W+G+O(6)’ ie. a,=a; = 1. (1.13)
Assuming this “supersymmetry relation” (1.13) we then conclude that the finite part of (1.11) is given by
3
fa.fin apmap=l 3072 (1.14)

We thus observe that the formal subtraction of the pole in (1.11) combined with a scheme choice implying (1.13) allows one to
reproduce the gauge-theory value of f, in (1.4). The structure of the rest of the paper is as follows. In Section 2 we will discuss the
expansion of the bosonic and fermionic parts of the AdSs x S° GS action near AdS, minimal surface to quartic order in the fluctuation
fields fixing the bosonic static gauge and its k-symmetry counterpart. In Section 3 we will present the expressions for the bosonic and
fermionic kinetic operators and their derivatives required in computing the 2-loop correction in dimensional regularization, i.e. in
AdS, with d = 2 — 2¢. The resulting contributions to the 2-loop coefficient f, will be presented in Section 4. Some concluding remarks
will be made in Section 5.

In Appendix A we will present some details about the computation of fermionic correlators. The expression for the 2-loop correction
to free energy directly in 2 dimensions (and specifically in the ¢-function regularization) will be discussed in Appendix B. In Appendix C
we will compute the 1-loop correction to the 2-point function of x' fluctuations. A review of strong coupling expansion of % BPS WL
in ABJM theory and some comments on the corresponding string theory computation will be given in Appendix D.

2. Expansion of AdSs x S° GS action near AdS, minimal surface
2.1. Bosonic part of the action in static gauge

Following [38] we shall parametrize the AdSs X S° metric as

1.2y2
(1+zx)dsz+ dx - dx dy-dy

_lyop 2 _1l.op 1.2’
(1= zx%) d=zx2)* (1+3¥%)

ds?

5Ty = 2.1

where x = (x'), i =1,2,3; y=0%,a=1,...,5 and ds% is the AdS, metric. The result of our computation will depend on explicit

parametrization or topology of AdS, factor only through the value of the volume V factor so that we may choose it, e.g., to be
the Poincare half-plane (with metric le(—dxg + dz?)) having infinite line as its boundary. The minimal surface corresponding to the
Wilson line at the boundary is represented by

x0 = fo, z=¢, x =0, ¥ =0, & =(1,0), (2.2)

43 = 8@ dEE = S (—dT +d0D). g0 = ~5. 2.3)
The bosonic part of the AdSs; x S action in the static gauge where the fluctuations of z and x° are set to zero has the form

sz—T/dzgx/—_hzr/dzg\/—_g(—nﬁb), (2.4)

1
s X 9,x-0,x  0,y-0,y

(1—1x2y2 8u(&)+ (1=tx2y (4 ly2e
3 3 3

(2.5)

Hv

The action has global SO(2,1) x [SO3) X .SO(5)] symmetry. Expanding in powers of the fields we find the following interacting
Lagrangian for the 3 massive and 5 massless fluctuation fields

Ly=Ly+Lyp+ s Lo = Lyx+ Loy + Ly (2.6)
£y =—1(0x-0x) - x* = 1y - 9y), 2.7
L4y = —3(0x - 9%)? + 1 (9x'0x/)(0x'0x/) — 1x*(9x - 9x) — 3(x?)7, (2.8)
Ly0y = —3(0x - 0x)(dy - 9y) + $(0x'9y")(0x"0y"), (2.9)
L4y = 3770y - 0y) = 50y - 9y)” + ;(05°0Y")(@y"0y"). (2.10)

where all derivatives are contracted with the AdS, metric.

14 As also emphasised in [32], the regularization required to remove the coincident-point singularities of the bosonic and fermionic propagators is
not unique. One may select a particular scheme by demanding consistency with the underlying symmetries of the theory. In the present case, one may
expect that a preferred regularisation is fixed by demanding compatibility with the (non-linear) OSp(4*|4) action on the worldsheet fluctuations.
Similar relations between the bosonic and fermionic propagators in AdS, that should be a consequence of maintaining AdS, supersymmetry
appeared in [39] (see also [22]) and in [33].
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2.2. Fermionic part of the action in static k-symmetry gauge

Here we shall follow the same notation as in [4] using Lorentzian signature and define the following combinations of 10d Dirac
matrices (with indices A = (a,d’), a=0,.,4; a' =5,.,9;i =1,2,3)

(CaTp} =204p fAap = (=L+1,...,41), I =-T..Ty, T? =1, (2.11)

T, =il[,[\[,I30,, =1, I,T,=I,T,, T,=-T,T,, (2.12)

I =ilsTgMyTgly, T2 =-1, I, =00 =-I'T,. (2.13)
The two GS fermions 6! (I = 1,2) satisfy the Majorana-Weyl conditions

o' =10’ , ' ="HT'=0YYc, c"=-c, T,=-c'rlc (2.14)

One may choose a representation of Dirac matrices in which C =" and 6/ are thus real. The 10d Majorana fermions 6, 8’ satisfy
_ n(n+l) _ - _
04 a0 =(1)"2 8T, 40, OUpII,0=—00,I,T50. (2.15)

In the static gauge we will split the target space coordinates X™ in 2 + 3 + 5 way (cf. (2.2)) here labelling them as (interchanging
1 and 4 directions compared to (2.1))

XM =@ X ey, i=1,23, d=5,...9. (2.16)

We also split the corresponding tangent-space components of 10d Dirac matrices as I';,[;, T, defining “parallel” components I'; as'®

T, =@,.T,). f=r,r,, =1, 1% =4 _cihp (2.17)

[T, =-T,0, fr,=rf, Ir,=r,r, (2.18)

[y =T 1005, [z = =TT i3 =3l Lyl = =TTy, (2.19)

[, = =il p; = =il 551, [T, =T,=-iTy;, [Tc=rirjc=-Crl. (2.20)
The Minkowski signature GS Lagrangian may be written as (I,J = 1,2)

1
L=-V-h- Zie”/’/o ds LY (s"0'TALY,) . (2.21)
hyg=LAL,g s' = (1,-), LY =LY,  Li=@h,, (2.22)
_ sinh?(2 M) inh
LA = Epo XM - 4i0' T4 [—2—]"D,0” , Ll = [W@e]’ : (2.23)
i 1

D,0' =4,0" - Ee”E;‘/]daXMI’*FAQJ , F.0" =0,0" + ZQAMBa(,XMFABé)’ , (2.24)

