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Abstract In this paper we analyze the relativistic correc-
tions to the leading order three-nucleon (3N) contact inter-
actions. These boost corrections are derived first from the
nonrelativistic reduction of covariant Lagrangians and later
from the Poincaré algebra constraints on nonrelativistic the-
ories. We show that in order to describe the 3N potential
in reference frames other than the center-of-mass frame, the
inclusion of five additional terms with fixed coefficients is
required. These terms will be relevant in systems with mass
number A > 3. How they will affect EFT calculations of
binding energies and scattering observables in these systems
should be investigated.

1 Introduction

Nowadays, effective field theories (EFTs) are recognized as
the standard framework for dealing with the nuclear inter-
action [1-7]. The starting points are the identification of
the most general effective Lagrangian preserving all the low
energy symmetries of the fundamental theory and a power
counting to organize the infinite tower of permitted interac-
tions. This leads to the emergence of a predictive setting in
which the interactions are expressed at each order of the low-
energy expansion in terms of a finite number of low-energy
constants (LECs), which can be treated as fitting parameters
and extracted from phenomenology. Of particular interest
among these fitting parameters are the LECs related to con-
tact interactions between nucleons. They are strongly con-
strained by discrete symmetries and also by Poincaré sym-
metry, although the typical setting of nuclear physics is a
nonrelativistic quantum-mechanical context.

Relativistic effects in nuclear interaction vertices can be
determined by the nonrelativistic reduction of a relativistic
quantum-field theoretical Lagrangian and evaluated order by
order in the low-energy expansion, since they scale with the

2 e-mail: elena.filandri @unisalento.it (corresponding author)

Published online: 13 December 2023

soft nucleon momenta [8,9]. An alternative approach derives
from the Poincaré algebra constraints in a purely quantum
mechanical setting [10, 11]. Indeed, at sufficiently low energy
scales, when the effects of creation and annihilation of parti-
cles can be ignored, the system can be considered as consti-
tuted by a fixed number of particles, and interactions can be
described as direct (i.e., they explicitly depend on the phys-
ical variables associated to the constituents of the system)
rather than mediated by fields.

The analysis of relativistic corrections on two-nucleon
contact forces up to order 1/m?, m being the nucleon mass,
has already been discussed in Refs. [12,13] both via the non-
relativistic reduction of covariant Lagrangians and from the
point of view of the constraints imposed by the Poincaré
algebra. Furthermore, the analysis of these constraints up to
1/ m* in Refs. [14,15] led to the to the identification of two
free LECs that parameterize a nucleon-nucleon (NN) inter-
action dependent on the overall momentum of the pair.

In this work we extend the above results to the three-body
contact forces.

The first contribution to the contact 3N force is represented
by a single operator Oy, accompanied by the LEC E(, whose
matrix elements are constant in momentum space and take
the form of the identity operator in spin-flavor space. The
subleading terms involve two powers of momenta and were
classified in Ref. [16] as consisting of 13 independent oper-
ators in the 3N center of mass frame. In a general frame the
3N contact potential reads

Vay = Ep — Z {Elkl-z-i-EzkiZT,' T
i#j#k
+E3kl-20',' -O'j+E4ki20',' (0T T
+E5 (3k,‘ -(T,'k,‘ -(Tj —kizdl' ~(Tj)
+E6(3ki-O'iki-O'j—kl-zO’i~Uj)Ti'Tj

+%E7ki x(Q = Qj)-(oi+0))
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wherek; = p;—p} and Q; = p;+ p arerelated to the initial
and final momenta of the i-th nucleon, respectively p; and
p';, and we indicate with O/_, _ the operators depending on
the overall momentum P = )", p, = (@ + O, + 03)/2.

Finally, the operators o; and 7;, satisfying [0/, o ]ﬂ ] =
2i8;j€apyo] and[t?, ‘L'f] = 2itj€qpy,T; , represent spin and
isospin respectively; the subscripts of the Pauli matrices refer
to the nucleon bilinears they belong to.

