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Abstract

In this work we present a novel bulk-surface virtual element
method (BSVEM) for the numerical approximation of ellip-
tic bulk-surface partial differential equations in three space
dimensions. The BSVEM is based on the discretization
of the bulk domain into polyhedral elements with arbi-
trarily many faces. The polyhedral approximation of the
bulk induces a polygonal approximation of the surface. We
present a geometric error analysis of bulk-surface polyhe-
dral meshes independent of the numerical method. Then,
we show that BSVEM has optimal second-order conver-
gence in space, provided the exact solution is H>+3/* in
the bulk and H? on the surface, where the additional % is
due to the combined effect of surface curvature and polyhe-
dral elements close to the boundary. We show that general
polyhedra can be exploited to reduce the computational
time of the matrix assembly. Two numerical examples on
the unit sphere and on the Dupin ring cyclide confirm the
convergence result.

KEYWORDS

bulk-surface PDEs, bulk-surface virtual element method,
convergence analysis, polyhedral meshes

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in
any medium, provided the original work is properly cited.
© 2023 The Authors. Numerical Methods for Partial Differential Equations published by Wiley Periodicals LLC

Numer Methods Partial Differential Eq. 2023;1-27. wileyonlinelibrary.com/journal/num 1


https://orcid.org/0000-0002-1774-9320
https://orcid.org/0000-0002-9511-8903
http://creativecommons.org/licenses/by/4.0/
http://wileyonlinelibrary.com/journal/NUM
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnum.23040&domain=pdf&date_stamp=2023-05-22

2 Wl LEY FRITTELLI ET AL.

1 | INTRODUCTION

In this work, we introduce the bulk-surface virtual element method (BSVEM) for the numerical approx-
imation of elliptic bulk-surface partial differential equations (BSPDEs) in three space dimensions (3D)
of the following form:

— Au(x) + u(x) = f(x), x € Q;
— Apv(x) + v(x) + Vux) - v(x) = gx), xerl; D
Vu(x) - v(x) = —au(x) + pv(x), xerl,

where Q C IR? is an open set such that I" = 9 is a smooth surface, A is the Laplace operator in Q, Ar
is the Laplace—Beltrami operator on I" [32], v is the outward unit normal vector field on T, a, § > O,
andf : Q > Rand g : I' > R are data. The problem (1) is taken from [33] and is the prototype of
coupled BSPDE:s, a class of problems that is recently drawing attention in the literature. More generally,
given a number d € N of space dimensions, a system of BSPDEs comprises of m € N PDEs posed in
the bulk Q c R?, coupled with n € N PDEs posed on the surface I' := dQ through (i) either linear
or non-linear coupling conditions [51], (ii) linear or nonlinear coupled kinetics [37] and possibly (iii)
cross-diffusion [38]. The quickly growing interest toward stationary or time-dependent BSPDEs arises
from the numerous applications of such PDE problems in different areas, such as cellular biological
systems [27, 34, 50, 55], fluid dynamics [18, 22, 48], plant biology [56], biological patterning [36, 47],
and electrochemistry [46] among many other applications.

Among the various state-of-the art numerical methods for the spatial discretization of BSPDEs
existing in the literature we mention bulk-surface finite elements (BSFEM) [33, 45, 51, 52], trace
finite elements [44], cut finite elements [22], discontinuous Galerkin methods [26], kernel collocation
method [25], and closest point method [49].

The purpose of the present paper is to introduce a novel BSVEM of lowest polynomial degree
k = 1 for the spatial discretization of elliptic BSPDEs in d = 3 space dimensions. The BSVEM
is a substantial extension of the recently introduced virtual element method (VEM) for the numeri-
cal approximation of several classes of PDEs on flat domains [7] or surfaces [40]. The key feature
of VEM is that of being a polyhedral method, that is, it handles elements of a quite general polyhe-
dral shape, rather than just of tetrahedral shape [7]. The success of virtual elements is due to several
advantages arising from polyhedral mesh generality, such as: (i) computationally cheap mesh pasting
[16, 24, 40], (ii) efficient adaptive algorithms [23], (iii) flexible approximation of the domain and its
boundary [28], (iv) nonconforming elements [43], and (iv) the possibility of enforcing higher regular-
ity to the numerical solution [4, 13, 21]. Thanks to these advantages, several extensions of the original
VEM for the Poisson equation [7] were developed for numerous PDE problems, such as heat [60] and
wave equations [59], reaction-diffusion systems [1], Cahn—Hilliard equation [4], Stokes equation [12],
Helmholtz equation [53], linear elasticity models [8], plate bending [21], fracture problems with
geophysical applications [15, 41], eigenvalue problems [54] and many more.

On one hand, our proposed numerical methodology combines the VEM for the bulk equations [10]
with the surface virtual element method (SVEM) [40] for the surface equations. On the other hand,
the numerical method extends the two-dimensional BSVEM introduced in [35]. A marked difference
with the work presented in [35] is that the surface PDEs were solved using the (one-dimensional)
surface finite elements while, in this work, we employ virtual elements for both bulk and surface PDEs.
Here, the method relies on an arbitrary polyhedral discretization of the bulk and its corresponding
induced polygonal approximation of the surface. To the best of our knowledge, this kind of geometrical
approximation is novel in the literature. In the special case of tetrahedral meshes, the method boils
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FRITTELLI ET AL. WI LEY 3

down to the BSFEM [33, 52]. Since polyhedral meshes imply a geometric error in the approximation
of curved boundaries, in this work we confine the BSVEM to the lowest polynomial degree k = 1
for the approximation space, when the geometric error does not dominate [30]. To formulate a higher
order BSVEM it is then necessary to consider polyhedral elements with curved faces. However, the
definition of a computable VEM function space on curved polygons and polyhedra is a challenging
task that was addressed only in specific cases [5, 14, 29]. Furthermore, in our context, the coupled
nature of the model problem (1) constrains the discrete function space on I' = 9Q to be the trace of
the discrete function space in Q. A high order BSVEM that simultaneously fulfils all these properties
is part of our current studies. The theoretical novelty of the present study is threefold:

1. We provide a geometric error analysis of polyhedral bulk-surface meshes that is independent of
the numerical method and applies, in principle, to any method based on polyhedral bulk-surface
meshes.

2. We carry out a full error analysis of the BSVEM. The proposed method possesses optimal
second-order convergence provided the numerical solution is H>*3/4(Q) in the bulk instead of
the usual requirement of H2(Q), see [33]. However, our analysis requires such extra regularity
only in the simultaneous presence of a curved boundary I" and non-tetrahedral elements close
to the boundary, a novel case. We point out that such extra regularity comes for free in most
models and applications, where the domains are smooth and the solutions are infinitely differ-
entiable. To the best of the authors’ knowledge, it remains an open problem to determine if such
extra regularity is also a necessary condition.

3. In the case f = 0 in (1), the first equation in (1) becomes a bulk-only PDE with non-zero Neu-
mann boundary conditions. Hence, a by-product of the proposed analysis is that the lowest-order
VEM for bulk-only elliptic PDEs in 3D retains optimal convergence in the simultaneous presence
of a curved boundary T, non-tetrahedral elements close to I, and non-zero Neumann boundary
data. Interestingly enough, this problem was fully addressed only in specific cases. For example,
in the simplest case (FEM on tetrahedral meshes), the result was proven in [6]. For the case of
VEM on general polyhedral meshes, the seminal work [10] is confined to polyhedral domains.
Then, in [14] and [29] the authors consider a VEM in 2D with curved edges and a VEM in 3D
with curved faces, respectively, to take out the geometric error. In [17] the authors introduce a
2D VEM with suitable algebraic corrections that account for curved boundaries. The present
work addresses the 3D setting and, to the best of the authors’ knowledge, fills the theoretical
gap on geometric error analysis for the bare-bone VEM for the lower order case.