M2 = —'KT,M40K'T , + %( — 19! gKT,, I, + 9% g1gKT T )eKY (2.25)
We will fix the x-symmetry in the following static-gauge adapted way (“x-static” gauge)'®

fo' =o', 16> = -0%, r=r,r,, =1 (2.26)
Thus 6! and 62 will have opposite chirality with respect to I, so that (index p stands for i or a’)

nl I _ nl 2 _ nl 2

o'r, .1, 0" =0, 0'Ty, ...T; 0% = (—1)"8'T,, ...T; 6°. (2.27)
Let us define

0=0"+06%, ol=ro, *=01-Py9, P=101+D). (2.28)

Our aim is to expand the Lagrangian (2.21) to quartic order in the independent MW variable 6. Since we will be interested only up
to quartic terms in bosons and fermions we will use that in the §* terms we may replace the vielbein 1-form E# by its AdS, value
using that according to (2.1) (e? is the AdS, 1-form, cf. (2.36))

1.2 .
oA+ ixy , i dv
Ef= — 3t ':d_xl, :+ (2.29)
(1= 1) (1-1x2) 1+ 1y2)
. . . S - !y B ’
Q&ﬁ — a)&ﬂ , Q&i — e*x! , Qij — _1 x'dx) — x/dx' , Qa'b' _ ly” dy -y dya ) (230)
1 92 2 1 o 2 1 5
(I—Zx) I—Zx 1+Zy

15 We will always assume that ', matrices have tangent-space indices, i.e. are constant. Here I’ = —T'; and ¢! = 1. We will use the Greek letters
a, B, . for 2d world-sheet indices and &, §, ... for the corresponding tangent-space indices.
16 The same gauge was used in other contexts, e.g., in [1,40-42].
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Then we get for the & and p = (i,d’) components of the 1-forms L4 = L4 d XM

LY =E* - is*@'T* Do’ - %(érme)(ér%e)

- %(ér&r"fexérr,. T.D0) + %(ér&rﬂ’b’e)(érra,,,,r;s)e) +006%, (2.31)
LP =E” — is*(0'T7 Do’ ) + 0(6%) . E* = EfdXx™, (2.32)
DY =V — LT, I0 = VO + 1" T3 1550, (2.33)

where we used that 67,0 =0, /7T, ;60" = in,;0T 530, 8'T;T5,6" =0. Expanding in powers of the bosonic fields using
(2.29),(2.30) we have

- ~ - ~ n A 1 s 1 !
0'T" Do’ = /T4 (Vo' — Ze! EPT,Ty607 + QUT,;0" + Q70T 07)
= 00D — 1x2eP (IO 5310) — 1 x'dx/ (BT ,;0) + 1y dy? @OTTyy0) + .. (2.34)
0'TP DO’ = 0' TP (3 QU T, ;0" — Se! E'T,T;67 — Se! E“T,T,0")
= %e&x/ (BTPT,T;0) + %’dx/ (OrTPr,I,0) + édya’(érrﬂr*ra,o) +o. (2.35)
Using the AdS, 2-bein ef: we may define the world-volume projectors of I, as
=Ty Arary) =285 8 =telny (2.36)
Then we find that
hap =L Lag = ELE; = 2i(1 + 330y Dp)0) + 5320712370
+ £x10(,x7 (By)T;;0) = £37 0 1Y By Ty 0) = (07D, 0)(07, D)
— B} [x@TyT0) + 050 GTPT13T10) + 050" (91"Pr123ra,9)] (2.37)
= 107530007 Dy0) — 5@y T OOIT, T, Dy 0) + 5@y T O)OIT 1y T, Dy 0) + .
Thus the first term in (2.21) is given by
- V—-h=—V-h+iV-hh* 0y, Dy0 + /= [ x2090 + x29F1230 + 5 (x '0,x7)(0y°T;;0)
+ 257 0,577 T gy 0) + By D,0)(y,D70) + 1 (0DO)* — 8870y, D,,0)(0ryD5)0)
+ 50 530)(0D0) + = (By“TIO)OTT T, D,0) — = (By“ T O)(OIT 1y T, D, 0)
+ om0,/ ér,.l“1231“j9] +o (2.38)
Here h,, is the full bosonic part of the induced metric in (2.5) while 8up is the AdS, metric, so that (cf. (2.6))
Vohh = /=g [g“ﬂ — 0nx 0P xT — 0%y )Py ) + L ((0x)? + (01)?) + ] (2.39)
To find the contribution of the WZ term in (2.11) we note that (see (2.23))
- ~ - h 503 AR = -
sPOTOL =5 U0 DO’ — == ¥P(01230)(BI';D6)
+ 2 @UTITO)@IT, T.D0) — 5 (@rTY FO)IT, ), T DY) + O(6°) . (2.40)
s"8'rPL! =s5sY8'TPDO’ + 0(6°). (2.41)
Thus
1
- 2is" /0 dsePLART LY = ./—g{i(l + 5240y [sﬁe - 21X 5370
— 2XI0pxI T0+ 17 05" Ty 0+ . ] + (07 1:0)0D0) (2.42)
+ 52Oy TI0)OIT, T, Dyb) — 2 By TV 0)(OIT 1y T D 50)
+ 1|@07 - @1, D.00@r DP0)] + 139 0,32@y°T,T,0) | - 469, x/0,3/ @TTT 00+ ...,

where we used that e*/(6y;D,0)(0y°1'D0) = —1/=g[(0D0)? — (87, D,0)(Br*DP0)].
As a result, the fermionic part of the GS Lagrangian expanded to quartic order in the fluctuation fields is found (after rescaling

6 — %0 and factoring out 4/—g) to be:
Lp=5i0P0+ Lo+ ..., (2.43)
Ly =Li [x g — 0"x10Px1 — 0%y 0Py + L g ((ox)? + (ay)z)]ayns,,

7
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+ H (0730, x7 + 237 = 0%y 9,y 0T 50

+ 2 (O7530)@D0) + 14 By TV O)OIT, T, D,0) — 1= @y “T*Y O)(BIT 1y ', D, 0)

192 192
+ 1 (0P0P — Oy DPO) By D) + ... (2.44)
D0 =V, 0+ 37,T1n0 , D=V +T)s. (2.45)
Note that we have dropped the terms in (2.38),(2.42)
AL = L(x'0,x)) @y T;;0) + £ (v 0,57 )Or T 6) #qe"ﬂdaxidﬁxj @r,r,1,0), (2.46)

which will not contribute to the 2-loop free energy.
3. AdS propagators

Below we will use the dimensional reduction regularization by replacing AdS, with AdS; with d=1+4d, d =1 —2¢ but not
changing the number of fermionic components and keeping d = 2 in gamma matrix contractions. Let us first review the standard
expressions for the scalar and fermion propagators in AdS, ;.