The study of this three-body contact force proves par-
ticularly interesting in the context of many unsolved prob-
lems in nuclear physics [17,18]. As shown in Refs. [14,19],
some terms of the 3N contact potential are related via a uni-
tary transformation to the P-dependent two-nucleon poten-
tial and seem to be crucial to solve the p —d A, puzzle [20].
Similarly, the study of the three-body force and its relativis-
tic corrections could have an impact on the study of systems
with A > 3, where still there exist large and unexplained
discrepancies between theory and experiment [21-24].

The paper is structured as follows. In Sect. 2 the relativis-
tic corrections are calculated by nonrelativistic reduction of
covariant Lagrangians. In Sect.3 we show how the same
corrective terms can be derived from Poincaré algebra con-
straints. Finally, in Sect. 4 we present the conclusions of this
work.

2 Boost corrections from a covariant 3N contact
Lagrangian

The objective of this section is to determine the P-dependent
relativistic correction to the leading order 3N contact poten-
tial in any given frame by applying the non-relativistic reduc-
tion to the covariant Lagrangian.

We begin by establishing a complete non-minimal set of
relativistically invariant 3N contact operators O; that con-
tribute to the non-relativistic expansion starting from order
0, while satisfying the requirements of hermiticity and CPT
invariance, following general principles outlined in Refs.
[15,25-27]. Formally, the operators éi are structured as the
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composition of fermion bilinears [13,28]

- <> <> - <> <>
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Here, v represents the relativistic nucleon field, which is a
doublet in isospin space. The symbol (5) denotes the deriva-
tive operator _8) - (8_ The symbols I'4 g, ¢ denote generic
elements of the Clifford algebra, expanded in the basis 1, ys,
Vs YuVs, oV, as well as the metric tensor or the Levi-Civita
tensor €4"P% (with the convention €123 = —1).

The Lorentz indices on the partial derivatives must be con-
tracted among themselves and/or with those in the I'4 g ¢ in
order to preserve Lorentz invariance.

Regarding the isospin degrees of freedom, the allowed
isospin-invariant flavor structuresare 1 @ 1 @ 1, 7; - T 7 TIX
T2 - T3.

In Table 2 are displayed the transformation properties
under parity, charge conjugation, and Hermitian conjugation
of the fermion bilinears with the aforementioned different
elements of the Clifford and flavour algebra.

If charge conjugation and parity symmetries are satisfied,
time reversal symmetry is automatically fulfilled, according
by the CPT theorem.

We now outline power counting criteria needed to estab-
lish which operators contribute to the non-relativistic expan-
sion starting from order QO [13,15].

Derivatives 9 acting on the whole bilinears are of order Q,
while derivatives 9 . acting inside a bilinear are of order
0" due to the presence of the heavy fermion mass scale.
Therefore, we can restrict ourselves to retain only opera-
tors containing the latter kind of derivatives. Nevertheless,
a generic operator contributing at order Q° may in princi-
ple include arbitrary powers of space-time derivatives of the
fields. However, it is possible to restrict ourselves to con-
sider only a finite number of structure, as detailed in what
follows. Whenever 9 1 1s contracted with an element of the
Clifford algebra inside of the same bilinear, the fields’ equa-
tions of moti((m) can be used to remove it [29,3(_)0]. The same
is true when 9 ,, is contracted with another 9 * inside the
same bilinear, since ?M?“ = —4m? — 32, As a result,
by the equation of motions, no two Lorentz indices can be
contracted among themselves inside the same bilinear, exept
for the Levi-Civita tensors and for the suppressed 9°.

For what concerns pairwise contracted (? A ? B)
between two different bilinears, we observe that these struc-
tures too generate redundant contributions. For instance,

- <> - <>
Wy 9 Y 0 u¥)3

, . . 1 - . ,
=2m> (YY) (P23 + §(W¢)1(¢W)232(W¢)3,
3)
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Table 1 Transformation proprieties of the different elements of the Clifford algebra, metric tensor, Levi-Civita tensor and derivative operators

under parity (P), charge conjugation (C) and hermitian conjugation (h.c.)