In addition, we show that the usage of suitable polyhedra drastically reduces the computational time
of matrix assembly on equal meshsize in comparison to the tetrahedral BSFEM. This property, which
already holds true in the 2D case [35], is even more accentuated in 3D. Similar results are obtained
in the literature through other methods, such as trace [44] or cut [22] finite elements. This property is
particularly beneficial when matrix assembly takes the vast majority of the computational time, that is,
for (i) time-independent problems [33] and (ii) time-dependent problems on evolving domains, where
the matrices must be computed at each timestep [39].

The structure of our article is as follows. In Section 2, we derive the weak formulation of problem
(1) and we state existence, uniqueness, and regularity results. In Section 3, we introduce polyhedral
bulk-surface meshes and analyse the geometric error. In Section 4, we introduce the BSVEM for
problem (1). In Section 5, we carry out the convergence analysis. In Section 6, we show that polyhe-
dral meshes can significantly reduce the computational time of the matrix assembly. In Section 7, we
provide two numerical examples to demonstrate: (i) polyhedral mesh generation on general geometries
and (ii) the optimal convergence of the BSVEM. In Section 8, we state our conclusions and outline
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4 Wl LEY FRITTELLI ET AL.

future research directions. In Appendix A, we provide basic definitions and results required for the
analysis.

2 | WEAKFORMULATION, EXISTENCE AND REGULARITY
To obtain the weak formulation of (1), we multiply the first two equations of (1) by two test functions

ap € H'(Q) and py € H' ('), respectively, then we apply Green’s formula in the bulk Q and on
the curved manifold I" [32], respectively. We obtain the following formulation: find u € H'(Q) and

v € H'(I') such that
ou
a | Vu-Vo+up)=a | fo+a | —@;
Q Q r ov

ﬁ/(vrv-vrw+vw>+ﬂ/g—”w=ﬁ/gw,
r r ov r

for all ¢ € H'(Q) and v € H'(I'). By using the third equation of (1) in (2) and summing over the
equations, we obtain the following weak formulation: find (1, v) € H'(Q) x H'(T') such that

@

b((u,v); (@, w)) = a/gf(p+ﬂ/gu/, 3)
I

for all (@, w) € HY(Q) x H'(I'), where b((u, v); (@, y)) : (HY(Q) x H'(I'))?> = R is the bilinear form
defined by

b((u, v); (@, ) = a/ (Vu-Vo+up)+p / (Vrv- Vry +vw) + /(au — pv)(ag — py).
Q r r
The variational formulation (3) fulfils the following result on existence, uniqueness and regularity
found in [33].

Theorem 1 (Existence, uniqueness, and regularity [33]). If T"is a C? surface,f € L*(Q)
and g € L*(), the variational problem (3) has a unique solution (u,v) € H*(Q) x H*(T)
that fulfils the following bound

|G | 2 @xrzay < CNG ) 2@xzzay- 4)
Thanks to elliptic regularity, it is also possible to show that if f € H'(Q) and g € H'(Q), the
regularity improves to

[[Cu, V)||H3(Q)><H2(F) < C||(f’ g)||L2(Q)><L2(F)- (5)

3 | GEOMETRIC ANALYSIS

In this section, we introduce bulk-surface polyhedral meshes and we analyse the geometric approxi-
mation error. The present analysis is independent of the numerical method and applies, in principle,
to any polyhedral method for BSPDE:s.

3.1 | Polyhedral bulk-surface meshes

Let i > 0 be a positive number called meshsize and let Q;, = Ugeg, E be a polyhedral approximation
of the bulk Q, where & is a set of non-degenerate compact polyhedra. The polyhedral bulk €2, auto-
matically induces a polygonal approximation I';, of I', defined by I', = 09, exactly as in the case of
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FRITTELLI ET AL. WI LEY 5

tetrahedral meshes, see [33]. Notice that we can write I';, = Uper, I, where F, is the set of the faces of
Q, that constitute I';,. We assume that:

(F1) The diameter of each element E € &, does not exceed #;

(F2) For any two distinct elements or faces, their intersection is either empty, or a common vertex,
or a common edge, or a common face.

(F3) Allnodes of I'; lieon T

(F4) Every face F' € F}, is contained in the Fermi stripe U of I (see Figure 1).

(V1) There exists y; > 0 such that every E € &, and every face F of E is star-shaped with respect
to a ball (with center xg and xp, respectively) of radius y, kg and y, hp respectively, where hg
and Ay are the diameters of E and F, respectively;

(V2) There exists y, > 0 such that for all £ € &, and for and every face F of E, the distance
between any two nodes of E or F is at least y,hg or y,hp, respectively.

Assumptions (F1)—(F4) are standard in the SFEM literature, see for instance [32], while Assump-
tions (V1) and (V2) are standard in the VEM literature, see for instance [7]. The combined Assumptions
(F1)—(V2) will prove sufficient in our bulk-surface setting. In the following definitions and results,
we provide the necessary theory for estimating the geometric error arising from the boundary
approximation.

Definition 1 (Essentials of polyhedral bulk-surface meshes). An element £ € &, is
called an exterior element if it has at least a face or an edge contained in I';, otherwise
E is called an interior element. Let Qp be the discrete narrow band defined as the union
of the exterior elements of €, as illustrated in Figure 1b. From Assumption (F4), for any
face F contained in I';, we have that a(F) C I', where a is the normal projection defined in
Lemma 5.

Observe that, for sufficiently small 4 > 0, the discrete narrow band Qp is contained in the Fermi
stripe U as shown in Figure 1b. Let N € N and letx;, i = 1, ... , N, be the nodes of Q;,. Let M € N,

I, Us, U Ty, Qp, U

(a) llustration of the bulk Q enclosed by the (b) lllustration of the discrete bulk Q, enclosed by
surface I, the narrow band Us and the Fermi the discrete surface I, the discrete narrow band Qg
stripe U. and the Fermi stripe U.

FIGURE 1 Illustration of the continuous domain, the discrete domain, and related notations.
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6 Wl LEY FRITTELLI ET AL.

M < N and assume that the nodes of I', are x;, k = 1, ... , M, that is, the first M nodes of €.
Throughout the article, we need the following reduction matrix R € RVN*M defined as R := [Ij:0],
where I, is the M X M identity matrix. The reduction matrix R fulfils the following two properties:

e Forv € RVY; RTy € RM is the vector with the first M entries of v;
e Forw € RM; Rw € RY is the vector whose first M entries are those of w and the other N — M
entries are 0.

In what follows, we will use the matrix R for an optimized implementation of the BSVEM.

3.2 | Variational crime

‘We now consider the geometric error due to the boundary approximation. Since the surface variational
crime in surface virtual elements is well-understood [40], we will mainly focus on the variational crime
in the bulk. To this end, it is useful to analyse the relation between any element E € &£, and a suitably
defined exact element E (a curved version of E), see Figure 2 for an illustration. For the special case
of tetrahedral meshes with at most one boundary face per element, E is rigorously defined and there
exists a C2 mapping with C? inverse between E and E. Such mapping is linearly close to the identity
with respect to the meshsize, see [33]. In the more general case when E has more than four faces and/or
multiple boundary faces, we will show the existence of a mapping between E and a suitably defined £
with slightly weaker regularity, which is sufficient for our purposes.

Lemma 1 (Domain parametrization). Let &, fulfil assumptions (F1)—~(V2). There exists
a homeomorphism G : Q;, — Q such that G € W () and

Glr, = alr,; (6)
Glono, =1; @)
Ve = Ill=(o, < Ch; ®)
Il det(J6) — 1=, < Ch; ©)
IG = Il < C, (10)

where a is the normal projection defined in Lemma 5 in the Appendix, J¢ is the Jacobian
of G, C > 0 is a constant that depends on T', the constants y, y, are those considered
in Assumptions (V1) and (V2), and 1 is the identity matrix. Even if restricted to a single
element E € &,, G might not be C* (not even C') unless E is a tetrahedron.