3.1. Scalar propagator in AdS, 4

In Euclidean AdS,,, with the Poincare coordinates w* = (z, w") we have for a massive scalar field with the standard Dirichlet
boundary conditions (see, e.g., [43])!7

S = % /dd+'w V(8" 0,40, + m*$?), ds® = g, (Wdwhdw" = %(dzz +dw,dw'"), 3.1
! / d d? 2
(p(W)p(W")) = Gp(w, W), A= >+ \ i m2,  AA-d)=m", (3.2)
(=V2 + mD)Gp(w, W) = L sy —why (3.3)
Ve
i Ca U(W,W’)A AA 1 . d 2 ’
GA(W,W)—ZA_d[ : 2F1<E,E+§,A §+1,u(w,w)), (3.4)
r(a) o(w, W) = 222 (3.5)

AT — >
720 - £)

In Minkowski AdS,,, we get the same propagator with the replacement of the §,, metric in v in (3.5) by the Minkowski one. Using
that

I'e)l'(c=b-a)
T(c - bl(c—a)
and doing the analytic continuation in d to extend beyond the above conditions on the parameters a,b,c we get for the scalar
propagator at the coinciding points

2Fi(a,b,c;1) = Rc—a—-b)>0, ¢c#0,-1,-2,..., (3.6)

1 TG -9Hr©)
(4r)@d+h/2 T(1 —d + A) '

GA(W, W) = 3.7)

The first derivatives of the propagator taken at the coinciding points vanish, 0,Ga(W, w') ,=0 (note that for v in (3.5) one has
W=W
9,0(w, w') ,=0). We need also the value of the second derivative'® in the limit w’ — w. We get using again ((3.6))
w=w

d+1 1 TE3-9Hra+n
w=w' 2 (4p)W@h2 T(=d +A)

V, V' Gy(w, W) = —m?GA(W, W) , (3.8)

where we used (3.7) and that A(A — d) = m?. This relation is in agreement with (3.3) and 6(!+9(w, w) = 0 in dimensional regularization.
Similarly, one finds that

r-i-4Hra+n 2
! / _ l 1 2 2 ___m
VMV\/GA(W’W )‘w=w, = zguv (4”)(0[_“)/2 F(—d T A) = d+1

Setting d = 1 — 2¢ and expanding in small € with A defined as in (3.2) we find
N B (3.10)
e=0 2 4 ’

17 The Dirichlet conditions correspond to a supersymmetric (Maldacena-Wilson loop) case. If one uses the Neumann boundary conditions for the
S° massless modes that would correspond to the case of the standard (non-BPS) WL [44].
18 Here and below a;, stands for the derivative over w’ with index u.

& Gaw, w). (3.9)

1 1
Ga(w,w) = et [log(dm) — v — 2w (Ap)] + -, Ay =
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For the special values of the masses we are interested in we get
mr=0: Ay=1, w(dy)=-rg; mr=2: Ag=2, w(Ay)=1-7g (3.11)

Note that for the massless field the expressions in (3.8),(3.9) vanish; as a result, the correlators of the y“ field in (2.6) will not
contribute to the 2-loop free energy.
For the propagator of the m?> = 2 scalar we will introduce the special notation

. / _d_ ]
Gw, W) = G(w, W) e’ A= ) + 7 + 2. (3.12)
Expanding in & = %(1 —d) - 0 we get!®

_ 1 1 11
G=G(w,w)= — — — +0(¢e), —=-+7, ¢ = log(4rne’®) , (3.13)

dre!  2rm e €
VG W) ==2G= - 4 Lo, 314

wW=wW 2re! T
/ / ___2 e oL 1

v,V G(w, w )|W=W, = 78,G= gl oot t o). (3.15)

3.2. Spinor propagator in AdS,,,

Let us consider the spinor field in Euclidean AdS,,,; in Poincare coordinates with the action

Sp = / d'w g (¥ - My, (3.16)
where ¥ = 279, + 103’ Q,5), v &P =59, Q1 = L[yt 0, ot = 162, w;’ﬂ = §(535§ - 5{;5;). Explicitly (cf., e.g., [45])
Y =z2r"0, - v . 05 =620, , (3.17)

where 0 denotes the tangent index in the z-direction. Let us consider the corresponding propagator defined by

(¥ = M)S(w.w) = %W*”(w, w). (3.18)
g
In the standard case when M commutes with y,, e.g. if M = mI, the propagator is given by (see, e.g., [46])
Stw, w') = - (@432 )2 i @+ D)2
2RI Ly 1) oz W 2)
x |75 + 759 Frw) = (o = W) Py, (3.19)
_ (Z _ Z/)2 + (wr _ wlr)2

u(w, w') = P S (3.20)
F(w) =, F;(m+ dzi,m,2m+l,ﬁ), Fz(u)zzFl(m+%,m+1,2m+1,£). (3.21)

One can check that if the mass term M anticommutes with y,, i.e.
M = —my, r7y=0, 7=-1, m>0, (3.22)
eq. (3.18) is solved by a similar matrix function
i Cm+ 24 1
2@/ 27d/2 gy %) Vez W+ 2ymH(d+1)/2

Sw,w') =

x[7 g + 759 Fr @) = (o = W) Fy(w)]. (3.23)

The same expression is found in the case of Minkowski signature AdS,, ; space provided one uses the Minkowski metric in contracting
indices of w" in u(w, w’) in (3.20).
In the GS string case we are interested in (see (2.45)) we have

7=T13, v =14 (3.249)
Note that in the special case of d = 1 and m = 1 one finds explicitly

Swowh=-—L_1L 1 [r123(wr4 + T, Fy () = (f — \%’)Fz(u)], (3.25)

Az [z w+2)?

