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Abstract
Let 𝑋 be a locally compact Hausdorff topological space, let  = (𝑣𝑛,𝑘)𝑛,𝑘∈ℕ be a
system of positive continuous functions on 𝑋 and let 𝜑 be a continuous self-map
on𝑋. The composition operators𝐶𝜑 ∶ 𝑓 ↦ 𝑓 ◦𝜑 on theweighted function (LF)-
spaces𝐶(𝑋) (0𝐶(𝑋), resp.) and on theweighted function (PLB)-spaces𝐶(𝑋)

(0𝐶(𝑋), resp.) are studied. We characterize when the operator 𝐶𝜑 acts contin-
uously on such spaces in terms of the system  and the map 𝜑, as well as we
determine conditions on  and 𝜑 which correspond to various basic properties
of the composition operator 𝐶𝜑, like boundedness, compactness, and weak com-
pactness. Our approach requires a study of the continuity, boundedness, (weak)
compactness of the linear operators between (LF)-spaces and (PLB)-spaces.

KEYWORDS
(LF)-spaces, (PLB)-spaces, (weakly) compact operator, bounded operator, composition opera-
tor, weighted function spaces

1 INTRODUCTION

The operators on topological vector spaces of continuous functions have been extensively studied for the last several
decades. On any space of functionswith some structure, there are twonatural types of operators, that are themultiplication
operator and the composition operator.
Composition and multiplication operators have been studied on weighted spaces of (vector-valued) continuous func-

tions on a locally compact Hausdorff topological space 𝑋 in various directions. We refer the reader to the survey paper
[20]. See also the book [19]. The main question in this study is to characterize when such operators are well-defined
and continuous.
Recently, some authors have considered the problem to characterize the well-posedness and the continuity of compo-

sition operators in the setting of (PLB)-spaces or (LF)-spaces of smooth functions on ℝ𝑁 , like the space 𝑀(ℝ𝑁) of the
slowly increasing smooth functions and the space 𝐶(ℝ𝑁) of the very slowly increasing smooth functions, see [2, 10].
While, in [8] it has been characterized when continuous multiplication operators on a weighted inductive limit of Banach
spaces of continuous functions are power bounded, mean ergodic or uniformly mean ergodic. Moreover, in [17] the sec-
ond author has analyzed the action of the multiplication (diagonal) operators between weighted sequence (LF)-spaces,
studying general properties like boundedness, compactness, and dynamics.
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Motivated by these recent results, we study in this paper the composition operators on weighted function (LF)-spaces
and on weighted function (PLB)-spaces. Our first aim is to characterize when the composition operator is well-defined
and continuous. We also determine conditions which correspond to various basic properties of the composition operator,
like boundedness, compactness and weak compactness in the sense of [18, p. 98]. To this end, we first study the continuity,
boundedness, and (weak) compactness of the linear operators between (LF)-spaces and between (PLB)-spaces. This leads
us to consider the problem of factorization of continuous linear operators acting on (LF)-spaces and on (PLB)-spaces. In
the case of inductive limits, the factorization through the steps of a continuous linear operator is well-known and due
to Grothendieck. For projective limits, unlike the case of operators between Fréchet spaces, it is not known if continu-
ous linear operators between (PLB)-spaces factorize through the steps. So, we show that also for the (PLB)-spaces, the
factorization is still valid.
The paper is organized as follows. In Section 2, we collect the necessary definitions and give the characterization of

the continuity, boundedness, (weak) compactness for linear operator between (LF)-spaces and between (PLB)-spaces.
In Section 3, we first introduce the weighted function (LF)-spaces 𝐶(𝑋) and 0𝐶(𝑋) and the weighted function (PLB)-
spaces𝐶(𝑋) and0𝐶(𝑋). Thereafter, we recall some known results about their topological properties, like completeness
and regularity. Then, we characterize the continuity, boundedness, (weak) compactness for composition operators 𝐶𝜑

acting on pairs of weighted (LF)-spaces (𝐶(𝑋),𝐶(𝑋)) ((0𝐶(𝑋),0𝐶(𝑋)), resp.), and on pairs of weighted (PLB)-
spaces (𝐶(𝑋),𝐶(𝑋)) ((0,𝐶(𝑋),0,𝐶(𝑋)), resp.) in terms of the weights  , and the function 𝜑. Finally, in
Section 4, we present some applications.

2 DEFINITIONS AND GENERAL RESULTS ON (LF)- AND (PLB)-SPACES

Let E and 𝐹 be two locally convex Hausdorff spaces (briefly, lcHs for locally convex Haudorff space). We denote by(𝐸, 𝐹)

the space of all continuous linear operators from𝐸 into𝐹. In particular,𝑠(𝐸, 𝐹) (𝑏(𝐸, 𝐹), resp.) denotes(𝐸, 𝐹) endowed
with the strong operator topology 𝜏𝑠 ((𝐸, 𝐹) endowed with the topology 𝜏𝑏 of the uniform convergence on bounded
subsets of 𝐸, resp.). In case 𝐹 = 𝐸, we simply write (𝐸), 𝑠(𝐸) and 𝑏(𝐸).
Let 𝑇 be a linear operator from 𝐸 into 𝐹. The operator 𝑇 is called bounded if 𝑇 maps some 0-neighborhood of 𝐸 into

a bounded subset of 𝐹, while it is called compact (weakly compact, resp.) if 𝑇 maps some 0-neighborhood of 𝐸 into a
relatively compact (relatively weakly compact, resp.) subset of 𝐹. We observe that if 𝑇 is a bounded or (weakly) compact
operator from 𝐸 into 𝐹, then it is necessarily continuous, that is, 𝑇 ∈ (𝐸, 𝐹).
In the following, we collect some results on operators acting between (LF)-spaces or (PLB)-spaces. We first consider the

case of (LF)-spaces. To do this, we recall some necessary definitions and properties.
A lcHs 𝐸 is called an (LF)-space if there exists a sequence {𝐸𝑛}𝑛∈ℕ of Fréchet spaces with 𝐸𝑛 ↪ 𝐸𝑛+1 continuously

such that 𝐸 = ∪𝑛∈ℕ𝐸𝑛 and the topology of 𝐸 coincides with the finest locally convex topology for which each inclusion
𝐸𝑛 ↪ 𝐸 is continuous. In such a case, we simply write 𝐸 = ind 𝑛∈ℕ 𝐸𝑛. The sequence {𝐸𝑛}𝑛∈ℕ is called a defining inductive
spectrum for 𝐸. In this paper, we point out that (LF)-spaces are Hausdorff by definition. The space 𝐸 = ind 𝑛∈ℕ 𝐸𝑛 is called
an (LB)-space if 𝐸𝑛 is a Banach space for all 𝑛 ∈ ℕ. An (LF)-space 𝐸 = ind 𝑛∈ℕ 𝐸𝑛 is called regular if every bounded set
𝐵 in E is contained and bounded in 𝐸𝑛 for some 𝑛 ∈ ℕ. Every complete (LF)-space is always regular. Next, we introduce
other useful regularity conditions.
Let 𝐸 = ind 𝑛 𝐸𝑛 be an (LF)-space and 𝜏 denote the locally convex topology of 𝐸. The (LF)-space 𝐸 is said to satisfy

the condition (M) ((M0), resp.) of Retakh if there exists an increasing sequence {𝑈𝑛}𝑛∈ℕ of subsets of 𝐸 such that 𝑈𝑛 is an
absolutely convex 0-neighborhood of 𝐸𝑛 for all 𝑛 ∈ ℕ for which

∀𝑛 ∈ ℕ ∃𝑚 ≥ 𝑛 ∀𝜇 ≥ 𝑚 ∶ 𝜏𝜇 and 𝜏𝑚 induce the same topology on𝑈𝑛,

(∀𝑛 ∈ ℕ∃𝑚 ≥ 𝑛 ∀𝜇 ≥ 𝑚 ∶ 𝜎(𝐸𝜇, 𝐸′
𝜇) and𝜎(𝐸𝑚, 𝐸′

𝑚) induce the same topology on𝑈𝑛, resp.)

where 𝜏𝑛 denotes the locally convex topology of 𝐸𝑛 for all 𝑛 ∈ ℕ. An (LF)-space satisfying condition (M) ((M0), resp.) is
called acyclic (weakly acyclic, resp.). Every acyclic (LF)-space is weakly acyclic and also complete (see [22, Corollary 6.5]).
An (LF)-space 𝐸 = ind 𝑛 𝐸𝑛 is called compactly retractive (weakly compactly retractive, resp.) if every compact (weakly

compact, resp.) set 𝐾 in 𝐸 is contained and compact (weakly compact, resp.) in 𝐸𝑛 for some 𝑛 ∈ ℕ. An (LF)-space 𝐸 =

ind 𝑛∈ℕ 𝐸𝑛 is called boundedly retractive if every bounded set 𝐵 in 𝐸 is contained in some step 𝐸𝑛 and the topologies of
𝐸 and 𝐸𝑛 coincide on 𝐵, while 𝐸 is called sequentially retractive (weakly sequentially retractive, resp.) if every convergent
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5386 ALBANESE and MELE

sequence (weakly convergent sequence, resp.) in 𝐸 is contained in some step 𝐸𝑛 and converges (weakly converges, resp.)
there. We observe that, in view of Grothendieck’s factorization theorem [12, p. 147], these conditions do not depend on the
defining inductive spectrum of 𝐸.
Some of these notions are related to each other, as it is shown in the following theorem due to Wengenroth [22].

Theorem 1 [22, Theorem 6.4]. For an (LF)-space 𝐸 = ind 𝑛 𝐸𝑛, the following conditions are equivalent:

(1) 𝐸 satisfies condition (M);
(2) 𝐸 is boundedly retractive;
(3) 𝐸 is compactly retractive;
(4) 𝐸 is sequentially retractive.

Every weakly compactly retractive (LF)-space is clearly weakly sequentially retractive and hence, regular by [13,
Theorem 1]. The converse is also valid when the (LF)-space satisfies the condition (𝑀0) according to the following result.

Theorem 2 [13, Theorem 2]. Let 𝐸 = ind 𝑛∈ℕ 𝐸𝑛 be an (LF)-space satisfying the condition (𝑀0). Then, the following
conditions are equivalent:

(1) 𝐸 is regular;
(2) 𝐸 is weakly compactly retractive;
(3) 𝐸 is weakly sequentially retractive.

According to Theorems 1 and 2, every sequentially retractive (LF)-space is also weakly sequentially retractive.
The characterization of the continuity of operators between (LF)-spaces is well-known and due to Grothendieck. The

characterization of boundedness as well as the compactness of operators acting between (LF)-spaces has been given in
[17] as follows (see also [7, Proposition 5], where the (LB)-case is considered). We include also the weakly compact case.
The proof is analogous to that of the compactness and is left to the reader.