Proof . Consider a bulk element E € &, and assume that all of the faces of E that are
contained in I, are also in the Fermi stripe U, see Figure 2a. Pick a face F of E and let
xg and xp be as in Assumption (V1). By joining xg and xr with the midpoints of two
consecutive edges of F, a tetrahedron T is obtained, see Figure 2b. By proceeding in this
fashion, E can be subdivided into a finite amount Ng of tetrahedra T, ... , Ty, that are
quasi-uniform thanks to the geometric assumptions (V1) and (V2). Then, replace each T;
by its exact (curved) counterpart T,- as defined in [33], see Figure 2c. The exact element
E is then defined by replacing each T; by its curved counterpart T, see Figure 2d. The
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TF

/|//.
‘ \
TE

(a) Every boundary face of the element £ is (b) The element £ is split into

contained in the Fermi stripe U of I". tetrahedra, like 7 shown in the
picture, having £ as a vertex.

TQ_—Q
/\

/\

(c) The tetrahedron T is replaced By repeating for each T, the

e

by its exact counterpart 7. exact element £ is obtained.

FIGURE 2  Steps of the construction of the exact element / corresponding to a given element £, following Lemma 1. The
symbols U, T, I are color-matched with the figure.

claimed map G is constructed piecewise by applying [33, Proposition 4.7] for all the 7;’s
of each E € &, If restricted to a single 7}, the map G is C? [33, Lemma 4.6]. [ ]
Thanks to Lemma 1, it is possible to define bulk- and surface-lifting operators.

Definition 2 (Bulk- and surface-lifting operators). GivenV : Q;, - Rand W : I, > R,
their lifts are defined by V? := VoG~ and W/ := Wo G, respectively. Conversely,
givenv : Q - Randw : T' - R, their inverse lifts are defined by v := voG and

w™? 1= wo G, respectively, with G : Q;, — Q being the mapping defined in Lemma 1.

Lemma 1 also enables us to show the equivalence of Sobolev norms under lifting as illustrated next.

Lemma 2 (Equivalence of norms under lifting). There exists two constants c; > ¢1 > 0
depending on T and y, such that, forall V : Q, - Rand forall W : T, - R,

¢ ¢ )
cillVillze £ IVIee,) < allVillres (11
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8 FRITTELLI ET AL.
s L wiLEy
clVim@ < Ve, < lVi ina: (12)
Wi llzey < IWlleey < W e (13)
AlWilma < Wi, < W ma: (14)
Wi, < 2lW ey + bW . (15)

Proof . Estimates (11) and (12) follow by using the map G introduced in Lemma 1 in the
proof of [33, Proposition 4.9]. A proof of (13)—(15) is in [32, Lemma 4.2]. [ ]

We are ready to estimate the effect of lifting on bulk- and surface integrals.

Lemma 3 (Geometric error of lifting). If u, @ € H'(Q), then

/Vu‘V(p—/ Vu_f'V(p_f

Q Q,

/ v / o
Q Q,

where C > 0 depends on T, yy and y,. If v,y € HY(D), then

/VFV . Vrl]/ - / Vrhv_f . Vrhl//_f
r r,

[ [
r T,

where C > 0 depends on T, y, and y;.

< Chl”lﬂl(gg)l(/’lyl(gg), (16)

< ChlluIILz(gg)||(P||L2(szg)’ a7

< CR o lwlma: (18)

< CRV oy llw ll 2 (19)

Proof . To prove (16) and (17) it suffices to use the bulk geometric estimates (7)—(9) in
the proof of [33, Lemma 6.2]. A proof of (18) and (19) can be found in [32]. [

Remark 1 (Polyhedral meshes and curved boundaries). From Lemma 1, we know that
G might not be a C> mapping with C? inverse in the simultaneous presence of general
polyhedral elements and curved boundaries. This issue does not arise in the absence
of curved boundaries [10], when G is the identity by construction, nor in the absence
of non-tetrahedral elements [45]. This implies that, in the simultaneous presence of
curved boundaries and non-tetrahedral elements, the lifting operator does not preserve the
Sobolev regularity of functions. That is to say, for E € &, the inverse lift of an H*(E)
function is not, in general, H>(E). Now, since our analysis requires full regularity of the
exact solution mapped on the polyhedral domain, we need an alternative mapping instead
of the lifting. Hence, we consider the Sobolev extension.

Lemma 4 (Geometric error of Sobolev extension). There exist C > 0 such that

7 =Nz, < CRlullipnrsy, ¥ u € H*14Q); (20)

~ _ 3
i = uw |, < Ch2 llullmee) + Chllullgrne), ¥ u€ HH/4Q), 1)

where u denotes the Sobolev extension of u, defined in Theorem 7.
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FRITTELLI ET AL. WI LEY 9

Proof . By using (A6), (A7) in Appendix A withy = %, (7) and (10) we have that

7 — u™ Nz, = l# — o Gz, < Cllllprangplld = G2,
3/4
Cllullsrsne I = G lla@, < Cllullgeress Q12T - G||L{o(gg)
1 3
< Cha 3 ||ull gy = CH ||ullg2s4)» (22)
1
which proves (20). Notice that, in the last line of (22), the k2 term is the effect of the

Sobolev extension being exact except on the discrete narrow band Q. Using (8), (10), and
(A3), (A6) in Appendix A, we have that

i —u |, = IVi— Vs Vi) o Gllp@, < (23)
I = I 0 O)llo@) IVl 2@, + MG © Gllis@ I Vit — Viio Gl 12,y <
~ ~ o~ 3 ~ o~
C]’l”VM”LZ(QH) + C”VM —Vuo G”LZ(Q;,) < Ch> ”I/l”HZ(Q) + C”VM —Viuo G”LZ(Q,,)'

Since € H**'/2+7(Qy,), then Vii € H'*'/>*7(Q,,). Hence, by reasoning as in (22) we have
that

1
IVt = Viio Glliz@,) < Ch7™ lullznrzi). (24)

By substituting (24) into (23) we get the desired estimate. [ ]

4 | THE BULK-SURFACE VIRTUAL ELEMENT METHOD

In this section, we introduce the BSVEM for problem (1).

4.1 | YVirtual element space on polygons and polyhedra

We start by defining virtual element spaces on polygons and polyhedra by following [10], but we
simplify the presentation, as the present work is confined to first-degree elements. We start from the
two dimensional spaces. Let F be a polygon that, without loss of generality, lies in R?. A preliminary
virtual element space on F is given by

V(F) := {v € H'(F) N C%(F) | v, € Py(e), V e € edges(F) A Av € ]P’I(F)} , (25)

wherelP’l (F) is the space of linear polynomials on the polygon F. Let us consider the elliptic projection
I} : V(F) - P (F) defined by

/V(v ~Iv)-Vp=0 Vp ePi(F) A (v —TIyv) = 0. (26)
F oF

Thanks to Green’s formula, the operator Hi is computable, see [3] for the details. The so-called
enhanced virtual element space in two dimensions is now defined as follows:

V(F) = {v e V)| /vpl = /(HXv)pl, Vpie IP%(F)}. @7
F F

For the three dimensional spaces, let now E be a polyhedron. The boundary space on JdE and the
preliminary virtual element space on E are defined by

B(OE) = {v € C°(0E)|v|r € V(F), VF € faces(E)};
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10 Wl LEY FRITTELLI ET AL.