19 For the massless field with A = d we have from (3.10),(3.11) G,(w, w)| o= 4,:7 +O(e).

9
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u u 2 u
F,(w) = —%(u+2)(2+(u+2)logm), F,(u) = %(uulog ). (3.26)
In the limit of coinciding points, i.e. w = w’ and u = 0, using ((3.6)) we get from (3.21)
2, 1 1-d
2"Cm+3)  T(59)
Vo (5t +m)
d+1
I +2m D=5
Tm) - p(5d oy

F,(0) = ,F;(m + %,m,zmﬂ,l): (3.27)

Fy(0) = Fym+ S m+ 1,2m+ 1, 1) = (3.28)

The factor in the second line in ((3.23)) reduces to T'jp3{y, T4} F;(0) = 26T ,5 F,;(0) (where ¢ = w*) so that we get (cf. (1.8))

1 TEEOrCEE +m
S(w,w) =ST53. S=~ G TE— (3.29)
2

In the case of m = 1 and d = 1 — 2¢ taking € — 0 (and using the same notation as in (3.13)) we find

1 1
S=-r+ -+ 0. (3.30)

We will also need the expressions for the derivative of the spinor propagator

2 m

d+1 d+1
= LI S LS R TN Y
w/ 2(47[)(d+1)/2 r(lzd +m) z ¢ 1+d z

V,S(w,w') IS. (3.31)
w=

As a check, we may compute Y.S(w,w’) , and find that the resulting expression is consistent with the definition of the Dirac
W=wW

propagator (I'},, = —1)

V.S(w, w’))wzw, = —ml 53 S(W, W) = mS. (3.32)

Note that S in (3.29),(3.30) representing the m? = 1 fermion propagator at the coinciding points is related to the m?=2and m?>=0
values of the bosonic propagators given in (3.13) and the footnote (19) as

S=-1 [GA(W, W), +Gatw, w))mzzo]. (3.33)

As was already mentioned above, for the correlators of the GS fermions we will use the dimensional reduction regularization pre-
scription: we will not continue the world-volume components of the gamma-matrices to d = 1 — 2¢ doing all spinor index contractions
and traces in 1 + d = 2. In particular, we will use that y,y* = 2 rather than 1 + d so that (3.32) will be modified to

YSw,w)|  =-——mS. (3.34)
4. 2-loop contribution to string free energy

Our aim is to compute the 2-loop coefficient f, in the string free energy in (1.3),(1.4) starting with the quartic terms (2.6),(2.44)
in the GS string Lagrangian. In the dimensional regularization there will be no contributions from possible local measure and ghost
determinants for the (algebraic) static bosonic and fermionic xk-symmetry gauges.

4.1. Bosonic contribution

In the Euclidean notation where instead of (2.4) we have the path integral with ¢=5 where $ = $, + $; and §, =T [ d*¢ \/g(1 -

L)=TV -T [ d*¢ /2 Ly,. Here £y = —%(zbc,-)z + ...+ Ly + ... with the same signs as in (2.6) but now with the Euclidean g,, com-
paring to (1.4). Then we have for the 2-loop coefficient in (1.3),(1.4)

fr=(Ly+...). (4.1)

Here dots stand for other quartic vertices. We used that the expectation value of the Lagrangian (computed with the Euclidean AdS,
propagator (xx) after rescaling by T') will be constant so the AdS, volume V' can be factored out.

Since the y* dependent terms in the Lagrangian in (2.6)—(2.10) always contain factors with derivatives and since in dimensional
regularization the derivatives of the massless field propagator taken at coinciding points vanish (cf. (3.9)) only the m? = 2 field x’
correlators will contribute to f, in (4.1).

Let us add for generality some coefficients b, in front of each quartic term in ((2.8)), i.e. consider

c, Ly = —1b,(0x - 0x)% + 1by(0x'9x/)(9x0x)) = 1b3x>(0x - 0x) — 2 by (x2)2. (4.2)

=L
X 4x ’
br=1

Then using the dimensional regularization relations (3.12)-(3.15) we find

2 N,(2+(d+1)N,) N,(2+d+N,) 1 1 _
(Lay) =4y G, gy ==by === + by == + 503N7 = 34N (N, +2), N, =3, (4.3)

10
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where N, stands for the number of x' fields.?°
Expanding the coefficient ¢, for d = 1 —2e - 1 we get

= %Nx [-b;(1+ N)+b,3+ N +b;3N, — b2+ N + %Nx [— by + by(N, + D]e + O(D). (4.4)

|
Since according to (3.13) G = (ﬁ +...)?> we conclude that the double pole term in (4.3) cancels out for the relevant values of b, = 1
. . .. . . . 1 1
for any value of N,. The coefficient of the remaining single pole is then proportional to 3N, [ — by +by(N, + 1)] = EN)%'
We conclude that in the case of b, = 1 the bosonic contribution to f, in (4.1) is given by
_ N%(1-d) _9-d
=1 2(1+d) 2(1+d)

frp=(Ly) =4, G, [ (4.5)

4.2. Fermionic contribution
In computing the expectation values of the fermionic terms we will assume the formal continuation to the 2d Euclidean signature

in the GS action and thus in the fermionic propagator (§(w)d(w’)) = S(w, w’) (cf. (3.23)). The fermionic contributions to f, are given
by

favt = i{L2g2) Jar =(Lgs) . (4.6)
where the relevant terms in the fermionic part of the GS Lagrangian in (2.44) may be written as?!
[:f =£52 + EX292 + £94 N Engz = Lx202 ey’ £94 = L94 - (4.7)
1= k=
Loy =é§$b0 ; D=V, + %Varm, D=V+T3. (4.8)
Log =4(x% + 30, - 0%%) 0DO + 1(x? + 50, - 09%) 0T 130 — %¢,0%x - 0" x By, D0, (4.9)

1 ~ ~ i = PR i P IFVASWN
Lgi = 5: 001530 0D0 + 155¢307°T760 OIT, T, D, 0 — 155¢,0y°T*" 6 91Ty I, D, 0
+ 2c05 (0D0)? — - c6 0y, D0 OyP D, (4.10)
We have omitted mixed boson-fermion terms with the massless field dydy factors as they will not contribute to the 2-loop free energy
(cf. (3.9)). As in (4.2) we introduced some auxiliary coefficients ¢y, ..., ¢, (equal to 1 in the GS Lagrangian in (2.44)) as this will allow
us to trace the contributions of the individual quartic vertices.