Proposition 1 [17, Proposition 2.3]. Let 𝐸 = ind 𝑛 𝐸𝑛 and 𝐹 = ind 𝑛 𝐹𝑛 be two (LF)-spaces. Let 𝑇 ∶ 𝐸 → 𝐹 be a linear
operator. Then, the following assertions hold true:

(1) Assume that 𝐹 is regular. Then, the operator 𝑇 is bounded if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ we
have that 𝑇(𝐸𝑚) ⊂ 𝐹𝑛 and the restriction 𝑇 ∶ 𝐸𝑚 → 𝐹𝑛 is bounded;

(2) Assume that 𝐹 satisfies the condition (M). Then, the operator 𝑇 is compact if, and only if, there exists 𝑛 ∈ ℕ such that for
all𝑚 ∈ ℕ we have that 𝑇(𝐸𝑚) ⊂ 𝐹𝑛 and the restriction 𝑇 ∶ 𝐸𝑚 → 𝐹𝑛 is compact;

(3) Assume that 𝐹 is weakly compactly retractive. Then, the operator 𝑇 is weakly compact if, and only if, there exists 𝑛 ∈ ℕ

such that for all𝑚 ∈ ℕ we have that 𝑇(𝐸𝑚) ⊂ 𝐹𝑛 and the restriction 𝑇 ∶ 𝐸𝑚 → 𝐹𝑛 is weakly compact.

A lcHs𝐸 is called a (PLB)-space if there exists a sequence {𝐸𝑛}𝑛∈ℕ of (LB)-spaceswith𝐸𝑛+1 ↪ 𝐸𝑛 continuously such that
𝐸 = ∩𝑛∈ℕ𝐸𝑛 and the topology of 𝐸 is the coarsest locally convex topology for which each inclusion 𝐸 ↪ 𝐸𝑛 is continuous.
In such a case, we simply write 𝐸 = proj 𝑛∈ℕ 𝐸𝑛. Clearly, a (PLB)-space 𝐸 = proj 𝑛∈ℕ 𝐸𝑛 is complete whenever 𝐸𝑛 is a
complete (LB)-space for an infinite number of indices 𝑛.
Unlike the case of operators between Fréchet spaces, in general continuous linear operators between (PLB)-spaces do

not factorize through the steps. Under suitable condition on the (PLB)-spaces, the factorization is still valid. Indeed, along
the lines of [11, Lemma 4], we get the following result:

Proposition 2. Let 𝐸 = proj 𝑛∈ℕ 𝐸𝑛 be a (PLB)-space such that the continuous inclusion 𝐸 ↪ 𝐸𝑛 has dense range for all
𝑛 ∈ ℕ. Let𝐹 = proj 𝑘∈ℕ 𝐹𝑘 be a (PLB)-space such that𝐹𝑘 is a complete (LB)-space for all 𝑘 ∈ ℕ. If 𝑇 ∶ 𝐸 → 𝐹 is a continuous
linear operator, then for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that the operator 𝑇 admits a unique continuous extension 𝑇𝑛

𝑘
from

𝐸𝑛 into 𝐹𝑘 .

Proof. Let 𝜏 denote the topology of 𝐸 and for all 𝑛 ∈ ℕ, let 𝜏𝑛 denote the topology of 𝐸𝑛. We claim that for all 𝑘 ∈ ℕ

there exists 𝑛 ∈ ℕ such that the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → 𝐹𝑘 is continuous. To prove the claim, we proceed by arguing
by contradiction.
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Suppose that there exists 𝑘 ∈ ℕ such that for all 𝑛 ∈ ℕ the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → 𝐹𝑘 is not continuous. Accordingly, for
all 𝑛 ∈ ℕ there exists a 0-neighborhood𝑈𝑛 in 𝐹𝑘 such that the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → (𝐹𝑘, 𝑝𝑈𝑛

) is not continuous, where
the range is the space equipped with the gauge functional 𝑝𝑈𝑛

as a seminorm. Since 𝐹𝑘 is an (LB)-space, there exists a
0-neighborhood 𝑈 in 𝐹𝑘 such that 𝑈 is absorbed by 𝑈𝑛 for all 𝑛 ∈ ℕ (see [14, Proposition 2.7.9]). Now, the continuity
of the operator 𝑇 ∶ (𝐸, 𝜏) → 𝐹𝑘 implies that there exists a 0-neighborhood 𝑉 in (𝐸, 𝜏) such that 𝑇(𝑉) ⊆ 𝑈. Since 𝐸 is the
projective limit of the (LB)-spaces𝐸𝑛, there exist some 𝑛0 ∈ ℕ and a continuous seminorm 𝑝 on𝐸𝑛0

such that𝑉𝑛0
∶= {𝑥 ∈

𝐸 ∶ 𝑝(𝑥) ≤ 1} ⊆ 𝑉. This yields that the operator 𝑇 ∶ (𝐸, 𝜏𝑛0
) → (𝐹𝑘, 𝑝𝑈) is continuous. On the other hand, the fact that𝑈

is absorbed by 𝑈𝑛0
implies that the inclusion (𝐹𝑘, 𝑝𝑈) ↪ (𝐹𝑘, 𝑝𝑈𝑛0

) is continuous. Accordingly, 𝑇 ∶ (𝐸, 𝜏𝑛0
) → (𝐹𝑘, 𝑝𝑈𝑛0

)

is necessarily continuous. But this is a contradiction.
According to what was proved above, for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → 𝐹𝑘 is con-

tinuous. Since 𝐸 is a dense subspace of 𝐸𝑛 and 𝐹𝑘 is complete, the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → 𝐹𝑘 admits a unique continuous
extension 𝑇𝑛

𝑘
from 𝐸𝑛 into 𝐹𝑘. □

Remark 3.

(1) Due to the definition of the projective limit topology, the condition of Proposition 2 is clearly also sufficient.
(2) The proof of Proposition 2 ensures that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such the operator 𝑇 ∶ (𝐸, 𝜏𝑛) → 𝐹𝑘 is

continuous also in the case, where 𝐸 = proj 𝑛∈ℕ 𝐸𝑛 is a (PLB)-space with no dense inclusion in 𝐸𝑛 for any 𝑛 ∈ ℕ.

Also for operators between (PLB)-spaces, we can give the characterization of the boundedness and of the (weak)
compactness as follows.

Proposition 3. Let 𝐸 = proj 𝑛∈ℕ 𝐸𝑛 be a (PLB)-space such that the inclusion 𝐸 ↪ 𝐸𝑛 has dense range for all 𝑛 ∈ ℕ. Let
𝐹 = proj 𝑘∈ℕ 𝐹𝑘 be a (PLB)-space such that𝐹𝑘 is a complete (LB)-space for all 𝑘 ∈ ℕ. A linear operator𝑇 ∶ 𝐸 → 𝐹 is bounded
((weakly) compact, resp.) if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑘 ∈ ℕ the operator 𝑇 admits a unique linear
extension 𝑇𝑛

𝑘
∶ 𝐸𝑛 → 𝐹𝑘 which is bounded ((weakly) compact, resp.).

Proof. The condition is clearly sufficient. So, we suppose that 𝑇 ∶ 𝐸 → 𝐹 is bounded ((weakly) compact, resp.), thereby
implying that 𝑇 ∈ (𝐸, 𝐹) necessarily. Accordingly, there exists a 0-neighborhood 𝑉 of 𝐸 such that 𝑇(𝑉) is a bounded
(relatively (weakly) compact, resp.) set in 𝐹. Since 𝐸 is the projective limit of the (LB)-spaces 𝐸𝑛, there exist 𝑛0 ∈ ℕ and a
0-neighborhood𝑈 of 𝐸𝑛0

such that 𝐸 ∩ 𝑈 ⊆ 𝑉. Consequently, 𝑇(𝐸 ∩ 𝑈) is a bounded (relatively (weakly) compact, resp.)
set in 𝐹 and hence, 𝑇(𝐸 ∩ 𝑈) is a bounded (relatively (weakly) compact, resp.) set in 𝐹𝑘 for all 𝑘 ∈ ℕ. This implies that
the operator 𝑇 ∶ (𝐸, 𝜏𝑛0

) → 𝐹𝑘 is bounded ((weakly) compact, resp.) for all 𝑘 ∈ ℕ and hence, continuous. Since 𝐸 is a
dense subspace of 𝐸𝑛0

and each 𝐹𝑘 is a complete (LB)-space, for all 𝑘 ∈ ℕ the operator 𝑇 ∶ (𝐸, 𝜏𝑛0
) → 𝐹𝑘 admits a unique

extension 𝑇
𝑛0

𝑘
∶ 𝐸𝑛0

→ 𝐹𝑘 which is clearly bounded ((weakly) compact, resp.). □

Remark 4.

(1) We observe that Proposition 3 covers also the case that each 𝐸𝑛 is a Banach space (hence, 𝐸 is a Fréchet space) or each
𝐹𝑘 is a Banach space (hence, 𝐹 is a Fréchet space).

(2) The proof of Proposition 3 ensures that there exists 𝑛0 ∈ ℕ such that the operator 𝑇 ∶ (𝐸, 𝜏𝑛0
) → 𝐹𝑘 is bounded

((weakly) compact, resp.) for all 𝑘 ∈ ℕ also in the case that 𝐸 = proj 𝑛∈ℕ 𝐸𝑛 is a (PLB)-space with no dense inclusion
in 𝐸𝑛 for any 𝑛 ∈ ℕ.

3 COMPOSITION OPERATORS BETWEENWEIGHTED (LF)- AND (PLB)-SPACES OF
CONTINUOUS FUNCTIONS

3.1 Weighted (LF)- and (PLB)-spaces of continuous functions

Throughout this paper, 𝑋 will be denote a locally compact (Hausdorff) topological space.
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5388 ALBANESE and MELE

For all 𝑛 ∈ ℕ, let 𝑉𝑛 =
(
𝑣𝑛,𝑘

)
𝑘∈ℕ

be a sequence of (strictly) positive continuous functions, called weights, on 𝑋. We
denote by  the sequence (𝑉𝑛)𝑛∈ℕ and we assume that these two conditions are satisfied:

(1) 𝑣𝑛,𝑘(𝑥) ≤ 𝑣𝑛,𝑘+1(𝑥) for all 𝑛, 𝑘 ∈ ℕ and 𝑥 ∈ 𝑋;
(2) 𝑣𝑛,𝑘(𝑥) ≥ 𝑣𝑛+1,𝑘(𝑥) for all 𝑛, 𝑘 ∈ ℕ and 𝑥 ∈ 𝑋.