V@) := {v € H'(E) |vior € BOE) A Av € ]P’I(E)} ,

where P;(E) is the space of linear polynomials on the polyhedron E. Let us consider the elliptic
projection I, : V(E) — P;(E) defined by

/V(v ~Iv)-Vpi=0 Vp eP(E) A (v —TII}v) = 0. (28)
E oE

Once again, the operator HZ is computable, see [3] for the details. The enhanced virtual element space
in 3D is now defined as follows:

V(E) = {v eV /vm ~ /(H§v>p1, Ve IPH(E)}- (29)
E E

The practical usability of the spaces V(F) and V(E) stem from the following result.

Proposition 1 (Degrees of freedom [3]). Let n € N. If E is a polygon or a polyhedron
with n vertexes x;, i = 1, ... ,n, then dim(V(E)) = n and each function v € V(E) is
uniquely defined by the nodal values v(x;),i = 1, ... ,n. Hence, the nodal values constitute
a set of degrees of freedom.

The following definition allows to correctly handle functions that are multiply defined on the
junction between elements.

Definition 3 (Broken Sobolev norms). Given two collections of functions {ug : E —
RI|E € &,} and {vr : F - R|F € F}}, the broken Sobolev seminorms are defined as
follows:

1 1
2 2
lulson := <2 |uE|12Lp(E)> , and |yl 1= ( Z |VF|%~1:(F)> , s=1,2.

E€E, FEF,

Technical estimates for polynomial interpolation on polygons and polyhedra are given in the
following result.

Proposition 2 (Projection error on polynomials [19]). For s = 1,2, given two col-
lections of functions {ug € H*(E)|E € &,} and {vp € H’(F)|F € F}}, there exist
U, € HEES, Py(E) and v, € HFEr’ P, (F) such that

le — uzllogn + hlu — uzl1 00 < CR|ulson; (30)

v =vellors +hlv = vzlira < CE Vs (31
where C > 0 is a constant that depends only on y.

The global virtual element spaces in the bulk and on the surface are defined by matching of degrees
of freedom across elements:

Vo :={ve H(Q) | v € V(E), VE € &); (32)
Vr :={ve C’(Ty) | vir € V(F), VY F € F). (33)
In the global spaces Vi and Vq we consider the Lagrange basis functions ¢; € Vg fori =1, ... \N

and yy € Vpfori’ =1, ... ,M, where each @, and each y; are uniquely defined by @;(x;) = §; for all
i,j=1,...,Nand yy(x;) = 6y forall i',j/ = 1, ... , M, respectively, with 6; being the Kronecker
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FRITTELLI ET AL. WI LEY 11

symbol. The sets {¢@;, i =1, ... ,N} and {wy, ' =1, ... ,M} are bases of Vg and VT, respectively,
thanks to Proposition 1. It is easy to see that the bulk- and surface-Lagrange basis functions fulfil the
following relation:

(pi|rh =V, Vi=1, ,M. (34)

4.2 | Approximation of bilinear forms

In order to derive a spatially discrete formulation of the weak continuous problem (3) we need suitable
approximate bilinear forms. We will follow [3, 7]. In the remainder of this section, let F' and E be
elements of I';, and Q, respectively. The stabilizing forms Sg : V(F) X V(F) —» R and Sg : V(E) X
V(E) - R are defined by

Sr(v,w) = 2 v(P)w(P), Vv, we V&), (35)

Pe vertexes (F)

Se(v,w) = Z v(P)Yw(P), Vv, we V(E), (36)

Pe vertexes (E)

respectively. The I? projectors Hg : V(F) - P(F) and H% : V(E) — P((E) are defined as follows:
forv e V(F) and w € V(E):

/@—H%m=a Vp € Pi(F); 37)
F

/w—nbw=a Vp € Py(E), (38)
E

respectively. As shown in [3], TT% and T1% are computable because IT% = IT}. and I1% = ITy. Even if [T
and I1% are not new projectors, the presentation and the analysis of the method benefit from the usage
of the equivalent definitions (37) and (38). Moreover, since I1% = ITy. and I1% = IT}, the boundedness
property of projection operators in Hilbert spaces translates to

TVl 2y < IVllz2y  and TV g1y < IVl (39)

||H0EW||L2(E) < ||W||L2(E) and |H%W|H1(E) < |W|H‘(E)- (40)

We are now ready to introduce the approximate L? bilinear forms my : V(F) X V(F) — R and
mg . V(E) X V(E) = R, defined as follows:

mp(v,w) 1= / Iv)(I1%w) + area(F)Sp(v — TT%v, w — TT%w); 41)
F

mg(v,w) 1= / I%)(I%w) + volume(E)Sg(v — 1%y, w — TT%w), (42)
E

respectively. The approximate gradient-gradient bilinear forms ar : V(F) X V(F) — R and ag :
V(E) x V(E) — R are defined by

ar(v,w) = / (VITv) - (VITFw) + Sp(v — Iy, w — Y w); (43)
F

ap(v,w) = / (VITv) - (VIIEw) + diam(E)Sg(v — Iy, w — I w), (44)
E

respectively. The definitions of ag, ar, mg, and myp imply the following result.

I01IPUOD PUE SWB | 33 395 *[£202/50/62] U0 X1 3UIIUO 4311 * BI%9IS BT, 101IdIS JUl JBS OIPIES P EISBANIN AQ OYOEZ WNU/Z00T OT/I0PALCO"AB| 1M AReIG1PUIIUO//SARY W01} PAPEOIUMOQ ‘0 ‘92rZ860T

8UBO17 SUOLILIOD aA eI 3|gedl(dde ayy Aq pausenoh ae sajoie YO ‘8sn JO sajn Joy Akeiqi auljuQ 431 UO (SUO 1 IPUCO-PLR



12 Wl LEY FRITTELLI ET AL.

Proposition 3 (Stability and consistency [11, 20]). The bilinear forms ag, ap, mg, and
mpr are consistent, that is,

aF(v,P)=/VV~VP; mF(V,p)=/VP, Vp € Py(F); (45)
F F

aE(VJ)):/VV'VP; mE(v,p)=/VP, Vp € P1(E). (46)
E E

The bilinear forms ag, ar, mg, and mp are stable, meaning that there exist two constants
0 < a, < a* depending on y, such that, for all v € V(F) and w € V(E)

o, / Vv-Vv <ar(v,v) <a* / Vv-Vv,  a. /v2 <mr(v,v) < a* /vz; 47
F F

F F

o, / Vw - Vw < ag(w,w) < a* / Vw-Vw; a. /w2 <mgw,w) <a”* /wz. (48)
E E

E E

We observe from (47) and (48) that the approximate bilinear forms ag, ap, mg, and myg do not
converge to their exact counterparts, see also [7]. Nevertheless, we will show that the method retains
optimal convergence thanks to the consistency properties (45) and (46). The global bilinear forms
al,m : VpxVr - R, and a2, m? : Vo x Vg — R are defined elementwise:

ay(v,w) 1= Z arOp,wip);  my(v,w) 1= Z mp(ViF, WiF); (49)
FeF, FeF,

afv,w) 1= Y aripwie); mev,w) = me(ve, wie). (50)
Eeg, Eeg,

From Proposition 3, m!, and mS* are positive definite, while a}, and a5* are positive semi-definite.

4.3 | Approximation of the load terms

The approximate bilinear forms m}, and mS} presented in the previous section are not sufficient to
discretize load terms like /r go and fg f@, because g and f are not in the spaces Vp and Vg,
respectively.

Definition 4 (Surface- and bulk-virtual Lagrange interpolants). Given f € C(E), E €
&, and g € COF), F € F, the virtual Lagrange interpolants Ix(f) of f and Ir(g) of g
are the unique V(E) and V(F) functions, respectively, such that Ig(f)(x) = f(x) for all
x € vertexes(E) and Ip(g)(x) = g(x) for all x € vertexes(F), respectively. Given two
collections of functions {fy € CUE)|E € &,} and {gr € CO(F)|F € F}}, their global
interpolants are the collections of functions defined by Io(f) = {Ig(fgp)|lE € &} and
Ir(g) = {Ir(gp)|F € Fi}.