Let us first observe that the first two terms in (4.9) will not contribute to (4.6) since due to (3.9) and (3.14) (or, equivalently, the
m? = 2 scalar equation of motion) we have

(0% 9px) = = 75 8ap(X7) - (9o - 0x) = =2(x%). 4.11)
As already mentioned, we will use the dimensional reduction prescription, i.e. will keep I'; = 7, in 2 dimensions, so that
P ¥p) =28p 8%85=2., 878y =2, (4.12)

where g,, is the metric of AdS, . Also, contracting y, with derivatives will select only the 2d components of the latter.
Note that under (...) one may use (4.11) to rewrite the contribution of the remaining ¢, term in (4.9) using (4.8) as
(Lag) = —45e1(0%x - 0 x By, Dy0) = mcl(xzélﬁﬂ). (4.13)

This term is thus proportional to the expectation value of the fermion kinetic term suggesting that its contribution should be scheme-
dependent (formally, it can be redefined away but it will still contribute under the dimensional reduction regularization, cf. (3.34)).
Using the definition of D, and the Majorana spinor relation 8y,y,I'1530 = g,,01'1236 We may rewrite (4.10) as

Ly =%(c2 + 12¢5 — 6¢6)0T 130 OV0 + %(cz + 6¢5 — 3¢6)(O1}530)?
+ 75¢30y T 0 OTT;;T, V0 — 7,0y TY 0 01Ty TV .0
+ 522e307°T0 OFT Ty, 130 — 55c40y TY 0 OIT Ty, T30
+ 12¢5(OV0) — ey, V50 0y V0. (4.14)
Using also that I';;6 =0 and (i,j = 1,2,3; d’ =5,...,9)
fTijF* = —il';;l" 3, [Ty T, =TTy, = —iCyyT T (4.15)
we may also rewrite (4.14) as

Lyt =5c(cy + 1265 — 666)0T 1230 OY0 + g (c3 + 65 — 3¢6)(0T'1230)?

20 Note that in the dimensional reduction regularization the derivatives of scalar bosons are treated as in the standard dimensional regularization,
i.e. they are assumed to be d=2 — 2¢ dimensional ones. If their indices were directly contracted in 2 instead of 2 — 2¢ dimensions that would be
equivalent to setting d = 1 in the coefficient in (4.3) and then the final result in (4.5) would be zero.

21 We follow the notation in section (2.2), i.e. [' =Ty, T, = ilypa, I, = ils6759, [1; = [T, 7, is the AdS, 2-bein projection of T; = (T, T,), etc.
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+ —639}/”’1“’/9 o1, TV — —c49y”‘F” V' ofT TV, 0

=L e30y" T 0 01T, T, 1, T1230 — = ¢407°T¢? 6 BTy Ty, T 530

384 384
+ Ecs(éym) - Ec6§yaVﬁ9 AA (4.16)

To compute the expectation values of (4.13) and (4.14) we need to take into account that # are Majorana. %> As a result, we get
switching to the Fuclidean propagators in (...) (using (3.12),(3.29),(3.34),(A.2) and that @ are subject to (2.28))%*

Font = i{Ly2g2) = _2(;lr1> (x2)y J = 2(M)N GJ, J=0Y+T )0 =J+J,, (4.17)
J, =(0Y0) = d+1 N, S, J, = (T 5360) = N, S, J= d+1 =N, s, (4.18)
N,=3, Ny=trP, = 16. (4.19)

Similarly, the contribution of the quartic fermionic terms in (4.14) is given by (see Appendix A)

8
frr=(Lg) =Y Iy, (4.20)
k=1
I = %(02 +12¢5 — 6¢6)1; I, = (OY0 0T 30) = _dL-HNe(NG —2)s?, 4.21)
L= L(Cl +6c5 = 3co) I, = (BT 530 6T 530) = Ng(N, — 2)S*, (4.22)
Iy = 50305, I3 = (0y"T70 0T, T3V,0) = -2 Ngsz’ (4.23)
ly=- 19264[4 : I, =@y 1" 0 00y 1123V ,0) = d+1 2 NoS?. (4.24)
Is= 3;4c3 Is, Ts = (9y°T76 4T j7,0) = 24N,S? , (4.25)
Ig = —384c4 16 s 1_6 - (éyara'b/e éra/b/ya9> _ SON{;SZ . (4.26)
=1 P BYeavey = | 4 (N _1y_ 1 dd+h-4 2
I =gges I I = (0v0076) = [(dﬂ)z WNo=D =3+ 5@ ]N"S ’ (4.27)
I. = (0 or? — 2 _ 1, dd+)—4 2
Iy=—teo Iy, Iy = (T, V,0 617 V*6) = [(dH)Z(Ng 2)+ 5 + 2t ]NBS . (4.28)

As a result, we get for (4.17),(4.20)
24(1 — d)

Sove =4 GS, g = ¢ i 02 (4.29)
2 1-d
for=a S, 4 =—Cm, | o =—12(5-3d) (4.30)
¢ =4(Tey +3c5 — 10¢y — 6¢) + 2(7cy + 3¢5 — 10¢y + 48cs — 30c6)(d — 1) + 3(cs — cg)(d — 1) (4.31)

Setting all ¢, = 1 we thus find the values of ¢; and ¢; given in (1.10).

Note that the contributions of the ¢,, ¢; and ¢, terms in (4.10) effectively cancel each other in ¢, i.e. f,; receives non-zero contribu-
tions only from the c5 and ¢4 terms. Also, the coefficient of the simple pole in f,; (coming only from the first 4(7¢, + 3¢; — 10c, — 6¢4)
term in c in (4.31)) does not depend on the contribution of the ¢5(690)* term in (4.10).%*

To conclude, the total value of the 2-loop coefficient is found to be

W=d) o, 240 =d) oo 201=DE=3d) o ’ (4.32)
2(1+4d) (1+d)? (1+d)y?

where G and S are given by (3.13) and (3.29) (or (1.6) and (1.8)).

fr = q,G* + gfGS + ¢;S* =

5. Concluding remarks

As was already discussed in the Introduction (see (1.11)), expanding (4.32) in & = %(1 —d) — 0 we find that the pole term does
not cancel while the finite remainder depends on the constant parts in the bosonic and fermionic propagators in (1.6),(1.8), i.e.