The sequence  = (𝑉𝑛)𝑛∈ℕ is said to be a system of weights. In the following, for all 𝑘 ∈ ℕ we set 𝑉𝑘 = (𝑣𝑛,𝑘)𝑛∈ℕ.
Denote by 𝐶(𝑋) the space of all𝕂-valued continuous functions on 𝑋, where𝕂 = ℂ or𝕂 = ℝ. We recall that a function

𝑔 ∈ 𝐶(𝑋) is said to vanish at infinity if for every 𝜀 > 0 there exists a compact subset 𝐾 of 𝑋 such that |𝑔(𝑥)| ≤ 𝜀 for all
𝑥 ∈ 𝑋 ⧵ 𝐾. Given a single weight 𝑣 on 𝑋, we can define:

𝐶𝑣(𝑋) ∶= {𝑓 ∈ 𝐶(𝑋) ∶ ‖𝑓‖𝑣 ∶= ‖𝑣𝑓‖∞ < ∞},

𝐶𝑣0
(𝑋) ∶= {𝑓 ∈ 𝐶(𝑋) ∶ 𝑣|𝑓| vanishes at infinity}.

The space (𝐶𝑣(𝑋), ‖ ⋅ ‖𝑣) is a Banach space and (𝐶𝑣0
(𝑋), ‖ ⋅ ‖𝑣) is a closed subspace of 𝐶𝑣(𝑋). Furthermore, if we endow

the space 𝐶(𝑋)with the compact open topology, then the inclusion 𝐶𝑣(𝑋) ↪ 𝐶(𝑋) is continuous for every weight 𝑣 on 𝑋.
Indeed, for a fixed weight 𝑣 on 𝑋 and a compact subset 𝐾 of 𝑋, we have that max𝑥∈𝐾 |𝑓(𝑥)| = max𝑥∈𝐾

1

𝑣(𝑥)
𝑣(𝑥)|𝑓(𝑥)| ≤

𝑐𝐾‖𝑓‖𝑣 for all 𝑓 ∈ 𝐶𝑣(𝑋), where 𝑐𝐾 ∶= max𝑥∈𝐾
1

𝑣(𝑥)
< ∞ being 1

𝑣
∈ 𝐶(𝑋).

Given a system  of weights on𝑋 and 𝑛 ∈ ℕ, due to condition (1) both the sequences {𝐶𝑣𝑛,𝑘
(𝑋)}𝑘∈ℕ and {𝐶(𝑣𝑛,𝑘)0

(𝑋)}𝑘∈ℕ

of Banach spaces form a projective spectrum. Hence, for all 𝑛 ∈ ℕ the following weighted spaces of continuous functions,
defined by

𝐶𝑉𝑛(𝑋) ∶=
{

𝑓 ∈ 𝐶(𝑋) ∶ ‖𝑓‖𝑣𝑛,𝑘
∶= ‖𝑣𝑛,𝑘𝑓‖∞

<∞ ∀𝑘 ∈ ℕ
}

,

𝐶(𝑉𝑛)0(𝑋) ∶=
{
𝑓 ∈ 𝐶(𝑋) ∶ 𝑣𝑛,𝑘|𝑓| vanishes at infinity ∀𝑘 ∈ ℕ

}
,

are Fréchet spaces with respect to the lc-topology generated by the sequence (‖ ⋅ ‖𝑣𝑛,𝑘
)𝑘∈ℕ of norms. We observe that

𝐶(𝑉𝑛)0(𝑋) is a dense subset of 𝐶(𝑣𝑛,𝑘)0
(𝑋) for all 𝑛, 𝑘 ∈ ℕ.

According to condition (2), 𝐶𝑉𝑛(𝑋) (𝐶(𝑉𝑛)0(𝑋), resp.), is continuously included in 𝐶𝑉𝑛+1(𝑋) (𝐶(𝑉𝑛+1)0(𝑋), resp.) for
all 𝑛 ∈ ℕ. So, we can define the following weighted (LF)-spaces of continuous functions

𝐶(𝑋) ∶= ind
𝑛

𝐶𝑉𝑛(𝑋) and 0𝐶(𝑋) ∶= ind
𝑛

𝐶(𝑉𝑛)0(𝑋).

Obviously, 𝐶(𝑋) and 0𝐶(𝑋) are continuously included in 𝐶(𝑋) for every system of weights  on 𝑋.
In [4], Bierstedt and Bonet characterized the regularity of the (LF)-spaces 𝐶(𝑋) and 0𝐶(𝑋) in terms of the system 

of weights. In order to state such results, we recall some necessary definitions.
Let  = (𝑣𝑛,𝑘)𝑛,𝑘∈ℕ be a system of weights on 𝑋. The system  of weights is said to satisfy the condition (WQ) (or is of

type (WQ)) if

∀𝑛 ∈ ℕ ∃𝜇, 𝑚 ∈ ℕ ∀𝑘, 𝑁 ∈ ℕ ∃𝐾 ∈ ℕ, 𝑆 > 0 ∶ ∀𝑥 ∈ 𝑋 𝑣𝑚,𝑘(𝑥) ≤ 𝑆(𝑣𝑛,𝜇(𝑥) + 𝑣𝑁,𝐾(𝑥)).

The system  of weights is said to satisfy the condition (Q) (or is of type (Q)) if

∀𝑛 ∈ ℕ ∃𝜇, 𝑚 ∈ ℕ ∀𝑘, 𝑁 ∈ ℕ, 𝑅 > 0 ∃𝐾 ∈ ℕ, 𝑆 > 0 ∶ ∀𝑥 ∈ 𝑋 𝑣𝑚,𝑘(𝑥) ≤
1

𝑅
𝑣𝑛,𝜇(𝑥) + 𝑆𝑣𝑁,𝐾(𝑥).

The characterization of the regularity of the (LF)-spaces 𝐶(𝑋) and 0𝐶(𝑋) is contained in the following result.

Theorem 5. Let 𝑋 be a locally compact Hausdorff topological space and  be a system of weights on 𝑋. Then, the following
assertions hold true:

(1) ([4, Proposition 4 and Theorem 7]) 𝐶(𝑋) is regular if, and only if,  satisfies condition (WQ) if, and only if, 𝐶(𝑋) is
complete;

(2) ([4, Theorem 3]) 0𝐶(𝑋) is regular if, and only if,  satisfies condition (Q) if, and only if, 0𝐶(𝑋) is complete.
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ALBANESE and MELE 5389

We recall also that Bierstedt and Bonet in [4, Theorem 3] characterized when the (LF)-spaces𝐶(𝑋) and0𝐶(𝑋) satisfy
the condition (M).

Theorem 6. Let 𝑋 be a locally compact Hausdorff topological space and  be a system of weights on 𝑋. Then, the following
assertions are equivalent:

(1) 𝐶(𝑋) satisfies condition (M);
(2) 0𝐶(𝑋) satisfies condition (M);
(3)  satisfies condition (Q).

We refer the reader to [3, 4] for more details.
Given a system  of weights on𝑋 and 𝑘 ∈ ℕ, due to condition (2) both the sequences {𝐶𝑣𝑛,𝑘

(𝑋)}𝑛∈ℕ and {𝐶(𝑣𝑛,𝑘)0
(𝑋)}𝑛∈ℕ

of Banach spaces form an inductive spectrum. Hence, for all 𝑘 ∈ ℕ we can define the following weighted (LB)-spaces of
continuous functions:

𝑘𝐶(𝑋) ∶= ind
𝑛

𝐶𝑣𝑛,𝑘
(𝑋) and (𝑘)0𝐶(𝑋) ∶= ind

𝑛
𝐶(𝑣𝑛,𝑘)0

(𝑋).

By [5], the space𝑘𝐶(𝑋) is always a complete, hence, a regular (LB)-space for all 𝑘 ∈ ℕ. The (LB)-space (𝑘)0𝐶(𝑋) need
not be regular. The regularity is ensured by a stronger condition on the system  of weights. In order to see this, we recall
the following.
Given a sequence of decreasing weights 𝑉 = {𝑣𝑛}𝑛∈ℕ on 𝑋, we say that 𝑉 is regularly decreasing if, given 𝑛 ∈ ℕ, there

exists 𝑚 ≥ 𝑛 so that, for every 𝜀 > 0 and every 𝑘 ≥ 𝑚 there exists 𝛿 = 𝛿(𝑘, 𝜀) > 0 such that 𝑣𝑘(𝑥) ≥ 𝛿𝑣𝑛(𝑥) whenever
𝑣𝑚(𝑥) ≥ 𝜀𝑣𝑛(𝑥). In other words, 𝑉 is regularly decreasing if, and only if, given 𝑛 ∈ ℕ, there exists 𝑚 ≥ 𝑛 such that, on
each subset of 𝑋 on which the quotient 𝑣𝑚

𝑣𝑛

is bounded away from zero, also all quotients 𝑣𝑘

𝑣𝑛

, 𝑘 ≥ 𝑚, are bounded away
from zero.
By [5, Corollary 2.7], for any 𝑘 ∈ ℕ, the (LB)-space𝑘𝐶(𝑋) satisfies condition (M) if, and only if, it is (strongly) bound-

edly retractive if, and only if, the sequence 𝑉𝑘 =
(
𝑣𝑛,𝑘

)
𝑛∈ℕ

is regularly decreasing. While, by [5, Theorem 2.6], for any
𝑘 ∈ ℕ, the (LB)-space (𝑘)0𝐶(𝑋) is regular if, and only if, it is complete if, and only if, it satisfies condition (M) if, and
only if, it is (strongly) boundedly retractive, and this is in turn equivalent to the fact that the sequence 𝑉𝑘 =

(
𝑣𝑛,𝑘

)
𝑛∈ℕ

is
regularly decreasing.
Due to condition (1), both the sequences {𝑘𝐶(𝑋)}𝑘∈ℕ and {(𝑘)0𝐶(𝑋)}𝑘∈ℕ of (LB)-spaces form a projective spectrum.

Hence, we can define the following weighted (PLB)-spaces of continuous functions:

𝐶(𝑋) ∶= proj
𝑘

𝑘𝐶(𝑋) and 0𝐶(𝑋) ∶= proj
𝑘

(𝑘)0𝐶(𝑋).

Obviously, 𝐶(𝑋) and 0𝐶(𝑋) are continuously included in 𝐶(𝑋) for every system  of weights. We also observe that
0𝐶(𝑋) is a dense subset of (𝑘)0𝐶(𝑋) for all 𝑘 ∈ ℕ. We refer the reader to [1] for more details.