Proposition 4 (Interpolation error [20]). Given two collections of functions {fg €
H*(E)|E € &,)} and {gr € H*(F)|F € F},}, it holds that

If = Ia(Dll2,) + Alf — Ia(Ol.on < CH|f L2 (51)

llg = Ir@ 2, + hlg — Ir(@)l 1 < CHIglar, (52)

respectively, where C > 0 depends only on y,.
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FRITTELLI ET AL. WI LEY 13

4.4 | The spatially discrete formulation

The discrete counterpart of the weak elliptic problem (3) is: find (U, V) € Vg X VT such that

bu((U, V; (@, w)) = amii (Io(f), @) + pmj,(Ir(8), y), Vg, w) € Vo x Vr, (53)

where b, : (Vg x Vi)?> = R is the discrete bilinear form defined by

(U, V) (9. w)) i=a (i (U, ) +mi}(U, @) + B (a}, (V. ) +mj,(V.w)) + mij,(aU — BV, ag — py).

(54)
The discrete formulation (53) is suitable for the theoretical error analysis. We now derive an equivalent
formulation of the discrete problem (53) that is suitable for the implementation. To this end, we express
the spatially discrete solution (U, V) in the Lagrange bases as follows:

N M
U@ = Y &gix),  xeQ; and V)= Ynux). xel (55)
i=1 =1
Hence, problem (53) is equivalent to: find & := (&, ... ,&)T € RN and 5 := (4, ... ,qu)" € RM
such that

YLi& (a @ @) +m @i 0) + Dol (abiml, (@r, @1) — Bremly (Wi, @) = T f@)m$H @i, 9));
Sl (el (e, wi) — a&eml (@ wi) + (B + Dl (wie, w) = Yar ool (wie, wi),
(56)
forallj=1,...,Nand ! = 1, ... ,M. We define the matrices Aq = (al%) € RN My = (ml%) €
RVN Ar = (a;) € R™M and My = (m}, ;) € RM™M as follows:

aj = ay(@ng). and mii=miken @), Lj=1 ... .N; 7
ay = a,(wow), and mp; i=mwew),  kI=1,... M. (58)

By using (34) and defining f := (f(xy), ... ,f@xn))T € RN and g := (g(x1), ... ,g(xy))” € RM we
can rewrite the discrete formulation (56) as a block (N + M) X (N + M) linear algebraic system:

{Ag.f; + Mq& + aRMrRTE — BRMrn = Mof:

(59
Arn — aMrRTE + (B + 1)Mrn = Mrg,

where R is the reduction matrix defined in Section 3.1. In compact form, the linear system (59) reads

Ag + Mg + aRMrR” —pRMr & _ | Mof 60)
—aMR" Ar+(B+DMc| |n|  |Mrg|’

It is possible to show that the coefficient matrix of (60) is sparse and unstructured.
We conclude this section by outlining the challenges involved in extending the BSVEM to the
higher order case.

Remark 2 (Extension of BSVEM to higher order). Lemma 1 implies that curved polyhe-
dral meshes are necessary to achieve higher order spatial convergence. The main challenge
in devising a higher order BS-VEM resides in the construction of discrete function spaces
Vq and Vr on curved meshes, such that the discrete bilinear forms (49) and (50) are com-
putable. For the bulk space Vg, the problem was addressed in special cases: (i) in 2D
where I"is a curve [14] and (ii) in 3D for a Darcy problem in mixed form [29]. To the best
of the authors’ knowledge, the problem for 3D differential operators in non-mixed form
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14 Wl LEY FRITTELLI ET AL.

is still an open problem. For the surface space Vr, a parametric VEM relying on explic-
itly known local charts was proposed in [5]. An additional challenge is that the coupling
condition given by the third equation in (1) constrains the surface space Vr to be the trace
of the bulk space Vg, so the two spaces cannot be constructed independently from each
other. A high order BSVEM that simultaneously addresses these challenges is part of our
current investigations.

5 | CONVERGENCE ANALYSIS

To derive error estimates for the discrete solution we need a bulk-surface Ritz projection tailored for
the variational problem (3).

Definition 5 (Bulk-Surface Ritz projection). The bulk-surface Ritz projection of a pair
(u,v) € H'(I') x H'(Q) is the unique pair (Ru, Rv) € Vo X Vr such that

bi(Ru, Rv): (9.w)) = b((w.v): (0" .y, V(p.y) € Vax Vr. (61)
The bulk-surface Ritz projection is well-defined since by, is coercive.

Theorem 2 (H'(Q) x H'(I') a priori error bound for the bulk-surface Ritz projection).
For any (u,v) € H*3/4(Q) x H2(I') it holds that

(e, v) = (R, RV |nen 0y < ChI @ )| 2@z (62)

where the additional index 3 /4 appears only in the simultaneous presence of curved
boundaries and non-tetrahedral exterior elements.

Proof . Wesete, = (e}, el) 1= (Ru—u~",Rv—v~"). From (46)—~(48), and (61) we have

: Q Q Q Qr Q Q
a, min(a, ﬁ)”eh”Hl(Q)le(F) < bplepep) = a ay (ey,ep) +my (e, ep)

—_—— Y—

T] TZ
+p ag(eg, eg) + m,rz(eg, eg) + mg(ocei2 - ﬂeg, ateiz - ﬂe};). (63)
—— ~Y——] ~ d
T3 T, Ts

We estimate T; using (16), (21), (30), (46), (61) and the continuity of a?:

T = a}(Ru, e) — ai(u™ , ep) = / Vu- Ve +a@—u™", ep) + ai(iiy — i, en) — a5 (tig, en)
Q

= / Vu - Vef - / Vit - Ve, +a@i— u™?, ep) + ast(ii, — U, en)
Q Q‘h

=/Vu-ve;f—/ Vu—f-veh+/ V(u—f—a)-veh+/ V(i — Tiy) - Ve
Q Q Q) Q,

‘h

+a@—u’,ep) + a(i, — U, ep)

3
<C <h||u||H2(Q) + h ||ull ) + Ch||14||112+3/4(9)> lenl i (@,)- (64)
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We estimate 75 in the same way by using (17), (21), (30), (46) and the continuity of mff:

T, < CH* (llull i) + Null i) leallz,)- (65)

We estimate 73 by reasoning as for T, but this time there is no need for the Sobolev
extension because, as opposed to the H>(Q) norm, the H*(I') norm is preserved under
lifting thanks to (15). This implies that v~ is H? on each face of I';, and thus fulfils the
optimal error estimate for the projection (31). Hence, by using (18), (31), and (45), the
estimate for 75 reads as follows:

r r Ty ¢ T e, T ¢ —f re—-¢ T
T3 = a,(Rv,e,) —a;, (v ,eh)=/Vrv~Vreh +a,v;" —v,en) —a, (v, ey)
r

_ r./ - r, Tyt __ ¢ T
= /Vrv- Vre,” — / Vrvz' - Vre, +a,(v;" —v7",ep)
r T,

¢ —¢ r " r, ry-¢ - T
= /Vrv- Vre,, —/ Vr,v™" - Vr,e, +/ Vr, (v =vi") - Vre, +a, (vt —v7e)
r r

h Ly

< Chlvllgzylenlma,)- (66)
We estimate T4 in the same way as T3, by using (19) instead of (18) and choosing s = 1

instead of s = 2 in (30):
Ty <Chlvlimallenllz2a,)- (67)
We estimate 75 exactly as 74 and then we apply the inverse trace inequality (A5) in

Appendix A:
Ts < Ch (Il + I Trullay) (lleh e, + I Trei 2, )

< Ch (vl + Nlully) (lepllza,) + llegllme,)) - (68)

By substituting (64)—(68) into (63) and applying a Young inequality argument, we get
the desired estimate (62). In (64) and (65) notice that, in the absence of curvature or
non-tetrahedral exterior elements, uI‘Ef € H*(E) for all elements E € &,, see Remark 1.
Then the Sobolev extension  is not needed and the terms in H2+3/4(Q) and H*+1/4(Q) do
not appear. This completes the proof. =

Theorem 3 (L2(Q) x L*(I") error bound for the bulk-surface Ritz projection). Let Q have
a C3 boundary. Then, for any (u,v) € H**3/*(Q) x H*(T') and for h sufficiently small, it
holds that

[[(u,v) — (Ru, Rv)flle(Q)xLz(F) < Chz”(% V)I|H2+3/4(Q)><H2(F)’ (69)

with C > 0 depending on Q, y1 and y,. In (69), the additional exponent 3 /4 arises only in
the simultaneous presence of curved boundaries and non-tetrahedral exterior elements.