< a
1 Vs Yu Yuvs Opy 8uv €pvpo Rl " 3/4 T
+ - + - + + - + + +
c + + - - — + + - + (=t
h.c. + - + + + + + - + +

I - - <> - <>
so that the contribution (Yy)2(¢ 9 ¥)2(y 0 4 V¥)3
—2m* (YY1 (2P Y)3 = 0(Q?) can be neglected in
the non relativistic expansion, as it starts from Q2. (We see
from Eq. (A1) that the contribution of 01 starts from order
0%).

The Dirac matrix y5 can be thought of as of order O (Q)
since it mixes the large and small components of the Dirac
spinor. This also applies to the spatial components of y;, and
to the temporal component of y,,ys, as well as to og;. For
instance, operators associated to the structure y @y @ o,
such as (Il_fya}ﬁ)l(l/_/yﬁl/f)z(l/_fdaﬂlﬂ)g, do not contribute at
order Q¥ due to this mixing.

The antisymmetry properties of €,,,, and o*" restrict
the maximum number of their possible contractions with a
derivative ? operating within a bilinear to one. Any addi-
tional contraction with a derivative would lead to a contribu-
tion at a higher order than 0(QY).

On the basis of these properties we derive a complete
(but non minimal) set of 92 different relativistic operators,
displayed in Table 2, that contribute to the non-relativistic
expansion starting from order Q°. Obviously, none of the 92
operators presents derivatives d acting on the entire bilinear,
as they are of order Q.

The relativistic nucleon field ¥ can be expanded in a non-
relativistic manner up to second order in Q by utilizing the
non-relativistic field,

—m? "V

1+ )1y
V) = (( a2 2) N(x) + 0(QY). o)

We obtain 92 resulting non-relativistic operators O; as
combinations of the 146 subleading 3N contact operators
01,.... 146 compatible with the symmetries of QCD, classified
in Ref. [16]. We list the resulting expressions in Appendix A.
After applying Fierz’s relations, these non-relativistic expan-
sions can be rewritten in the minimal basis consisting of the
operators O1,.. 13, Of 5 which appear in Eq. (1). They are
shown in Appendix B. In these expressions the operators O}
entering in the effective Lagrangian, always appear in one
single combination,

,,,,,

1 2
) _
0 =600+ (50;* n o;) , )

which starts at O (Q°) and contain P-dependent drift correc-
tions. Formally the non-relativistic expansions of the rela-
tivistic operators O;, up to O(Qz), take the form

13
Oi=0;0f) +Y plor. i=1...13 (6)
k=1

where «o;, /3{‘ are coefficients which can be read from the
explicit expressions.

Thus, starting from the relativistic 3N contact Lagrangian
written in terms of 92 (redundant) LECs, E i, the potential can
be written as

92

92 13

y A = 0

V=Y E0; =Y E (ai0§)+§ ﬂ{‘ok>, (7)
i=1

i=1 k=1

and comparing with Eq. (1), while considering Eq. (5), we
obtain the following identification

92 1
> Eiai = 2Eo, ®)
i=l1

and specific constraints on the LECs E;"Zl 5

Ef = : Ey )
36m?

E; = ! Ey (10)
24m?

E} =E;=E:=0. (11)

Finally, we can identify

SV(P)Eﬂ %0;‘+0§‘ , (12)
24m?2 \ 3

as the P-dependent component of the 3N contact potential
in an arbitrary frame of Eq. (1), i.e. the boost correction up
to order @7 to the 3N leading order contact potential in the

rest frame of the system,

13 5
Vin =Eo+ Y E;i Oi+ )Y EfO}
i=1 i=1
s (13)
=Eo+ Y EiOi +8V(P).

i=1
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Table 2 List of three-nucleon relativistic contact operators contributing to the leading order
FrAaQ@TpQTc 0; Operators Flavours