3.2 Composition operators

Let 𝐸 and 𝐹 be two lcHs of𝕂-valued functions defined on 𝑋. Let 𝜑 be a function from 𝑋 into 𝑋. If 𝑓 ◦𝜑 ∈ 𝐹 for all 𝑓 ∈ 𝐸,
then we can consider the composition operator 𝐶𝜑 ∶ 𝐸 → 𝐹, 𝑓 ↦ 𝑓 ◦𝜑. The operator 𝐶𝜑 is clearly linear. In case that
𝐶𝜑 ∈ (𝐸, 𝐹), the function 𝜑 is said to be a symbol for the pair (𝐸, 𝐹). If 𝐸 = 𝐹, we say simply that 𝜑 is a symbol for 𝐸.
In the following, we denote by 𝐶(𝑋,𝑋) the space of all continuous functions 𝜑 ∶ 𝑋 → 𝑋, by 𝐶𝑏(𝑋) the space of all

𝕂-valued bounded continuous functions on 𝑋 and 𝐶0(𝑋) the space of all 𝕂-valued bounded continuous functions on 𝑋

vanishing at infinity. The spaces 𝐶𝑏(𝑋) and 𝐶0(𝑋) are Banach space with respect to the supremum norm ‖ ⋅ ‖∞ on 𝑋. We
point out that every 𝜑 ∈ 𝐶(𝑋,𝑋) is a symbol for the space 𝐶(𝑋), endowed with the compact open topology.
In this section, we study the composition operator 𝐶𝜑 acting between the (LF)- and (PLB)-spaces introduced in Sec-

tion 3.1. The first aim is to establish what continuous functions 𝜑 ∶ 𝑋 → 𝑋 are symbols for the pairs (𝐶(𝑋),𝐶(𝑋))

and (𝐶(𝑋),𝐶(𝑋)). In order to do this, we study the composition operators 𝐶𝜑 between weighted Banach spaces of
continuous functions. So, we recall that a continuous map 𝜑 ∶ 𝑋 → 𝑋 is called proper if the preimage of every compact
set 𝐾 in 𝑋 is also a compact set in 𝑋.
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5390 ALBANESE and MELE

Proposition 4. Let 𝑣, 𝑤 be two weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Then the following assertions hold true:

(1) The composition operator 𝐶𝜑 ∶ 𝐶𝑣(𝑋) → 𝐶𝑤(𝑋), 𝑓 ↦ 𝑓 ◦𝜑, is well-defined (and so continuous) if, and only if, 𝑤

𝑣 ◦𝜑
∈

𝐶𝑏(𝑋);
(2) If 𝜑 is a proper map, then the composition operator 𝐶𝜑 ∶ 𝐶𝑣0

(𝑋) → 𝐶𝑤0
(𝑋), 𝑓 ↦ 𝑓 ◦𝜑, is well-defined (and so

continuous) if, and only if, 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋).

Proof.

(1) If 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋), the operator 𝐶𝜑 ∶ 𝐶𝑣(𝑋) → 𝐶𝑤(𝑋) is clearly well-defined and continuous.

Conversely, suppose that 𝐶𝜑 ∶ 𝐶𝑣(𝑋) → 𝐶𝑤(𝑋) is well-defined. Since the function 1

𝑣
belongs to 𝐶𝑣(𝑋), it follows

that 𝐶𝜑

(
1

𝑣

)
=

1

𝑣 ◦𝜑
∈ 𝐶𝑤(𝑋) and hence, 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋).

(2) If 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋), to show that 𝐶𝜑 is well-defined it suffices to establish that (𝑣𝑓) ◦ 𝜑 vanishes at infinity for any 𝑓 ∈

𝐶𝑣0
(𝑋). Indeed, if (𝑣𝑓) ◦ 𝜑 vanishes at infinity for 𝑓 ∈ 𝐶𝑣0

(𝑋) and 𝐶 ∶= ‖ 𝑤

𝑣 ◦𝜑
‖∞, then for a fixed 𝜀 > 0 there exists a

compact set 𝐾 in 𝑋 such that |(𝑣𝑓)(𝜑(𝑥))| <
𝜀

𝐶
for every 𝑥 ∈ 𝑋 ⧵ 𝐾. Hence, for every 𝑥 ∈ 𝑋 ⧵ 𝐾 we get

|𝑤(𝑥)(𝑓 ◦𝜑)(𝑥)| =
𝑤(𝑥)

(𝑣 ◦ 𝜑)(𝑥)
|(𝑣𝑓)(𝜑(𝑥))| < 𝐶

𝜀

𝐶
= 𝜀.

This means that 𝑤(𝑓 ◦𝜑) vanishes at infinity, that is, 𝐶𝜑(𝑓) ∈ 𝐶𝑤0
(𝑋).

Now, to prove the claim observe that for fixed 𝑓 ∈ 𝐶𝑣0
(𝑋) and 𝜀 > 0, there exists a compact set 𝐾 in 𝑋 such that|𝑣(𝑥)𝑓(𝑥)| < 𝜀 for every 𝑥 ∈ 𝑋 ⧵ 𝐾. Since 𝜑 is proper, the preimage of 𝐾, that is, 𝐻 ∶= 𝜑−1(𝐾), is a compact set in 𝑋

such that |(𝑣𝑓)(𝜑(𝑥))| < 𝜀 for every 𝑥 ∈ 𝑋 ⧵ 𝐻, being 𝜑(𝑥) ∉ 𝐾. This shows that the condition is satisfied.
Conversely, suppose that 𝐶𝜑 ∶ 𝐶𝑣0

(𝑋) → 𝐶𝑤0
(𝑋) is well-defined and hence, continuous by the Closed Graph The-

orem [16, Section 35, p. 57]. Accordingly, there exists 𝐶 > 0 such that ‖𝐶𝜑(𝑓)‖𝑤 ≤ 𝐶‖𝑓‖𝑣 for all 𝑓 ∈ 𝐶𝑣0
(𝑋). Now, for

a fixed 𝑥 ∈ 𝑋, let 𝑓𝑥 ∈ 𝐶(𝑋) such that 0 ≤ 𝑓𝑥(𝑦) ≤
1

𝑣(𝑦)
for all 𝑦 ∈ 𝑋, supp𝑓𝑥 is a compact set in 𝑋 and 𝑓𝑥(𝜑(𝑥)) =

1

(𝑣 ◦𝜑)(𝑥)
. Then

𝑤(𝑥)

(𝑣 ◦ 𝜑)(𝑥)
= 𝑤(𝑥)𝑓𝑥(𝜑(𝑥)) ≤ ‖𝐶𝜑(𝑓𝑥)‖𝑤 ≤ 𝐶‖𝑓𝑥‖𝑣 ≤ 𝐶.

Since 𝑥 ∈ 𝑋 is arbitrary, it follows that the function 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋). □

Remark 7. Let 𝑣, 𝑤 be two weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Let 𝑇 ∶ 𝐶(𝑋) → 𝐶(𝑋) be the operator defined by 𝑇(𝑓) ∶=
𝑤

𝑣 ◦𝜑
(𝑓 ◦𝜑) for 𝑓 ∈ 𝐶(𝑋). Then, 𝑇 ∈ (𝐶𝑏(𝑋)) if, and only if, 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋). Indeed, it suffices to observe that 𝑇 =

𝑀𝑤 ◦𝐶𝜑 ◦𝑀1

𝑣

and then apply Proposition 4(1), being 𝑀1

𝑣

∶ 𝐶𝑣(𝑋) → 𝐶𝑏(𝑋), 𝑓 ↦
1

𝑣
𝑓, (𝑀𝑤 ∶ 𝐶𝑤(𝑋) → 𝐶𝑏(𝑋), 𝑓 ↦ 𝑤𝑓,

resp.) an isometric surjective operator.
Suppose that 𝜑 is a propermap. So, by arguing as above and due to Proposition 4(2), we obtain that 𝑇 ∈ (𝐶0(𝑋)) if, and

only if, 𝑤

𝑣 ◦𝜑
∈ 𝐶𝑏(𝑋), being again 𝑀1

𝑣

∶ 𝐶𝑣0
(𝑋) → 𝐶0(𝑋), 𝑓 ↦

1

𝑣
𝑓, (𝑀𝑤 ∶ 𝐶𝑤0

(𝑋) → 𝐶0(𝑋), 𝑓 ↦ 𝑤𝑓, resp.) an isometric

surjective operator.

Now, we can characterize the symbols 𝜑 for the pairs of (LF)-spaces (𝐶(𝑋),𝐶(𝑋)) and (0𝐶(𝑋),0𝐶(𝑋)).

Theorem 8. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Then, the following properties are equivalent:

(1) 𝐶𝜑(𝐶(𝑋)) ⊆ 𝐶(𝑋);
(1’) 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous;
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ALBANESE and MELE 5391

(2) For all𝑚 ∈ ℕ, there exists 𝑛 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists 𝑙 ∈ ℕ for which

sup
𝑥∈𝑋

𝑤𝑛,𝑘(𝑥)

𝑣𝑚,𝑙(𝜑(𝑥))
< ∞. (1)

Furthermore, if 𝜑 is a proper map, the previous assertions are equivalent to:

(3) 𝐶𝜑(0𝐶(𝑋)) ⊆ 0𝐶(𝑋);
(3’) 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is continuous.

Proof. Clearly, (1’) implies (1) ((3’) implies (3), resp.) and (1) implies (1’) ((3) implies (3’), resp.) by theClosedGraph theorem
[16, Section 35, p. 57]. Indeed, consider a net (𝑓𝑖)𝑖 ⊂ 𝐶(𝑋) convergent to 𝑓 in 𝐶(𝑋) such that (𝐶𝜑(𝑓𝑖))𝑖 converges to 𝑔

in𝐶(𝑋). Since the inclusion 𝐶(𝑋) ↪ 𝐶(𝑋) is continuous, the net (𝑓𝑖)𝑖 converges to 𝑓 in 𝐶(𝑋), thereby implying that
(𝐶𝜑(𝑓𝑖))𝑖 converges to 𝑓 ◦𝜑 in 𝐶(𝑋) because 𝐶𝜑 ∈ (𝐶(𝑋)). The same argument yields that (𝐶𝜑(𝑓𝑖))𝑖 converges to 𝑔 in
𝐶(𝑋). So, it follows that 𝑔 = 𝑓 ◦𝜑 and hence, 𝑔 = 𝐶𝜑(𝑓). This proves that the graph of𝐶𝜑 is closed. The proof of (3) implies
(3’) follows by arguing in a similar way.
We prove that (1’) is equivalent to (2).
(1’)⇔(2). The composition operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous if, and only if, for all 𝑚 ∈ ℕ the composi-

tion operator 𝐶𝜑 ∶ 𝐶𝑉𝑚(𝑋) → 𝐶(𝑋) is continuous. From Grothendieck’s factorization theorem [12, p.147], 𝐶𝜑 is then
continuous if, and only if, for all𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ such that𝐶𝜑 ∶ 𝐶𝑉𝑚(𝑋) → 𝐶𝑊𝑛(𝑋) is continuous. But the com-
position operator 𝐶𝜑 between the Fréchet spaces 𝐶𝑉𝑚(𝑋) and 𝐶𝑊𝑛(𝑋) is continuous if, and only if, for all 𝑘 ∈ ℕ there
exist 𝑙 ∈ ℕ and 𝐶 > 0 such that

‖𝐶𝜑(𝑓)‖𝑤𝑛,𝑘
≤ 𝐶‖𝑓‖𝑣𝑚,𝑙

, ∀𝑓 ∈ 𝐶𝑉𝑚(𝑋). (2)

If 𝐶𝑉𝑚(𝑋) is dense in 𝐶𝑣𝑚,𝑙
(𝑋) for all 𝑙 ∈ ℕ, then it follows that the operator 𝐶𝜑 admits a unique continuous linear

extension (𝐶𝜑)𝑙
𝑘
from 𝐶𝑣𝑚,𝑙

(𝑋) into 𝐶𝑤𝑛,𝑘
(𝑋). Since 𝐶𝜑 ∈ (𝐶(𝑋)) and the spaces 𝐶𝑣𝑚,𝑙

(𝑋) and 𝐶𝑤𝑛,𝑘
(𝑋) are continuously

included in 𝐶(𝑋), necessarily (𝐶𝜑)𝑙
𝑘

= 𝐶𝜑, that is, 𝐶𝜑 ∶ 𝐶𝑣𝑚,𝑙
(𝑋) → 𝐶𝑤𝑛,𝑘

(𝑋) is continuous. Due to Proposition 4(1), this is
equivalent to require that the function 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
belongs to 𝐶𝑏(𝑋). This means that the condition (1) is satisfied.