Proof . We will use an adapted Aubin-Nitsche duality method. Consider the dual problem:
find (1, 0) € H'(Q) x H'(T') such that

b((1,0); (@, w)) = / (u— Ru))p + / =Ry, (70)
Q r

for all (p,w) € H'(Q) x H'(T). Since u — (Ru)’ € H'(Q), thanks to (5), the variational
problem (70) has a unique solution (17, 8) € H*(Q) x H*(I') that fulfils
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16 Wl LEY FRITTELLI ET AL.

(1, )| 3 ey < Cll(u, v) = Rty R | @yt (- (71)
By combining (62) and (71) we have that
&2 9)||H3(Q)><H2(r) < Ch||(u, V)||H2(Q)><H2(r) + Ch||u||H2+3/4(Q)- (72)

We can choose (@, w) = (e, e}) = (u,v) — (Ru, Rv)? in (70) and we get
NG, v) = R, RV N iz = / @+ / W =b((n,0):(u—Ru’,v=RV)).  (73)
Q r

The right hand side of (73) can be split into five terms, say T, ... ,Ts as in (63). We
explicitly show the estimation of the first of such terms—the most involved. The treatment
of the other terms is similar. By using (16) and (61) we have

Ty :=a;(n.ej) = / Vi -V (u~ Ru))
Q

= / V(u—Ruw) -V (n-IoG)') - / V(Ru)” - VIg®)’ + an(Ru, Io(0))
Q

Q
< lu = R |l = Ta@) |y — /Q VRw' - VIg()' + an(Ru. Io(D)
< u = Ru) i@ |1 = Io@) 1@ + CRIRW |11 o0, Ha( 1 )
- /Q VRu - Vi) + ay(Ru. I())
'h
<C <|u — (R |y + 2 |”|Hl<szz>> ("7 — LaGDY i + b |’7|H1<£2£>)
- /Q VRu - Vig() + aX(Ru, Io(7)), (74)
'h

where we have used i < hy in the last inequality. We are left to estimate the right-hand-side
of (74) piecewise. First, from (62) and (A3) in Appendix A we have that

1
lu— (Ru)’ | + h2 |l gy SCRIN@ | 2@xray + Chllull ). (75)

Moreover, from (21), (51), (71), (72), and (A3), (A6) in Appendix A, we have that

In = IrG) o) + B 17y < Cln™" = I, + Chllnllmeq
< Cln™ =ilme, + Cli = Ir(lm@,) + Chllnllmee
< C* Inllm) + Chllillaze,) + Chllnllme < Chllnllme) + Ch*lInllme)
< Chllu— (Ru)f”Lz(m +Ch’ |, W 2 @xz ) + cn’ el r2+3/42)- (76)

Finally, we estimate the last two terms in (74) by adapting the approach used in [60, Lemma
3.1]: from (21), (30), (46), (51), and (71) we have

ap(Ru, Io(7)) — / VRu-Vig@)= [ VRu—Tiy) - Vo) — ) — @i (Ru = Tix, Io(7) — 1)
Q, Q,
< |Ru =zl onlIr(D) — 1z li.0n < Chll(u, V)| m2os@xezay Chllnll g
= Chz”(u, V)||H2+3/4(Q)><H2(F) |z — (Ru)f||L2(Q)~ 77
By combining (74)—(77) we get

= 2 o 4 2
Ty < Cho G, V)| s @z 1€ 2@y + Ch s V| s ey - (78)
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FRITTELLI ET AL. WILEY 17
By estimating all remaining terms 7, ... ,Ts as T; in (78) and substituting into (73)
we get

Q T'\112 2 Q T 4 2
”(eh 5 eh)”LZ(Q)xLZ(I‘) <Ch7||(u, V)||H2+3/4(Q)><H2(F)||(eh > eh)”U(Q)xU(F) + Ch™||(u, V)”H2+3/4(Q)><H2([‘)9

where the additional index 3/4 appears only in the simultaneous presence of curved
boundaries and non-tetrahedral exterior elements, which proves (69). [

Theorem 4 (L*(Q) x L>*(T") and H'(Q) x H'(I") error bounds for the BSVEM). Let Q
have a C? boundary. Then, if (f,g) € H*'/*(Q) x H*(I"), the numerical solution (U, V)

Sulfils
(e, v) = (U, V) 2@z + 1@, v) = (U, VY n@wanay < CRAIE @l aers@xeeays  (79)

with C > 0 depending on Q, y| and y,. In (79), the additional index 1/4 arises
only in the simultaneous presence of curved boundaries and non-tetrahedral exterior
elements.

Proof . The proof relies on a standard error equation technique. The difference (u,v) —
(Ru, Rv)’ is estimated in both L2(€) X L(I") norm and H'(Q) x H(T") seminorm via (62)
and (69), respectively. It remains to estimate the term (Ru, Rv)! —(U, V). To this end we
use the following error equation obtained by subtracting the discrete problem (53) from
the weak continuous problem (3) and using (61):

bu(Ru— U, Rv — V); (g, y)) = /Q fo' —mida(), @) + / gy’ —mp(r(g),y).  (80)
I

By choosing ¢ = Ru — U and w = Rv — V, we estimate the left hand side of (80) using
(45) and (46), and the right hand side via (17), (19), (20), (51), and (52). It follows that

(R, Rv)” = (U, VY @iy < CRPI, @)llaers@mer s (81)
that is, the term ||(Ru, Rv)’ — (U, V)/|| H\(QxH!() superconvergences quadratically in
H'(Q) x H'(T') norm, as usual in the Ritz-Galerkin method. The claim follows. n

Remark 3 (Optimal convergence for bulk-only PDEs). By considering the limit case
f = 0 in the model problem (1), the bulk equation becomes completely decoupled
from the surface equation. Specifically, the first equation in (1) becomes a linear ellip-
tic equation in the 3D domain €, endowed with non-zero Neumann boundary conditions.
Correspondingly, the BSVEM reduces to the known lowest-order VEM for elliptic prob-
lems in 3D (see [7]). Then, by setting § = 0 throughout the present section devoted to
convergence analysis, we obtain that the lowest-order VEM for 3D elliptic bulk problems
retains optimal convergence in the presence of curved boundaries and non-zero bound-
ary conditions. As mentioned in the Introduction, this result was not fully addressed
in the literature, in this work we provide a rigorous justification. It must be noted
that previous works addressed the issue through the introduction of curved boundaries
(see [14, 29]) or the introduction of algebraic corrections in the method that account
for surface curvature (see [17]). Here, we show for the first time that the plain 3D
VEM of lowest order possesses optimal convergence even in the presence of curved
boundaries.
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6 | BENEFITS OF POLYHEDRAL MESHES FOR BSPDES

If a domain Q C R3 has a C! boundary T, we can construct a polyhedral mesh designed for fast
matrix assembly, by proceeding as follows. Enclose the bulk Q in a cube Q. We discretize Q with
a Cartesian grid made up of cubic mesh elements and assume that at least one of such cubes is
fully contained in Q (see Figure 3a). Then we discard the elements that are fully outside €2, pos-
sibly touching I' (see Figure 3b), thereby producing an incomplete cubic mesh. Finally, we cut
the cubic elements that intersect I", thus producing a discrete narrow band Qg of irregular polyhe-
dral elements (highlighted in red in Figure 3c). The resulting mesh Q; has the important property
that it is made up of equal cubic elements, except for the exterior elements, as we can see in

Figure 3c.