1IQ1Q1 012 A ANCAARCAE Lo

I®IQy 03-6 3= ()2 (Y 5" V2 )3 1,71 12,7273, 71 T3
1Ry ®vy 079 GGy (FyH¥)s 1,71 72,72 73

1Qy vy 01013 = R O R A AT 2R % 1,71-72,7213, 71" T3
IQ®QyQvy O1a-16 e VA A0 R A VTR Lti-12,72-73
1QrQvy O17-19 At R NS A PR A8 L1 7,713
L1Qrvys Qvys 020-2 GV ruys¥) 2y ysv)s 1,71 72,72 T3
1QvysRo 023-26 Fehvab () ?/L VI sy (Fousd)s 1,71 12,72-73, 71 - T3
1QvysQo 027-30 e B () (Y ?u Wwrs¥)2(Voas )3 1,71-72,72-73, 71 T3
1Qvys Qo 031-34 =B Yy (P ys)2 (@ ?u%ﬁlﬁh 1,71 T2, T2 - 73, T1 - T3
1Qo®o 035-37 V)1 (P02 (o )s L1111
rQ®r Qv O33-41 2 Uy (W DYy ) 1,772,712 73, 71 - T3
yQr Qv O42-45 AR AR TLC A SRV AL A P Lt 0 53,013
Yy Qv Ou6-49 e () ER R AR A AR 2L 1,717,713, 71" T3
Yy ®vys Qs 0s0-s3 Ay @ D s @y ysv)s 1,71 02,72 13,71 T3
YQrrsQo Os4—s7 B (Yy )1 Wy vs¥)2(Wous )3 1.1 12,12 13,71 - T3
rQrysQo Oss—61 relveh () T v D sy Fous)s 1,717, 72-13, 71 T3
YQrrsQo O62—65 ﬁé””“ﬁ(ll_fypllf)l(ll_f ?u K Wwrs¥)2(Voas¥)s 1,71-12,72-73, 71 T3
yQrvs@o O66-69 m%f‘”"ﬂ WGy (¥ K Yuys¥)2 (¥ K oupV)3 1,71 12,72-73, 71 - T3
rQrysQo 070-73 ey, T NGy T oapt)s 1,71-72,72-13, 71 T3
YQrrsQo On-77 ﬁG””“ﬂ(I/_/VpI//)l(Il_f ?u nys¥)a (¥ K oapV)3 1,71-12,72-73, 71 T3
Y ®rys®o Ors-s1 e (0 Fyys )2 (D DD 0w L7710 13,1113
rQR®o Qo Os>-ss = (¥ (F ?Mffaﬁlﬁ)z(!ﬁoaﬁwh 1,71 12,7273, 71 - T3
yrsQvys Qvys Oss S B (o, ys Y (T ys Y2 (F D a vpYs )3 XT3
vrsQvrs Qo Os7 @y s @ ¥)s XT3
s Qo Qo Oss 7= emB (Y, s BN Wowp )2 (FopPP)s X0
vy ®0 Qo Oso S € B Wy ys )1 (T D oup Y2 (oY) uxnon
Ys Qo Qo 09 3 € (Y, ys D G0 Y (Foupt)s X713
s ®0 Qo 0o € B Wy ys U (D oY) (Foupih)s X1
Qo Qo 092 Vo )1 (P 0ua)2 (Yo y)s XT3

3 The 3N contact interaction boost corrections from
Poincaré algebra

As an alternative to the procedure discussed in the previous
Section, we review the calculation of the boost correction to
the leading order 3N contact interaction up to Q2 order from
the Poincaré algebra constraints.