If 𝐶𝑉𝑚(𝑋) is not dense in 𝐶𝑣𝑚,𝑙
(𝑋) for all 𝑙 ∈ ℕ, to get the result we argue as follows. For a fixed 𝑥 ∈ 𝑋, let 𝑓𝑥 ∈ 𝐶(𝑋)

such that 0 ≤ 𝑓𝑥(𝑦) ≤
1

𝑣𝑚,𝑙(𝑦)
for all 𝑦 ∈ 𝑋, supp 𝑓𝑥 is a compact set in 𝑋 and 𝑓𝑥(𝜑(𝑥)) =

1

(𝑣𝑚,𝑙 ◦ 𝜑)(𝑥)
. Then, 𝑓𝑥 ∈ 𝐶𝑉𝑚(𝑋)

because 𝑓𝑥 has compact support. Moreover, ‖𝑓𝑥‖𝑣𝑚,𝑙
= 1. So, by Equation (2) it follows that

𝑤𝑛,𝑘(𝑥)

(𝑣𝑚,𝑙 ◦ 𝜑)(𝑥)
= 𝑤𝑛,𝑘(𝑥)𝑓𝑥(𝜑(𝑥)) ≤ ‖𝐶𝜑(𝑓𝑥)‖𝑤𝑛,𝑘

≤ 𝐶‖𝑓𝑥‖𝑣𝑚,𝑙
≤ 𝐶.

Since 𝑥 ∈ 𝑋 is arbitrary, it follows that 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶𝑏(𝑋), that is, the condition (1) is satisfied.

Conversely, if the condition (1) is satisfied, then Proposition 4(1) ensures that 𝐶𝜑 ∈ (𝐶𝑣𝑚,𝑙
(𝑋), 𝐶𝑤𝑛,𝑘

(𝑋)) and hence,
(2) is satisfied. This implies that 𝐶𝜑 ∈ (𝐶𝑉𝑚(𝑋), 𝐶𝑊𝑛(𝑋)) ⊂ (𝐶𝑉𝑚(𝑋),𝐶(𝑋)) and hence, 𝐶𝜑 ∈ (𝐶(𝑋),𝐶(𝑋))

as𝑚 ∈ ℕ is arbitrary.
The proof of (3’)⇔(2) is analogous and so it is omitted. We only observe that, in such a case, each Fréchet space

𝐶(𝑉𝑚)0(𝑋) is dense in 𝐶(𝑣𝑚,𝑙)0
(𝑋) for all 𝑙 ∈ ℕ and so we can apply directly Proposition 4(2). □

The characterization of the symbols for the pairs of (PLB)-spaces (𝐶(𝑋),𝐶(𝑋)) and (0,𝐶(𝑋),0,𝐶(𝑋)) is
given in the following result.

Theorem 9. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Then, the following properties are equivalent:

(1) 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous;
(2) For all 𝑘 ∈ ℕ there exists 𝑙 ∈ ℕ such that for all𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ for which

sup
𝑥∈𝑋

𝑤𝑛,𝑘(𝑥)

𝑣𝑚,𝑙(𝜑(𝑥))
< ∞. (3)
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5392 ALBANESE and MELE

If, in addition,  satisfies condition (𝑄), the assertion (1) is equivalent to

(1’) 𝐶𝜑(𝐶(𝑋)) ⊆ 𝐶(𝑋).

Furthermore, if 𝜑 is a proper map and the sequence 𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing for all 𝑘 ∈ ℕ, the assertions (1)
and (2) are equivalent to:

(3) 𝐶𝜑 ∶ 0,𝐶(𝑋) → 0,𝐶(𝑋) is continuous.

If, in addition,  satisfies condition (𝑊𝑄), the assertion (3) is equivalent to

(3’) 𝐶𝜑(0,𝐶(𝑋)) ⊆ 0,𝐶(𝑋).

Proof. Arguing as done in the proof of Theorem 8, (1) and (1’) ((3) and (3’), resp.) are equivalent by the Closed Graph
theorem [16, §35, pp.57-58]. Indeed, under the assumption that  satisfies condition (𝑄) ((𝑊𝑄), resp.), the space𝐶(𝑋)

is ultrabornological (see [1, Theorems 3.5] and [22, Theorem 3.3.4] (0,𝐶(𝑋) is ultrabornological by [1, Theorem 3.7],
resp.) and𝐶(𝑋) (0,𝐶(𝑋), resp.) is a webbed space. So, we can apply the Closed Graph theorem.
We prove that (1) is equivalent to (2).
(1)⇔(2). By Remark 3(2), the composition operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous if, and only if, for all 𝑘 ∈ ℕ

there exists 𝑙 ∈ ℕ such that the operator 𝐶𝜑 ∶ (𝐶(𝑋), 𝜏𝑙) → 𝑘,𝐶(𝑋) is continuous, where 𝜏𝑙 denotes the lc-topology
of the (LB)-space 𝑙,𝐶(𝑋). In the case the inclusion 𝐶(𝑋) ↪ 𝑙,𝐶(𝑋) has dense range for all 𝑙 ∈ ℕ, recalling that
each 𝑘,𝐶(𝑋) is a complete (LB)-space, the composition operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is then continuous if,
and only if, for all 𝑘 ∈ ℕ there exists 𝑙 ∈ ℕ such that the operator 𝐶𝜑 ∶ 𝑙,𝐶(𝑋) → 𝑘,𝐶(𝑋) is continuous. But the
composition operator 𝐶𝜑 ∶ 𝑙,𝐶(𝑋) → 𝑘,𝐶(𝑋) is continuous if, and only if, for all 𝑚 ∈ ℕ the composition opera-
tor 𝐶𝜑 ∶ 𝐶𝑣𝑚,𝑙

(𝑋) → 𝑘,𝐶(𝑋) is continuous, as𝑙,𝐶(𝑋) is an (LB)-space. Since𝑘,𝐶(𝑋) is also an (LB)-space, from
Grothendieck’s factorization theorem [12, p. 147],𝐶𝜑 is continuous if, and only if, for all𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ such that
𝐶𝜑 ∶ 𝐶𝑣𝑚,𝑙

(𝑋) → 𝐶𝑤𝑛,𝑘
(𝑋) is continuous. By Proposition 4(1), this is equivalent to require that the condition (3) is satisfied.

If𝐶(𝑋) is not a dense subspace of𝑙,𝐶(𝑋) for all 𝑙 ∈ ℕ, to get the result we argue as follows.
For a fixed𝑚 ∈ ℕ, let 𝐵 ∶= {𝑓𝑥 ∈ 𝐶(𝑋) ∶ ∀𝑦 ∈ 𝑋 0 ≤ 𝑓𝑥(𝑦) ≤

1

𝑣𝑚,𝑙(𝑦)
, 𝑓𝑥(𝜑(𝑥)) =

1

𝑣𝑚,𝑙(𝜑(𝑥))
, supp 𝑓𝑥 compact}. Then, 𝐵

is clearly a subset of 𝐶(𝑋), as the support of each 𝑓𝑥 is compact. Moreover, 𝐵 is contained in 𝐶𝑣𝑚,𝑙
(𝑋) and bounded

there. Indeed, for every 𝑥 ∈ 𝑋 we have

‖𝑓𝑥‖𝑣𝑚,𝑙
= sup

𝑦∈𝑋
𝑣𝑚,𝑙(𝑦)|𝑓𝑥(𝑦)| = 1.

Accordingly, 𝐵 is a bounded subset of (𝐶(𝑋), 𝜏𝑙). The continuity of 𝐶𝜑 from (𝐶(𝑋), 𝜏𝑙) into𝑘,𝐶(𝑋) implies that
𝐶𝜑(𝐵) is also a bounded subset of𝑘,𝐶(𝑋) and hence, there exist 𝑛 ∈ ℕ and 𝐶 > 0 such that

‖𝐶𝜑(𝑓𝑥)‖𝑤𝑛,𝑘
≤ 𝐶, ∀𝑥 ∈ 𝑋.

Therefore, it follows that

𝑤𝑛,𝑘(𝑥)

(𝑣𝑚,𝑙 ◦ 𝜑)(𝑥)
= 𝑤𝑛,𝑘(𝑥)𝑓𝑥(𝜑(𝑥)) ≤ ‖𝐶𝜑(𝑓𝑥)‖𝑤𝑛,𝑘

≤ 𝐶, ∀𝑥 ∈ 𝑋,

that is, 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶𝑏(𝑋). Conversely, if the condition (3) is satisfied, then Proposition 4(1) implies that the operator 𝐶𝜑 ∈

(𝐶𝑣𝑚,𝑙
(𝑋), 𝐶𝑤𝑛,𝑘

(𝑋)) and hence, the thesis follows.
The proof of (3)⇔(2) is analogous and so it is omitted. We only observe that under the assumption on each 𝑊𝑘, the

(LB)-spaces (𝑘, )0𝐶(𝑋) are complete and that 0,𝐶(𝑋) is dense in each (LB)-space (𝑘, )0𝐶(𝑋). So, we can apply
directly Propositions 2 and 4(2). □

A similar characterization holds for the boundedness of composition operators between the pairs of (LF)-
spaces (𝐶(𝑋),𝐶(𝑋)) and (0𝐶(𝑋),0𝐶(𝑋)) and also for the pairs of (PLB)-spaces (𝐶(𝑋),𝐶(𝑋)) and
(0,𝐶(𝑋),0,𝐶(𝑋)).
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ALBANESE and MELE 5393

For the (LF)-spaces 𝐶(𝑋) and 0𝐶(𝑋), the following holds.