11 6ay, + 16a; — 19 9

T Safin > Fofin = ) , Safin w=tar=l 322" G.D

fr=-

22 The propagator corresponds to the quadratic action factor in the path integral with exp (iS},) — exp[—% [ 8(Y +T153)0] so that (88) = (¥ +T'jp3)™!
(see also Appendix A). The Majorana action is % [O0KO = %QTCK 0 (with CK operator being antisymmetric) so that the propagator should be same
as that of the Dirac action [ 6K6.

23 A check of normalization: we have from (4 8) and (4.13) iL = i[l + C—‘ x210190 + .... Then integrating over @ the free energy contribution of
this term will be given by F = —-tr log([1 + o5 < x% >1p) = 1 ”‘ <x?> N(,zS(O) where N, = 16 and the fermionic §(0) is given by §(0) = —iS in
dimensional reduction regularlzatlon

24 This is related to the fact that in the dimensional reduction regularization (§90) = O(1), cf. (3.34),(4.18).
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As in the S-matrix computation in flat target space [1] it is natural to suggest that the pole term should be subtracted or cancelled
by adding a particular 2-loop counterterm that should be required by underlying symmetries of the theory (supersymmetry and
integrability). The regularization or scheme choice consistent with symmetries should then lead to the finite part of f, that should
match the dual gauge theory prediction in (1.4).

Clearly, more is to be done to substantiate this suggestion. In particular, it would be important to clarify if the dimensional
reduction regularization that we used actually preserves the residual AdS, supersymmetry that remains in the x-symmetry gauge
(2.26).

In general, one may use also other regularizations like ¢-function or heat kernel one applied directly in 2 dimensions (see Ap-
pendix B ). In this case the §?(w, w) or “5(0)” terms may have a non-zero finite part. As a result, one may get additional 2-loop
contributions from local path integral measure (cf. [47]) and determinant of local xk-symmetry ghost operator corresponding to the
gauge (2.26). In general, when such “§(0)” terms are non-zero, the result may depend on field redefinitions and gauge choices unless
one carefully takes into account all measure and algebraic ghost factors.?>

To try to fix the regularization/subtraction scheme ambiguities it would be important to compute string world-sheet loop correc-
tions to other related observables (like latitude WL or correlators of operators on an infinite WL) and compare them to data on the
dual gauge theory side. A simple example of 1-loop correction to 2-point function of x' fluctuations is discussed in Appendix C .

It would be interesting also to repeat a similar 2-loop computation in the case of % BPS WL in ABJM theory which in the planar

limit is dual to IIA string in AdS, x CP? (the corresponding setup is reviewed in Appendix D ).
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Appendix A. Correlators of Majorana fermions

Our conventions for the 10d MW spinors were discussed in (2.11)—(2.15). Useful identities are, e.g.,
A0 =0,  00,pc00 =001 4pc0 — 0T 400 = (T 4pc0). (A1)

We need to compute the expectation values of the fermion operators of the form (§X6) and (§XV,0) where X is a product of ',
matrices (with (CX)T = —CX) and the fermion propagator is defined as

0,WB,(W)y = S, (w, W), (8,0,)=(Ch,,, (SCcH =-sc. (A.2)
Here u, v are 10d spinor indices and the chirality projector P, = %(l +1T'|,) is implicit. Then
(0Xx0) = tr[SCH(CX)T] = —tr[SX], (0X0'y = —tr[S'X], (A.3)

where prime stands for a derivative over the second argument.
If X and X are products of I', matrices then one finds that

(0X0 0X0) = tr[ X STtr[X S] — 2tr[ X SX S]. (A.4)

In the case when ¢’ and 0" stand for derivatives of 0 we get

(0X0' 0X0") = tr[ X S' e[ X S"] - tr[ X S’ X S"-tr[XSC' XT CS], (A.5)
00y = s'Cc!, (0"0) = s"Cc!, 0’0"y = Sc1. (A.6)
In particular,
_ & 1
((Vg0(W)),0,(W)) = (V,SC7h,, . ((V,0), (V30),) = (S,5C Duws Va=0,+ g oa (A7)

25 In fact, these reservations apply also to our treatment of fermions in dimensional reduction regularization where the fermionic 6 (w, w) is no
longer zero: the equation of motion for the propagator is satisfied modulo O(¢) term, see (3.34).
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Using (3.23)-(3.29) we find that

& 1 4m* —d(d + 1)

SapoW) = =3 [Tap ¥ =7 —
To compute the traces over the spinor indices we note that after the x-symmetry gauge fixing (2.26) the remaining D = 10 Majorana-
Weyl fermion 6 in (2.28) has N, = 16 independent real components (trI = 32, trI';; = 0) so that

n&ﬁ]rms. (A.8)

1
trP, = N, = 16, Po=1a+1y), (A.9)
tr(PI'yIp) =npptrPy, tr(P, Iy I'gl'cl'p) = (Mapficp — NachBp + Maphpc) trPy.

Then we find for the correlators in (4.18)

_ m 2m
Ty = (V6) = ~uly" PV, S| = = m S SUlPyyr,] = — =S Ny (A.10)
Jy = (BT 1530) = —tr[T}, P, S] = S N,. (A.11)

Similarly, we reproduce the expressions for the 4-fermion correlators in (4.21)—(4.28)%°

2m_
d+1
I, = (91300 07 530) = tr[P, T3 S1tr[ P, T 5381 — 2tr[ P, T'13.5T 2351 = S?Ny(Ny — 2),

I = (BT ;T 193 V,0 0y°T"0) = tr[P, T, T 193V, S1tr[P,y“T" S] = 2tr[P, T T3V, Sy°T" 5]

I, = (Y66 0T 2360) = tr[ P,y V , S1tr[P,T 53] — 2tr[ P, 7"V, ST 23 5] = — S2N,(N, - 2),

S2 . .
= ;”+ : (tr[fqr,.jyarm [Py TVT 53] = 2tr[ Py Ty T 037, v TV T J) = —24dL+ls2N9,
- — — /1 m !y m
L = (00 T3V, 0 07°T Y 9y = 4 d—Hsztr[PJa,,,,r“ ¥1=-80 d—HSZN,, , (A.12)

Is = (Gy,T;;0 5y°T0) = 52(tr[P+yar,.jr123]tr[P+y"r"fr123] - 2tr[P+yaFijF123y“FijF123>
=248 N,,
I, = (6y°T"Y 0 0T, 7,6) = S (tr[P+y“r""”r123]tr[P+yara,b,1"123] — 4tr[P, T ra,,,,])
=80S2N,,
where tr[P, y,[yy 23] = 0, tr[P,I¥?' T, ] = =20 N,. Also,
I, =(0Y0 8Y6)
= [y PV, Slr[yP PV ;S| — tr[y® PV, S v PV, S] - tr[y* P, S, ,C (/P)T C P,S)

A2
+ M] Ny. (A.13)

m 1
2 21+ d)

=4(d—+1)282N9(N9 - 1)+s2[—
Iy =(By, V30 67 V*0)

= trly, P,V Sltr[y? PLVES] = tr[y, P,V S yP PLVS] — tr[y* P, S, CT (P) C P, S]
d(d + 1)—4m2] ,

2(d+1) (A.14)

_ m 2 2 201
_2(m) S2Ny(Ny—2) + S [5 +
where we used that y*y,,y” =2 and (A.8).