(a) Step 1. The bulk Q, enclosed by the orange boundary (b) Step 2. The cubic elements that are fully outside Q are
I, is bounded by the green cube Q, which is subdivided discarded.
with a Cartesian grid.

D) &

(C) Step 3. The cubic elements that intersect I' are cut, (d) The blue polyhedral element in Fig. 3(c) generated through the cutting
thereby producing the orange band of polyhedral process.
elements. One of the cut elements is highlighted in blue.

FIGURE 3  Generation of a polyhedral bulk-surface mesh that allows for optimized matrix assembly.
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This property allows for fast matrix assembly. In fact if 4 is the meshsize of €25, then the number
on non-cubic elements of €, is only O(h2) out of O(h~3) overall elements, see [35] for a discussion of
the 2D case. This implies that, when assembling the mass- and stiffness- matrices Mg and Ag defined
in (57), only O(h2) element-wise local matrices must be actually computed, since the local matrices
for a cubic element can be computed in closed form, see [9]. For ease of presentation, the above mesh
generation strategy is illustrated for a spherical domain in Figure 3, but applies to all shapes defined
as level sets of Lipschitz functions. For instance, consider the level function

2
. s 2 o 261)2 V39 3249 , 3
= —_— —4 - - B ) R . 2
AMx,y,2) (9(x +y +z2)+ 100 6x 100 5 Y (x,y,2) € (82)

This level function gives rise to the Dupin ring cyclide ' = {(x,y,z) € R3|A(x,y,z) = 0} considered
in [39, 42], which encloses the bulk cyclide Q := {(x,y,z) € R3 |A(x,y,z) < 0}. In Figure 4, we show
the bulk cyclide Q and a corresponding mesh generated with the above algorithm.

05 0.5 D
A
-V
Z 0 Z o0 oS
A
A
-0.5 -05 ANk
. S SIS
1N I 3 s :
05 05 VAV <
. BE i \\_\ A ) o5
0 \\\ =< g 0
-05 . -~ -05
y = X
(a) Dupin ring cyclide defined in (82) (b) Mesh with N = 11880 nodes and meshsize h = 0.1039.

(C) Cross-section of the mesh, which shows the interior being composed of cubes.

FIGURE 4 Dupin ring cyclide defined in (82) and a mesh for such domain, generated with the algorithm described in
Section 6. The mesh has N = 11,880 nodes and meshsize 42 = 0.1039.

1IPUOD PUe SLLG | 8} 385 *[£202/50/62] UO Afiq178UIIUO ABIIM * POSIS B, 101118 Ju| JOS OIS PA BISIPAIUN AQ O¥OEZ WINU/ZOOT OT/I0P/LI00™B] W Afiq1ul|uo//Sdhy o1 papeolumoq ‘0 ‘9zvZ860T

o1

85017 SUOLUILLIOD A 81D 3|qealjdde au) Aq peusenob ae soppie O 8sn 0 Sajni 1o} Arid 17 8uluQO A8]IAA UO (SUONIPUOO-pUE-



20_|_Wl LEY FRITTELLI ET AL.
TABLE 1  Elliptic BSPDE (83) on the unit sphere  in 3D.
L2(Q) x L*(T") H'(Q) x H'\(T)

i N M h rel. err. L2 EOC rel. err. H' EOC Time (s)

1 152 96 0.7205 1.2114e—-01 - 1.6937e—01 - 0.002554

2 875 414 0.3602 1.8409e—02 2.7182 4.6517e—02 1.8643 0.016998

3 5501 1758 0.1801 4.9571e-03 1.8928 2.3725e—02 0.9714 0.194121

4 36,677 6966 0.0901 1.2578e—03 1.9786 1.0147e—02 1.2254 5.880451

Note: The BSVEM shows optimal convergence, that is, quadratic in L>(Q) x L?>(I") and linear in H'(Q) x H'(T"). The computational
times are shown.
Abbreviation: EOC, experimental order of convergence.

Matrix assembly optimization can also be achieved with different methods, such as cut FEM
[22] or trace FEM [44]. In the present work, however, the numerical method does not require
a level set representation of the surface I'. Such a level set representation is needed only upon
mesh generation, if the mesh is generated as described in this section. Moreover, the proposed
approach is an adaptation to 3D of the mesh generation algorithm proposed in [35] for the
2D case.

7 | NUMERICAL EXAMPLES

We present two numerical examples to (i) showcase the construction of polyhedral meshes according to
the procedure explained in Section 6 and (ii) confirm the optimal convergence of the BSVEM according
to Theorem 4.

7.1 | Example 1: Unit sphere

We numerically solve the following elliptic bulk-surface problem on the unit sphere Q in 3D:

— Au+u=xyz—xy in Q
—Arv+ v+ Vu-v=29%yz — %xy on 9Q (33)
Vu-v=—-u+2 on 092,

whose exact solution is given by u(x,y,z) = xyz — xy, for (x,y,z) € Q and v(x,y,7) = 2xyz — %xy,
for (x,y,z) € 0Q. We consider a sequence of four cubic meshes i = 1, ... ,4. The ith mesh
is obtained by subdividing each dimension into 5i intervals, thereby producing a cubic bound-
ing mesh. From the cubic mesh we obtain a bulk-surface mesh of the sphere as described in
Section 6. The coarsest of meshes is shown in Figure 3c. On each mesh we solve the discrete
problem (60), we compute the relative error in L?>(Q) x L>(I") and H'(Q) x H'(I") norms and the
respective convergence rates by the direct solver mldivide of MATLAB R2019a on a MacBook
Pro 2019 with 2,3 GHz 8-Core Intel Core 19 CPU. As shown in Table 1, the convergence is opti-
mal, that is, quadratic in L?>(Q) x L*(I') norm and linear in H'(Q) x H'(I') norm, according to
Theorem 4. The numerical solution (U, V) obtained on the finest mesh is plotted in Figure 5, where
the bulk component U and the surface component V are shown in separate plots, both cut to show
the inside.
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0.5 08

FIGURE 5  Elliptic bulk-surface problem (83) on the unit sphere Q in 3D: Numerical solution obtained on the finest mesh for
i =4 with N = 40,381 nodes and meshsize 7 = 0.0901. Components U (left) and V (right) of the numerical solution.

U
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FIGURE 6 Bulk component « of the numerical solution of model (84) obtained on the polyhedral mesh shown in Figure 4b,c
with N = 11,880 nodes and meshsize 7 = 0.1039. The figure is cut to show the interior of the bulk.