Theorem 10. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Assume that𝐶(𝑋) (0𝐶(𝑋), resp.) is regular.
Then,𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if, and only if, there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ there exists 𝑙 ∈ ℕ such that
for all 𝑘 ∈ ℕ

sup
𝑥∈𝑋

𝑤𝑛,𝑘(𝑥)

𝑣𝑚,𝑙(𝜑(𝑥))
< ∞. (4)

Furthermore, if 𝜑 is a proper map, then the previous assertions are equivalent to 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is bounded.

Proof. By Proposition 1(1), 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ

the restriction 𝐶𝜑 ∶ 𝐶𝑉𝑚(𝑋) → 𝐶𝑊𝑛(𝑋) is bounded. Using Proposition 3 (see also Remark 4), this holds if, and only if,
there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the operator 𝐶𝜑 ∶ (𝐶𝑉𝑚(𝑋), 𝜏𝑚,𝑙) → 𝐶𝑤𝑛,𝑘

(𝑋) is continuous, where 𝜏𝑚,𝑙 denotes
the lc-topology of 𝐶𝑣𝑚,𝑙

(𝑋), and hence, there exists 𝐶 > 0 such that

‖𝐶𝜑(𝑓)‖𝑤𝑛,𝑘
≤ 𝐶‖𝑓‖𝑣𝑚,𝑙

, ∀𝑓 ∈ 𝐶𝑉𝑚(𝑋). (5)

In view of Equation (5), we can argue as in the proof of Theorem 8 to conclude that this is equivalent to require that
Equation (4) is satisfied.
A similar argument shows that the same characterization holds for the boundedness of 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋).

We only observe that each Fréchet space 𝐶(𝑉𝑚)0(𝑋) is dense in 𝐶(𝑣𝑚,𝑙)0
(𝑋) for all 𝑙 ∈ ℕ. So, we can apply directly

Proposition 4(2). □

A similar characterization is valid for the (PLB)-case.

Theorem 11. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Then, 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if,
and only if, there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ

sup
𝑥∈𝑋

𝑤𝑛,𝑘(𝑥)

𝑣𝑚,𝑙(𝜑(𝑥))
< ∞. (6)

Furthermore, if 𝜑 is a proper map and the sequence 𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing for all 𝑘 ∈ ℕ, then the previous
assertions are equivalent to 𝐶𝜑 ∶ 0,𝐶(𝑋) → 0,𝐶(𝑋) is bounded.

Proof. By Proposition 3 (see Remark 4(2)), the operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if, and only if, there exists
𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the operator 𝐶𝜑 ∶ (𝐶(𝑋), 𝜏𝑙) → 𝑘,𝐶(𝑋) is bounded, where 𝜏𝑙 denotes the lc-topology
of the (LB)-space𝑙,𝐶(𝑋). In the case the inclusion𝐶(𝑋) ↪ 𝑙,𝐶(𝑋) has dense range for all 𝑙 ∈ ℕ, being each (LB)-
space 𝑘,𝐶(𝑋) complete, the composition operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is then bounded if, and only if, there
exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the operator 𝐶𝜑 ∶ 𝑙,𝐶(𝑋) → 𝑘,𝐶(𝑋) is bounded. So, by Proposition 1(1), this
holds if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ the restriction 𝐶𝜑 ∶ 𝐶𝑣𝑚,𝑙

(𝑋) → 𝐶𝑤𝑛,𝑘
(𝑋) is bounded, that

is, continuous. Now, by Proposition 4(1), this is equivalent to require that Equation (6) is satisfied.
If the inclusion𝐶(𝑋) ↪ 𝑙,𝐶(𝑋) has no dense range for all 𝑙 ∈ ℕ, to get the result we argue as follows.
Fix 𝑘 ∈ ℕ. The fact that 𝐶𝜑 ∶ (𝐶(𝑋), 𝜏𝑙) → 𝑘,𝐶(𝑋) is bounded implies that there exists a 0-neighborhood 𝑈 in

𝑙,𝐶(𝑋) such that 𝐶𝜑(𝑈 ∩ 𝐶(𝑋)) is a bounded set in𝑘,𝐶(𝑋). Since𝑘,𝐶(𝑋) is a regular (LB)-space, there exists
𝑛 ∈ ℕ such that 𝐶𝜑(𝑈 ∩ 𝐶(𝑋)) is contained in 𝐶𝑤𝑛,𝑘

(𝑋) and bounded there. Now, for a fixed 𝑚 ∈ ℕ, let 𝐵 ∶= {𝑓𝑥 ∈

𝐶(𝑋) ∶ ∀𝑦 ∈ 𝑋 0 ≤ 𝑓𝑥(𝑦) ≤
1

𝑣𝑚,𝑙(𝑦)
, 𝑓𝑥(𝜑(𝑥)) =

1

𝑣𝑚,𝑙(𝜑(𝑥))
, supp 𝑓𝑥 compact}. Then,𝐵 is clearly a subset of𝐶(𝑋) because

each 𝑓𝑥 has compact support. Moreover, 𝐵 is contained in 𝐶𝑣𝑚,𝑙
(𝑋) and bounded there (see the proof of Theorem 9).

Accordingly, 𝐵 is a bounded subset of (𝐶(𝑋), 𝜏𝑙). Hence, there exists 𝜆 > 0 such that 𝐵 ⊂ 𝜆(𝑈 ∩ 𝐶(𝑋)), thereby
implying that 𝐶𝜑(𝐵) is also a bounded subset of 𝐶𝑤𝑛,𝑘

(𝑋). So, there exists 𝑛 ∈ ℕ and 𝐶 > 0 such that

‖𝐶𝜑(𝑓𝑥)‖𝑤𝑛,𝑘
≤ 𝐶, ∀𝑥 ∈ 𝑋.
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5394 ALBANESE and MELE

As in the proof of Theorem 9, it follows that 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶𝑏(𝑋), that is, the condition (6) is satisfied. Conversely, if the

condition (6) is satisfied, then Proposition 4(1) implies that the operator 𝐶𝜑 ∈ (𝐶𝑣𝑚,𝑙
(𝑋), 𝐶𝑤𝑛,𝑘

(𝑋)) and hence, the
thesis follows.
A similar argument shows that the same characterization holds for the boundedness of 𝐶𝜑 ∶ 0,𝐶(𝑋) → 0,𝐶(𝑋).

We only observe that under the assumption on each 𝑊𝑘, the (LB)-spaces (𝑘, )0𝐶(𝑋) are complete and that 0,𝐶(𝑋)

is dense in each (𝑘, )0𝐶(𝑋). So, we can apply directly Proposition 4(2). □

To describe the (weak) compactness of the composition operators, we recall some results on (weak) compactness of
weighted composition operators acting on the Banach spaces 𝐶𝑏(𝑋) and 𝐶0(𝑋). To state such results, if 𝑢 ∈ 𝐶𝑏(𝑋) and
𝜀 > 0, we set 𝑁(𝑢) ∶= {𝑥 ∈ 𝑋 ∶ 𝑢(𝑥) ≠ 0} and 𝑁(𝑢, 𝜀) = {𝑥 ∈ 𝑋 ∶ |𝑢(𝑥)| ≥ 𝜀}. Clearly, 𝑁(𝑢) = ∪𝜀>0𝑁(𝑢, 𝜀).
We first recall a result due to Singh and Summers [21] which characterizes the (weak) compactness of weighted com-

position operators acting on the Banach space 𝐶𝑏(𝑋)with 𝑋 a completely regular Hausdorff topological space (see [15] in
case 𝑋 is a compact Hausdorff space).

Lemma 1 [21, Corollary 2.2]. Let 𝑋 be a completely regular Hausdorff topological space. Let 𝜙 ∈ 𝐶(𝑋,𝑋) and 𝑢 ∈ 𝐶𝑏(𝑋).
Then, the following properties are equivalent:

(1) 𝑢𝐶𝜙 is compact on 𝐶𝑏(𝑋);
(2) 𝑢𝐶𝜙 is weakly compact on 𝐶𝑏(𝑋);
(3) 𝜙(𝑁(𝑢, 𝜀)) is finite for every 𝜀 > 0.

Regardingweighted composition operators acting on the Banach space𝐶0(𝑋), with𝑋 a locally compact Hausdorff topo-
logical space, we recall the following characterization of the (weak) compactness due to Chan [9] (see also [19, Corollary
2.5]).

Lemma 2 [9, Theorem 2.1]. Let 𝑋 be a locally compact Hausdorff topological space. Let 𝜙 ∈ 𝐶(𝑋,𝑋) be a proper map and
𝑢 ∈ 𝐶𝑏(𝑋). Then, the following properties are equivalent:

(1) 𝑢𝐶𝜙 is compact on 𝐶0(𝑋);
(2) 𝑢𝐶𝜙 is weakly compact on 𝐶0(𝑋);
(3) (i) 𝑢 ∈ 𝐶0(𝑋) and (ii) 𝜙 is locally constant on𝑁(𝑢).

Remark 12. Condition (3)(ii) in Lemma 2 is equivalent to condition that 𝜙(𝐾) is finite for every compact subset 𝐾 of𝑁(𝑢).
When 𝑋 is compact, such condition is equivalent to condition (3) in Lemma 1.

Now, we can determine when a composition operator between the pairs of (LF)-spaces (𝐶(𝑋),𝐶(𝑋)) and
(0𝐶(𝑋),0𝐶(𝑋)) is (weakly) compact.

Theorem 13. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Assume that 𝐶𝑉𝑚(𝑋) is a dense subset of 𝐶𝑣𝑚,𝑙
(𝑋)

for all 𝑙, 𝑚 ∈ ℕ and that𝐶(𝑋) satisfies condition (M). Then, 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and only if, there exists
𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the set

{
𝜑(𝑥) ∶ 𝑤𝑛,𝑘(𝑥) ≥ 𝜀𝑣𝑚,𝑙(𝜑(𝑥))

}
(7)

is finite for every 𝜀 > 0.