Appendix B. General form of 2-loop correction in 2d and ¢-function regularization

Here we shall not use dimensional regularization, i.e. assume that we regularize the theory directly in 2 dimensions. In particular,
we may adopt the ¢-function regularization.
We shall use the following notation (¢* are coordinates in AdS, space)

(KON (EN) =67G(.). T EEN=67"G ). (BEBE)) =Gy, (B.1)
In the coincident-point limit we define?”

Jim G,(&.¢) =Gy, Jim 0,G,,(&.¢) = lim 9,G..,(6.¢) =0, (B.2)

Jim. 0,0, y(6:¢) = Gy 8ap » (B.3)

él}iné Gy(&, &) =GyM , -51’121-5 iD,Gy(&, &) = Gyry» M =—ilp;, (B.4)

26 To recall, 7s = I'; where @ is the tangent-space 2d index with (0,4) values.
27 Note that G, as defined in (B.4) corresponds to —S in (3.25),(3.29).
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g;_rg ssass;jcg(g, &) = (Hygyp + Gorap)M. (B.5)
Then from (2.6),(2.44) we get for the bosonic and fermionic contributions to the 2-loop coefficient f,
A 1 A 1 A 1 A
(Lyp) =N G = 3NIG,G, = 5N (N, +2)G} + N,G5 + 7N;G,G, (B.6)
1~ A 1 A A
(L4) == 3G,Gy Ny Ny + 7 [N(G, +G,) = N,G, |Gy N,

+ 25 [Nu(Nx = 1) = N,(N, = D)+ (Ny = 2)] Ny GGy
= $GINy? = 164Gy Ny (B.7)
We used that
.o !l
tr(r, ;T3P =0, tr(r,TyyT13P) =0, T,T7=-N (N, - 1), TyyT*" =-N/(N,-1),
((B7,iD0)(0y,iD,;0)) = tr(yp7, P17, POGE — (174757, PGS — tr [y, Py My ,(Hog,5 + Gor,15) M| Gy (B.8)

Note that the second line in (B.7) vanishes identically for N, =3, N y =5, Nyg=16 while the third line is a covariant version of the
same expression in flat space.

Let us introduce the following “equations of motion” combinations which are essentially the corresponding regularized “5(0)” or
£(0) values?8

E =26, +G,), E,=2G,, E;=2G,, (B.9)
and assume that regularization is such that in (B.5) one has G, = 0.29 Also, let us set

N (N, =D = Ny(N, =D +(Ny=2)=0, (B.10)
which is satisfied for the relevant values N, =3, N y =35, Ny =16. Then from (B.6) and (B.7) we get

(Lap + Lyg) =‘1"NxEx [Ex - (N, + 4)Gx] + iNyEy[Ey + NyGy]

)Go. (B.11)

1 1 1
= 3 NoEg[N,Gy + g NoEg| + g No(NE, = N, E
Thus the total 2-loop contribution (L}, + L) is proportional to the E, ,, or “6(0)” terms.

More explicitly, for N, =3, N, =5, N, = 16 we get
21 25
(Lap + Lyg) = (2 E, - 12E,)G, + 2E,G, + (6E, - 10E,)G,
+ JGE2+5E2 - 32E)). (B.12)

This, however, may not represent the full 2-loop contribution to the free energy: there may be a non-trivial contribution of a local
measure which is also proportional to §(0) terms.>° Here we will not attempt to fix the measure contribution (which was not relevant
in the dimensional regularization used in the main part of the paper).

The E? terms in the second line may cancel in a supersymmetric regularization like the one discussed in [22] where

1 1
Eg=3E.=3E, — 3E,+5E, -32E;=0. (B.13)

The G-terms in the first line of (B.12) will contain log UV divergences; both the divergent and finite part of the 2-loop result in (B.12)
may still be changed by the contribution of the path integral measure.

Let us now consider the particular case of the spectral {-function regularization in AdS, (see, e.g., [18,22,24,49,50]). Here
£(0; ¢, ¢") plays the role of the regularized é-function (the AdS, radius is set to 1)

VoV +2)G, =8P ) = 6,0 00368, =V, V"G, =5 &) = ¢,0 (06,8, (B.14)
iPGy = 187 (5,8) = 16e(0:£,€) , (B.15)
Gy =G+ 36,0068, G, =300,00:868,  Gp=350:80, (B.16)
2(0:6,8) = L(GRD —m) = - — =m? (B.17)
£p(0:6,8) = =GR = 1RO —p?) = 5 — L’ (B.18)

Then we get the following explicit expressions for the coefficients in (B.2)—(B.5)

1 x 1 1 X X
GXZZIOgA—Z, Gy:ZIOgA, logA =1log A +yg , (B.19)

28 Note that in curved 2d space like AdS, the §(0) terms contain, in addition to the quadratically divergent part, also a finite part so that their 2d
regularized values are non-zero (see e.g. [48]).

29 This should follow from integrability of Killing spinor derivative.

30 For example, the standard bosonic measure [] £ VG(x(&) would lead to terms like [ 8(0)[x>(&) + ...] contributing [ 5(0) (x?) ~ §(0)G, at the 2-loop
order (see, e.g., [47]). The supersymmetric measure for the GS string may also contain terms like / 5(0)[OM 0 + ...], etc. In general, the contribution
of the measure may depend on the induced metric and thus will not cancel in a ratio of two Wilson loop expectation values (like for circle and for
latitude which have different induced metrics).
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R ; . .