7.2 | Example 2: Dupin ring cyclide

Having ascertained the optimal convergence of the method in the previous example, we now explore
a more complex geometry given by the Dupin ring cyclide Q defined in (82) and shown in Figure 4a.
On such a geometry, we consider the model problem

—Au+u=x2+y2+zz—6, in Q;
—Amvtut+v=x>4+y> +724+1, onT; (84)
Vu-v=pxyz)—v+1, onT,

where

VAx,y,2) - (2x,2y,2z)
IVAG, y, D

p(x,y,2) 1= , x,y,2) €T, (85)
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with A(x, y, 7) being the level function defined in (82) and the exact solution is given by!
u(x,v,2) =x> +y* +22, (x,y,2) € Q, and v, y,2)=1, (x,y,2) €T. (86)

We solve the model (84) on the mesh shown in Figure 4b,c. The mesh has N = 11,880 nodes and
meshsize & = 0.1039. The relative errors are: 1.7962e—03 in L*(Q) X L*(I") norm and 4.5671e—03 in
H'(Q)xH'(I") norm, which further confirms the accuracy of the method. Since the surface component
v(x, y, z) of the exact solution is constant, we plot only the bulk component u(x, y, z) of the numerical
solution in Figure 6.

8 | CONCLUSIONS

We have introduced the BSVEM for the numerical approximation of elliptic coupled bulk-surface PDE
problems on smooth domains. The proposed method combines a 3D VEM for the bulk equations [10]
with a SVEM for the surface equations [40] and encompasses, in the special case of simplicial
bulk-surface meshes, the BSFEM for bulk-surface RDSs (see e.g., [51]).

We have introduced polyhedral bulk-surface meshes in 3D and, under minimal mesh regularity
assumptions, we have estimated the geometric error arising from domain approximation. The lack of
smoothness in the mapping between the discrete and exact geometries requires the lifting operator to
be replaced, in some parts of the analysis, by the Sobolev extension operator.

The main theoretical result is optimal second-order convergence of the proposed method, provided
the exact solution is H>*3/* in the bulk and H? on the surface. A relevant by-product is that the lowest
order bulk-VEM [7] retains optimal convergence even in the simultaneous presence of curved bound-
aries and non-zero boundary conditions, a result that was not fully addressed in the literature to the
best of our knowledge. The convergence is illustrated with two numerical examples on the unit sphere
and on the Dupin ring cyclide, respectively.

We have shown that suitable polyhedral meshes reduce the computational time of mesh gen-
eration and matrix assembly from O(h~3) to O(h~2), where h is the meshsize. This is particularly
useful when matrix assembly takes a significant portion of the computational time, that is, for (i)
time-independent problems and (ii) time-dependent problems on evolving domains, where the matrices
must be computed at each timestep.

In different geometric settings and for different PDE problems, it is known that polyhedral meshes
also allow for simple and efficient adaptive refinement or mesh pasting strategies that would be impos-
sible with tetrahedral meshes, see for instance [23]. For the BSVEM, these aspects will be addressed
in future studies.

Another subject of our current investigation is the formulation of a high-order BSVEM. As pointed
out throughout the work, this goal entails (i) the usage of curved polyhedral meshes and (ii) the con-
struction of computable discrete function spaces on curved polygons and polyhedra. Finally, we will
consider the extension of the BSVEM to the case of evolving bulk-surface geometries.
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APPENDIX A: PRELIMINARY DEFINITIONS AND RESULTS

In this appendix, we provide preliminary definitions, results and notations adopted throughout the
article. Unless explicitly stated, definitions and results are taken from [32].

A1 | Surfaces and differential operators on surfaces

Let Q C R3 be a compact set such that its boundary I' := 0Q C R® is a C¥, k > 2 surface. Since I' can
be seen as the zero level set of the oriented distance function d : R> — R defined by

—inf{|lx—y| :yeIl'} if xeQ
dx) := 0 if x el
inf{|lx —y|| : y eI} if xeR3\ Q,

then the outward unit vector field v : I' = R? can be defined by

_ Vd@)

- , r Al
2 A

v(x) :
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Lemma 5 (Fermi coordinates [32]). If T is a C*, k > 2 surface, there exists an open
neighborhood U C R3 of T such that every x € U admits a unique decomposition of
the form x = a(x) + d(x)v(a(x)), a(x) € I'. The maximal open set U with this property
is called the Fermi stripe of T (see Figure la), a(x) is called the normal projection onto
I" and (a(x), d(x)) are called the Fermi coordinates of x. The oriented distance function
fulfils d € CK(U).

Definition 6 (C'(I") functions). A function u : I — R is said to be C'(I") if there exist

an open neighborhood U of " and a C! function 4 : U — R such that éijr = u, that is, 4 is
a C! extension of u off T.

Definition 7 (Tangential gradient and tangential derivatives). The tangential gradient
Vru of a function u € C'(I') is defined by Vru(x) := Vii(x) — (Vi(x) - v(x))v(x) for all
x € I'. The result of the computation of Vru is independent of the choice of the extension .
The components Dyu, Dyu, and D,u of the tangential gradient Vru are called the tangential
derivatives of u.

Definition 8 (C*(I') functions). For k € N, k > 1, a function # : I" — R is said to be
CK(I) if it is C'(I") and its tangential derivatives are C*~!(I").

Definition 9 (Laplace—Beltrami operator). The Laplace—Beltrami Aru of a function u €
C*(I) is defined by Aru(x) := D.Du(x) + DyDyu(x) forallx € T'.

A.2 | Bulk- and surface function spaces

Throughout the article, we will adopt the following notations. For p € [1, +o0], L(Q2) and L7(I") denote
the usual Lebesgue spaces on € and I', respectively, with || - ||z,@) and || - [|z»() being the respective
norms. For m € (0,+c0) and p € [1, +o0], W"P(Q) and WP (I") denote the (possibly fractional)
Sobolev spaces of order m on Q and I, respectively, with || - ||wmr(q) and || - ||wm» ) being the respective
norms. Full definitions can be found in [35].

Lemma 6 (Inclusion between fractional Sobolev spaces [31]). Let Q C R? be a bounded
domain with a C' boundary T, let p € [1,+0) and s,s' € [0, +00) such that s < s'. Then
there exists a constant C > O depending on Q and s such that

lullwsr@) < Cllullwss @) (A2)

for all u € W¥?(Q). Hence, WP (Q) C W*'?(Q).

A3 | Fundamental results in bulk- and surface calculus

Theorem 5 (Narrow band trace inequality [33]). With the notations of the previous
theorem, there exists C > 0 depending on Q such that any u € H'(Q) fulfils

1
lull2w,) < Cex|lull i g)- (A3)

Theorem 6 (Trace theorem and inverse trace theorem [57, 58]). Let k € N, % <s<k
and assume that the boundary T is a C* surface.” Then there exists a bounded operator

2It is sufficient that I" be a C*~!! surface, meaning that its derivatives up to order k — 1 are Lipschitz continuous. For simplicity,
we use the stronger assumption that I" € C*.
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Tr . H(Q) — Hs_%(F), called the trace operator, such that Tr(u) = wr and

T,y ) < Cllull@. ¥ u € H'(Q. (Ad)

1
The trace operator has a continuous inverse operator Tr™' : H* 2(') — H*(Q) called
Babic inverse such that

1
T W@ < ClIVI| VveH (D). (A5)

L
H2(D)

Theorem 7 (Sobolev extension theorem [58]). Assume that Q@ C R> has a Lipschitz
boundary T, let r € N and p € [1, +00]. Then, for any function u € W"(Q), there exists
an extension u € WP (R?) such that w,q = u and

[@llwrowsy < Cllullwrr) (A6)
where C > 0 depends on Q and r, but not on p.

Theorem 8 (Sobolev embeddings). Let d € N, d > 2 be a number of dimensions and
assume that Q C R? has a Lipschitz boundary.

o If0 <y <1,then H/*1(Q) < C%(Q) is a continuous embedding, hence [lullcor@y <
Cy lull garzer(qy. From the definition of the Holder space COr(Q) we have that

luGx) — ul < Cyllullgarryllx = yII”. ae. (x,y) € QX Q. (A7)
o If £ >0, then HY/**(Q) < C(Q) is a continuous embedding.

Proof . See [2] for the case of integer-order Sobolev spaces and [31] for the fractional
case. n
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