Proof. By Proposition 1(2), the operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and only if, there exists 𝑛 ∈ ℕ such that for
all𝑚 ∈ ℕ the restriction 𝐶𝜑 ∶ 𝐶𝑉𝑚(𝑋) → 𝐶𝑊𝑛(𝑋) is compact. Using Proposition 3, this holds if, and only if, there exists
𝑙 ∈ ℕ such that for all𝑘 ∈ ℕ the operator𝐶𝜑 has a unique compact linear extension (𝐶𝜑)𝑙

𝑘
from𝐶𝑣𝑚,𝑙

(𝑋) into𝐶𝑤𝑛,𝑘
(𝑋). Since

𝐶𝜑 ∈ (𝐶(𝑋)) and the spaces 𝐶𝑣𝑚,𝑙
(𝑋) and 𝐶𝑤𝑛,𝑘

(𝑋) are continuously included in 𝐶(𝑋), necessarily (𝐶𝜑)𝑙
𝑘

= 𝐶𝜑. So, 𝐶𝜑 ∶

𝐶𝑣𝑚,𝑙
(𝑋) → 𝐶𝑤𝑛,𝑘

(𝑋) is compact. But, byRemark 7, the composition operator between theweighted Banach spaces𝐶𝑣𝑚,𝑙
(𝑋)
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ALBANESE and MELE 5395

and𝐶𝑤𝑛,𝑘
(𝑋) is compact if, and only if, the operator𝑇 ∶ 𝐶𝑏(𝑋) → 𝐶𝑏(𝑋) defined by𝑇(𝑓) ∶= 𝑤𝑛,𝑘

(
1

𝑣𝑚,𝑙

◦ 𝜑

)
(𝑓 ◦𝜑) is com-

pact. Observe that such an operator 𝑇 is in the form 𝑢𝐶𝜙, with 𝑢 ∶=
𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶𝑏(𝑋) and 𝜙 ∶= 𝜑. Hence, due to Lemma 1,

this is equivalent to require that 𝜙(𝑁(𝑢, 𝜀)) is finite for every 𝜀 > 0, that is, that the set in Equation (7) is finite for every
𝜀 > 0. □

Arguing in a similar way as done in the proof of the theorem above and due to Lemma 2, one shows the following result.

Theorem 14. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋) be a proper map. Assume that 0𝐶(𝑋) satisfies
condition (M). Then,𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is compact if, and only if, there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ there exists
𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the function 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶0(𝑋) and 𝜑 is locally constant on 𝑋.

In the case of the (PLB)-spaces, the following holds true.

Theorem 15. Let  , be two systems of weights on𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Assume that𝐶(𝑋) is a dense subset of𝑙,𝐶(𝑋)

for all 𝑙 ∈ ℕ and that𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing for all 𝑘 ∈ ℕ. Then, 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if,
and only if, there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ the set

{
𝜑(𝑥) ∶ 𝑤𝑛,𝑘(𝑥) ≥ 𝜀𝑣𝑚,𝑙(𝜑(𝑥))

}
(8)

is finite for every 𝜀 > 0.

Proof. By Proposition 3, the operator 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and only if, there exists 𝑙 ∈ ℕ such that
for all 𝑘 ∈ ℕ the operator 𝐶𝜑 has a unique compact linear extension (𝐶𝜑)𝑙

𝑘
from 𝑙,𝐶(𝑋) into 𝑘,𝐶(𝑋). Since 𝐶𝜑 ∈

(𝐶(𝑋)) and the spaces𝑙,𝐶(𝑋) and𝑘,𝐶(𝑋) are continuously included in 𝐶(𝑋), it follows that (𝐶𝜑)𝑙
𝑘

= 𝐶𝜑. So, 𝐶𝜑 ∶

𝑙,𝐶(𝑋) → 𝑘,𝐶(𝑋) is compact.Using Proposition 1(2) (observe that each (LB)-space𝑘,𝐶(𝑋) satisfies condition (M)
as𝑊𝑘 is regularly decreasing by assumption), this holds if, and only if, there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕwe have
that 𝐶𝜑(𝐶𝑣𝑚,𝑙

(𝑋)) ⊂ 𝐶𝑤𝑛,𝑘
(𝑋) and the restriction 𝐶𝜑 ∶ 𝐶𝑣𝑚,𝑙

(𝑋) → 𝐶𝑤𝑛,𝑘
(𝑋) is compact. Taking Remark 7 into account, we

can apply Lemma 1 to conclude that this fact is equivalent to require that the set in Equation (8) is finite for every 𝜀 > 0. □

The same arguments used in the proof of Theorem 15, combinedwith Lemma 2, lead us to characterize the compactness
of the composition operators acting between the (PLB)-spaces0,𝐶(𝑋) and0,𝐶(𝑋).

Theorem 16. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋) be a proper map. Assume that 𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is
regularly decreasing for all 𝑘 ∈ ℕ. Then, 𝐶𝜑 ∶ 0,𝐶(𝑋) → 0,𝐶(𝑋) is compact if, and only if, there exists 𝑙 ∈ ℕ such that
for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ the function 𝑤𝑛,𝑘

𝑣𝑚,𝑙 ◦ 𝜑
∈ 𝐶0(𝑋) and 𝜑 is locally finite on 𝑋.

Using Propositions 1 and 3, Lemmas 1 and 2, and taking Theorem 2 and the comments thereafter into account, we get
the characterization of the weak compactness, by arguing as done in the proof of Theorems 13 and 15.

Theorem 17. Let  , be two systems of weights on 𝑋 and 𝜑 ∈ 𝐶(𝑋,𝑋). Assume that 𝐶𝑉𝑚(𝑋) is a dense subset of 𝐶𝑣𝑚,𝑙
(𝑋)

for all 𝑙, 𝑚 ∈ ℕ and that𝐶(𝑋) (0𝐶(𝑋), resp.) satisfies condition (M). Then, 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and
only if, it is weakly compact.
Furthermore, if 𝜑 is a proper map, then also 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is compact if, and only if, it is weakly compact.

Analogously for the (PLB)-spaces.

Theorem18. Let , be two systems ofweights on𝑋 and𝜑 ∈ 𝐶(𝑋,𝑋). Assume that𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing
for all 𝑘 ∈ ℕ. If𝑉𝐶(𝑋) is a dense subset of𝑙,𝑉𝐶(𝑋) for all 𝑙 ∈ ℕ, then 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and only
if, it is weakly compact.
Furthermore, if 𝜑 is a proper map, then also 𝐶𝜑 ∶ 0,𝐶(𝑋) → 0,𝐶(𝑋) is compact if, and only if, it is weakly compact.
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5396 ALBANESE and MELE

4 EXAMPLES

4.1 Weighted (LF)-spaces and (PLB)-spaces of continuous functions

In order to construct concrete examples, we consider the following setting as in [4, Section 5]. Let 𝑋 be a locally compact
Hausdorff topological space, let 𝑣, 𝑤 ∶ 𝑋 → ℝ be continuous functions such that 0 < 𝑣(𝑥) ≤ 1 and 1 ≤ 𝑤(𝑥) for all 𝑥 ∈ 𝑋.
Let (𝑟𝑛)𝑛∈ℕ and (𝜌𝑘)𝑘∈ℕ be strictly increasing sequences of positive numbers such that 𝑟𝑛 → 𝑟 and 𝜌𝑘 → 𝜌, with 𝑟, 𝜌 > 0

or 𝑟, 𝜌 = +∞. For all 𝑛, 𝑘 ∈ ℕ, we set

𝑣𝑛,𝑘(𝑥) ∶= 𝑣(𝑥)𝑟𝑛𝑤(𝑥)𝜌𝑘 , ∀𝑥 ∈ 𝑋, (9)

and  ∶= (𝑣𝑛,𝑘)𝑛,𝑘∈ℕ. We recall that if 𝜌 = ∞, then  satisfies condition (𝑄) (see [4, Section 5, Example 3]) and hence,
both the (LF)-spaces 𝐶(𝑋) and 0𝐶(𝑋) satisfy condition (𝑀). On the other hand, if 𝑣

𝑤
vanishes at infinity in 𝑋, then

𝐶(𝑋) = 0𝐶(𝑋) holds algebraically and topologically (see [4, Section 5, Proposition 1 and Example 4]) and  satisfies
condition (𝑀) if, and only if, it satisfies condition (𝑊𝑄) (see [4, Section 5, Lemma 2]). The condition 𝑣

𝑤
vanishes at infinity

in 𝑋 also implies that𝐶(𝑋) = 0𝐶(𝑋) algebraically and topologically, as it is easy to show. Furthermore, if 𝑣 vanishes
at infinity in 𝑋, then for all 𝑘 ∈ ℕ the sequence 𝑉𝑘 = (𝑣𝑛,𝑘)𝑛∈ℕ is regularly decreasing, as the function

𝑣𝑛+1,𝑘

𝑣𝑛,𝑘

= (𝑣)𝑟𝑛+1−𝑟𝑛

vanishes at infinity in 𝑋 for every 𝑛 ∈ ℕ (see [5]).
Due to the results of Section 3, we can state the following facts.

Theorem 19. Let  = (𝑣𝑛,𝑘)𝑛,𝑘∈ℕ with 𝑣𝑛,𝑘 defined as in Equation (9) and let 𝜑 ∶ 𝑋 → 𝑋 be a continuous functions. Then,
the following assertions hold true:

(1) 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous if, and only if, for all 𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists
𝑙 ∈ ℕ for which

sup
𝑥∈𝑋

𝑣(𝑥)𝑟𝑛𝑤(𝑥)𝜌𝑘

𝑣(𝜑(𝑥))𝑟𝑚𝑤(𝜑(𝑥))𝜌𝑙
< ∞.

Moreover, if 𝜑 is a proper map, then the previous condition is equivalent to 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is continuous;
(2) Suppose that 𝜌 = ∞ and 𝑣

𝑤
vanishes at infinity in 𝑋. Then, 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if, and only if, 𝐶𝜑 ∶

0𝐶(𝑋) → 0𝐶(𝑋) is bounded if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ there exists 𝑙 ∈ ℕ such that
for all 𝑘 ∈ ℕ

sup
𝑥∈𝑋

𝑣(𝑥)𝑟𝑛𝑤(𝑥)𝜌𝑘

𝑣(𝜑(𝑥))𝑟𝑚𝑤(𝜑(𝑥))𝜌𝑙
< ∞;

(3) Suppose that 𝜌 = ∞ and 𝑣

𝑤
vanishes at infinity in𝑋. If 𝜑 is a proper map, then 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and

only if, 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is compact if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ there exists 𝑙 ∈ ℕ

such that for all 𝑘 ∈ ℕ the set {𝜑(𝑥) ∶ 𝑣𝑛,𝑘(𝑥) ≥ 𝜀𝑣𝑚,𝑙(𝜑(𝑥))} is finite for every 𝜀 > 0.