G, =-G,— 5. Gy=—5-. (B.20)
——L A L A —_i ¢ = ——i

Gy=-plogh+ -, Gy=-7=. Gp=0, Hy=-7-, (B.21)

where A is 2d UV cutoff. Comparing this to the dimensional regularization expressions in (1.6),(1.8) we conclude that G, and G, are
related by — <+ 2log A with the finite parts being the same.
Then for (B.6) and (B.7) we find

(Lap) = gomdy log A+ == , (B.22)
=(7N§+28NX—NY2) =3N=5=132, d2=—(42Nf+119NX—N)N Ny T -730,

(Lar) = qmerlog A+ ey, (B.23)

e = N9<5Nf +283N, SN2~ 19N, + 5N, - 10)|Nx=3! o gotg = 11904

ey = N9<—10N§ ~ 806N, + 10N? + 38N, — 35N, + 20) ‘NF& s gors = 4T

(Lo + Lag ) = 352 logA — % (B.24)

The coefficients of the divergent term and the finite term are not the same as in the dimensional regularization in (1.11),(1.12) which
may be attributed to the still missing contribution of the measure.>!

Appendix C. 1-loop correction to 2-point function

One could wonder if one is to take into account possible 1-loop renormalization of the 2-point functions of the fluctuation fields.
They are, in fact, UV finite in agreement with the absence of non-trivial 1-loop divergences in the GS string partition function.

Let us illustrate this on the example of the 1-loop correction to the 2-point function (x’(w,)x’/(w,)) of the massive scalar using
dimensional regularization (with d=1+d =2 — 2¢).

i J
We find (see (2.8),(3.12)—(3.15))

(X' (w)xd (wy))y = (x'(w)x/ (wy) / dw /=g L) (C.1)

=5 / diw /g [(NX +4)G(w;, WG(w, wy) + HERIEN 5 Gw,, w)9e Glw, wz)] G
Since G = G(w, w) in (3.7) is constant we may integrate by parts and use (3.8) to obtain
(x'(w)x/ (wy)), = 5"1'P/ dw /=g G(w,,w)G(W,w,), P=P.+.., P = 2in;—j G. (C.2)

The fermionic loop contribution to this 2-point function contains a non-zero contribution coming from the ¢, term in (4.9).3? As a
result, the factor P in (C.2) is changed to>®
1 1-d
= (2N, G+ —=NpS) 2. c3
( T 1+d 7 1+d €3

This expression is finite in the limit 4 — 1. Taking d — 1 and setting N, =3, N, = 16 (and reversing the overall sign) we get for the
corresponding finite 1-loop mass counterterm

1 2 - L
6L,y = §C1x s ;IH}P =5 (C.49)

Note that C; does not depend on the values of finite parts a, and g; in G (1.6) and S (1.8).34

31 In addition, there may be a non-trivial finite contribution of determinants of the local ghost operators that are proportional to “5(0)” terms.
32 Here we ignore the terms in (2.46) that give trivial contributions after taking spinor traces.

33 Note that {x'(w)x/(w,)(x> + %0—){ 20 X)) =0, (x(w))x/(w,)d,x - dgx) = —%ﬂnaﬁé”.

34 Surprisingly, this value of C; does not match the coefficient in the subleading term in the Bremsstrahlung function B(A) = B, + B, +

% - 8—, + ... (cf. [34,38,51]). Since x' corresponds to the displacement operator (with the 2-point function proportional to 12B) one would expect
C, to be directly related (up to - factor) to 12B, = —z—iz. This may be related to normalization of the boundary limit of the 2-point function. We

leave the resolution of this puzzle to the future.
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Appendix D. Strong coupling expansion of % BPS Wilson loop in ABJM theory

The ABJM theory [52] is dual to M-theory in AdS, x S7/Z, or, in the 't Hooft limit (large N with fixed 1 = N /k), to IIA string
on AdS, x CP>. One can try to compare the localization prediction for the % BPS circular WL with its string dual given by the disk
partition function of type IIA superstring in AdS, x CP* expanded near AdS, minimal surface.

At 1-loop order that was discussed in [22] (see also [53,54]). A 2-loop computation should be possible using the same methods
as in the AdSs x S° case in this paper. In particular, since the .S°> modes do not appear to play much role at 2 loops, it is possible that
the extension to the case of AdS, x CP? may be straightforward.

Here we will only review the known expressions for the strong coupling expansion of the WL expectation value found from
localization. From the general expression in [55,56], taking the large N, fixed A = N /k limit one finds

7[ 2(A—

wy=2N % D ON) = VR - L]+ o), (D.1)

Wﬁ

Here the natural relation for the dual string tension is®°

=L [ 1 = ‘/_ Ty\/1+ T2, (D.2)

A Vi

Written in terms of T and g, = \/;(21)5/4N‘1 as in [22] (D.1) becomes

T
(W)= Vo T +0(g)") =2,/ To per +0((g)) , z, = VT . (D.3)
27 g r \/ng

The corresponding free energy of the string theory on the disk should then have the form (cf. (1.3))

_ T _
F==log (Z(W)) = =2T + ; log - —2aT = T2+ OT ), (D.4)

This implies that the 2-loop string contribution here should be zero - the first non-trivial correction to the 1-loop result should come
at 3 loops.
At fixed k the localization result expanded in large N or in the large M2 brane tension T, may be written as [59]

2
e [1- K432 1 +or;?)] T, = LV2kN. (D.5)
V3

W) =
W) 24k T,

2 sin ]:[
Here the prefactor is the 1-loop correction to partition function of M2 brane on AdS, x S! inside of AdS, x S7/Z, [59]. The subleading
1/T, term should be the 2-loop M2 brane correction.

To compute the string or M2 brane partition function expanded near AdS, or AdS, x S' minimal surface we will need to start
with the corresponding GS or BST action. The type IIA GS string action in AdS, x CP? expanded in the static gauge will have a similar
form to the AdSs x S° GS action.>°

Let us note that there is a recent proposal in [68] suggesting that the comparison between the gauge theory localization result
and the M2 brane partition function should be done differently and as a result

(W) should be 1-loop exact in the M2-brane sense, i.e. there should no M2 brane 2-loop correction (for fixed k). It would be
interesting to check this by direct 2-loop AdS, x S! M2 brane computation as in the recent example of M2 brane in AdS; x S*
expanded near AdS; minimal surface [69].
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