Theorem 20. Let  = (𝑣𝑛,𝑘)𝑛,𝑘∈ℕ with 𝑣𝑛,𝑘 defined as in Equation (9) and let 𝜑 ∶ 𝑋 → 𝑋 be a continuous functions. If 𝑣

𝑤
vanishes at infinity in 𝑋, then the following assertions hold true:

(1) 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is continuous if, and only if, 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is continuous if, and only if, for all 𝑘 ∈ ℕ

there exists 𝑙 ∈ ℕ such that for all𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ for which

sup
𝑥∈𝑋

𝑣(𝑥)𝑟𝑛𝑤(𝑥)𝜌𝑘

𝑣(𝜑(𝑥))𝑟𝑚𝑤(𝜑(𝑥))𝜌𝑙
< ∞;
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(2) 𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is bounded if, and only if, 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is bounded if, and only if, there exists 𝑙 ∈ ℕ

such that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ

sup
𝑥∈𝑋

𝑣(𝑥)𝑟𝑛𝑤(𝑥)𝜌𝑘

𝑣(𝜑(𝑥))𝑟𝑚𝑤(𝜑(𝑥))𝜌𝑙
< ∞;

(3) Suppose that 𝜑 is a proper map and that 𝑣 vanishes at infinity in𝑋. Then,𝐶𝜑 ∶ 𝐶(𝑋) → 𝐶(𝑋) is compact if, and only
if, 𝐶𝜑 ∶ 0𝐶(𝑋) → 0𝐶(𝑋) is compact if, and only if, there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such
that for all𝑚 ∈ ℕ the set {𝜑(𝑥) ∶ 𝑣𝑛,𝑘(𝑥) ≥ 𝜀𝑣𝑚,𝑙(𝜑(𝑥))} is finite for every 𝜀 > 0.

4.2 Sequence (LF)-spaces

Let  = (𝑉𝑛)𝑛∈ℕ be a system of weights onℕ, where 𝑉𝑛 = (𝑣𝑛,𝑘)𝑘∈ℕ. Then, 𝐶𝑣𝑛,𝑘
(ℕ) = 𝓁∞(𝑣𝑛,𝑘) and 𝐶(𝑣𝑛,𝑘)0

(ℕ) = 𝑐0(𝑣𝑛,𝑘)

for any𝑛, 𝑘 ∈ ℕ andhence, the Fréchet spaces𝐶𝑉𝑛(ℕ) and𝐶(𝑉𝑛)0(ℕ) coincidewith the echelon spaces 𝜆∞(𝑉𝑛) and 𝜆0(𝑉𝑛),
respectively. Setting 𝑙∞() ∶= ind 𝑛 𝜆∞(𝑉𝑛) and 𝑙0() ∶= ind 𝑛 𝜆0(𝑉𝑛), we have that 𝐶(ℕ) = 𝑙∞() and 0𝐶(ℕ) = 𝑙0().
Set 𝜔 = 𝕂ℕ and given a function 𝜑 ∶ ℕ → ℕ, that is, an ℕ-valued sequence 𝜑 = (𝜑𝑖)𝑖∈ℕ ⊂ ℕ, we can define the

composition operator 𝐶𝜑 ∶ 𝜔 → 𝜔 by (𝑥𝑖)𝑖∈ℕ ↦ (𝑥𝜑𝑖
)𝑖∈ℕ.

Due to the results of Section 3, we can characterize the continuity, the boundedness and the (weak) compactness of
the composition operator acting between the pairs of sequence (LF)-spaces (𝑙𝑝(), 𝑙𝑝()), for 𝑝 = 0,∞. To do this, we
observe the following facts.

Remark 21.

(1) Let 𝜑 ∶ ℕ → ℕ be a function. Then, 𝜑 is proper if, and only if, lim𝑖→∞ 𝜑𝑖 = ∞, as it is easy to show.
(2) Let 𝜑 ∶ ℕ → ℕ be a proper map and 𝑣, 𝑤 be two weights on ℕ. Then, the set {𝜑𝑖 ∶ 𝑤(𝑖) ≥ 𝜀𝑣(𝜑𝑖)} is finite for every

𝜀 > 0 if, and only if,

lim
𝑖→∞

𝑤(𝑖)

𝑣(𝜑𝑖)
= 0.

Indeed, the sequence
(

𝑤(𝑖)

𝑣(𝜑𝑖)

)
𝑖∈ℕ

does not converge to 0 if, and only if, there exists 𝜀 > 0 such that for all 𝑖 ∈ ℕ there

exists 𝑗 > 𝑖 such that 𝑤(𝑗)

𝑣(𝜑𝑗)
≥ 𝜀. Since 𝜑 is a proper map, this necessarily implies that the set

{
𝜑𝑗 ∶ 𝑤(𝑗) ≥ 𝜀𝑣(𝜑𝑗)

}
contains infinite elements.

(3) Let 𝑤 be a weight on ℕ. Then, every function 𝜑 ∶ ℕ → ℕ is locally constant on𝑁(𝑤) = ℕ, being ℕ endowed with the
discrete topology.

Theorem 22. Let  , be two system of weights on ℕ and 𝜑 ∶ ℕ → ℕ be a function. Then, the following assertions hold
true:

(1) 𝐶𝜑 ∶ 𝑙∞() → 𝑙∞() is continuous if, and only if, for all 𝑚 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists
𝑙 ∈ ℕ for which

sup
𝑖∈ℕ

𝑤𝑛,𝑘(𝑖)

𝑣𝑚,𝑙(𝜑𝑖)
< ∞.

Moreover, if 𝜑 is a proper map, then the previous condition is equivalent to 𝐶𝜑 ∶ 𝑙0() → 𝑙0() is continuous;
(2) Assume that 𝑙∞() (𝑙0(), resp.) is regular. Then, 𝐶𝜑 ∶ 𝑙∞() → 𝑙∞() is bounded if, and only if, there exists 𝑛 ∈ ℕ

such that for all𝑚 ∈ ℕ there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ

sup
𝑖∈ℕ

𝑤𝑛,𝑘(𝑖)

𝑣𝑚,𝑙(𝜑𝑖)
< ∞.

Furthermore, if 𝜑 is a proper map, then the previous condition is equivalent to 𝐶𝜑 ∶ 𝑙0() → 𝑙0() is bounded;
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(3) Assume that 𝜆∞(𝑉𝑚) is a dense subset of 𝓁∞(𝑣𝑚,𝑙) for all 𝑙, 𝑚 ∈ ℕ and that 𝑙∞() (𝑙0(), resp.) satisfies condition (M).
Then, 𝐶𝜑 ∶ 𝑙∞() → 𝑙∞() is (weakly) compact if, and only if, there exists 𝑛 ∈ ℕ such that for all 𝑚 ∈ ℕ there exists
𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ the set

{𝜑𝑖 ∶ 𝑤𝑛,𝑘(𝑖) ≥ 𝜀𝑣𝑚,𝑙(𝜑𝑖)}

is finite for every 𝜀 > 0.
Furthermore, if𝜑 is a propermap, then the previous condition is equivalent to𝐶𝜑 ∶ 𝑙0() → 𝑙0() is (weakly) compact.

Werefer the reader to [17] for analogous results on diagonal (multiplication) operators acting on the sequence (LF)-space
𝑙𝑝(𝑉), with 1 ≤ 𝑝 ≤ ∞ or 𝑝 = 0.

4.3 Sequence (PLB)-spaces

Let  = (𝑉𝑛)𝑛∈ℕ be a system of weights onℕ, where 𝑉𝑛 = (𝑣𝑛,𝑘)𝑘∈ℕ. Then, the (LB)-spaces𝑘𝐶(ℕ) and (𝑘)0𝐶(ℕ) coin-
cide with the co-echelon spaces 𝑎∞(𝑉𝑘) ∶= ind 𝑛 𝓁∞(𝑣𝑛,𝑘) and 𝑎0(𝑉

𝑘) ∶= ind 𝑛 𝑐0(𝑣𝑛,𝑘), respectively. Setting 𝑎∞() ∶=

proj 𝑘 𝑎∞(𝑉𝑘) and 𝑎0() ∶= proj 𝑘 𝑎0(𝑉
𝑘), we have that𝐶(ℕ) = 𝑎∞() and0𝐶(ℕ) = 𝑎0().

In [6, Corollary 2.8], it has been shown that the co-echelon spaces 𝑎∞(𝑉𝑘) is always a complete (LB)-space. On the
other hand, by [6, Theorem 3.4], 𝑎∞(𝑉𝑘) satisfies condition (M) if, and only if, the sequence 𝑉𝑘 = (𝑣𝑛,𝑘)𝑛∈ℕ is regularly
decreasing. While, in [6, Theorem 3.7] it is proved that the co-echelon space 𝑎0(𝑉

𝑘) is regular if, and only if, it is complete
if, and only if, it satisfies condition (M) if, and only if, the sequence 𝑉𝑘 = (𝑣𝑛,𝑘)𝑛∈ℕ is regularly decreasing.
Taking Remark 21 and the results in Section 3 into account, we can characterize the continuity, the boundedness and

the (weak) compactness of the composition operator acting between the pair of sequence (PLB)-spaces (𝑎𝑝(), 𝑎𝑝()),
𝑝 = 0,∞.

Theorem 23. Let  , be two system of weights on ℕ and 𝜑 ∶ ℕ → ℕ be a function. Then, the following assertions hold
true:

(1) 𝐶𝜑 ∶ 𝑎∞() → 𝑎∞() is continuous if, and only if, for all 𝑘 ∈ ℕ there exists 𝑙 ∈ ℕ such that for all 𝑚 ∈ ℕ there exists
𝑛 ∈ ℕ for which

sup
𝑖∈ℕ

𝑤𝑛,𝑘(𝑖)

𝑣𝑚,𝑙(𝜑𝑖)
< ∞.

Moreover, if 𝜑 is a proper map and the sequence𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing for all 𝑘 ∈ ℕ, then the previous
condition is equivalent to 𝐶𝜑 ∶ 𝑎0() → 𝑎0() is continuous;

(2) 𝐶𝜑 ∶ 𝑎∞() → 𝑎∞() is bounded if, and only if, there exists 𝑙 ∈ ℕ such that for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that
for all𝑚 ∈ ℕ

sup
𝑖∈ℕ

𝑤𝑛,𝑘(𝑖)

𝑣𝑚,𝑙(𝜑𝑖)
< ∞.

Moreover, if 𝜑 is a proper map and the sequence𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing for all 𝑘 ∈ ℕ, then the previous
condition is equivalent to 𝐶𝜑 ∶ 𝑎0() → 𝑎0() is bounded;

(3) Assume that𝑎∞() is a dense subset of𝑎∞(𝑉𝑙) for all 𝑙 ∈ ℕ and that the sequence𝑊𝑘 = (𝑤𝑛,𝑘)𝑛∈ℕ is regularly decreasing
for all 𝑘 ∈ ℕ. Then, the operator 𝐶𝜑 ∶ 𝑎∞() → 𝑎∞() is (weakly) compact if, and only if, there exists 𝑙 ∈ ℕ such that
for all 𝑘 ∈ ℕ there exists 𝑛 ∈ ℕ such that for all𝑚 ∈ ℕ the set

{𝜑𝑖 ∶ 𝑤𝑛,𝑘(𝑖) ≥ 𝜀𝑣𝑚,𝑙(𝜑𝑖)}

is finite for every 𝜀 > 0.
Moreover, if 𝜑 is a proper map, then the previous condition is equivalent to 𝐶𝜑 ∶ 𝑎0() → 𝑎0() is (weakly) compact.
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