Relativistic many-body descriptions of systems consist-
ing of a fixed number of interacting particles can be achieved
using relativistic Hamiltonians. These Hamiltonians are
defined as the sum of relativistic one-body kinetic ener-

@ Springer

gies, two- and many-body interactions and, importantly, their
corresponding boost corrections. For a generic system of
interacting particles with momenta p,, and masses m,, such
Hamiltonians may be expressed as follows [31],

Hp = Z\/ m% + P% + Z[UU/,L + (SUU/,L(PU/L)]
v

V<p

+ ) [Voup + Voo (Popp)] + -+ (14)

v<pu<p
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where P, = p, + p,, is the total momentum of particles v
and u,and Py,p = p, + p, + p, is the total momentum of
particles v, u and p. The term v, corresponds to the two-
body potential in the rest frame of the sub-system constituted
by particles of indices v, n. Analogously, V), is the three-
body potential in the rest frame of particles v,u,p. Terms
Svyu (Pyy) and 8V, (Pyyp) are referred to as “boost inter-
actions”. Clearly, these quantities vanish in the rest frame
of their corresponding sub-system (i.e., dv,,(0) = 0 if
pP,, =0,and 6V,,,(0) = 0if P,,, = 0). However, it is
essential to take them into account to attain accurate descrip-
tions in reference frames where P # 0.

Both vy, and V,,,, are determined by the fields and by the
internal structure of the interacting particles. Realistic mod-
els of vy, and V,,,, are obtained by choosing their theoretical
model and by fitting them to experimental data; as a conse-
quence, they may contain some form of model-dependent
relativistic effects.

Starting from vy, (respectively, V,,,) it is possible to
obtain v, (P ) (respectively, 6V, (P 4.,)) without any
further model dependence, through relations fixed by the gen-
eral principle of relativistic covariance.

For our present purposes, we are considering a system of
three particles, each with spin s and mass m. The dynamical
variables for the vth particle (v = 1, 2, 3) are spin gy, isospin
T,, momentum p,, and position r,,. The momenta and posi-
tions are canonically conjugate operators, as are the center-of
mass variables R = “M2%2 and P = p, + p, + p3. The
spin and isospin operators satisfy the well-known angular
momentum commutation relations: [ol’;, U,ﬁ] = idyuci jkaf
and [t/ r,‘i] = isyp€ijktk.

In the instant form of relativistic dynamics [32], interac-
tions affect the Hamiltonian H and, necessarily, the boost
generators K. We write

P =Py,
J=Jo.

H=Hy+V,

(15)
K=Ky+W,

where V, W are the interaction terms, and the subscripts 0
indicate the corresponding operators in the absence of inter-
actions,

3
Po=) p,.
v=1
3 3
JOZerXpu+stZjvv
v=1 v=1

3
Hy = Z wy,
v=1

X ryw, + wyr, Sy X P,
0= § :
2¢2 myc? + w,

—1ip,

v=I

=D k. (16)

where w, = /m2c* + ¢ p2 is the single-particle energy of
the vth particle.

The generators in Eq. (15) must satisfy the commutation
relations of the Poincaré group:

[P, Pi1=0, [Ji, Pjl=li€jx Py,

[P, H] =0, [Ji,Jj]l=ie€ijitr,

[Ji, H1 =0, [Ji, K] = i€k Ky,

[H, Ki] = —iP;,
[Ki, K1 = —i€ijidi/c?,

[P, K1 = —i8;;H/c?, (17)

where i, j, k € {1, 2,3}, € is the Levi-Civita tensor, §;;
is the Kronecker delta tensor, and summation convention on
repeated indices is in force. Units are such that 7 = 1 and ¢
is the speed of light in vacuum.

As it is well known, the relations of Eq. (17) are satisfied
by the free generators in Eq. (16). The problem of describ-
ing an interacting system of relativistic particles consists of
determining functions V and W such that the commutation
relations (17) are still satisfied [10].

Itis assumed that we are considering an interacting system
for which H and K can be expanded in powers of # as

H=M*+HO + 1D ...

18
K=K94+gk®_ ..., (18)
where M = ZL m, and the superscripts refer to the order
in powers of # Under this assumption, interactions can be
introduced at each order as additional terms V™, W@ to

the non-interacting components at the order n, respectively
Hé") and K g’),

H™ = H" +v®,

KO _ K 4 (19)
with both V™ and W depending on the dynamical vari-
ables of the system, and not explicitly on time [10].

The commutation relations in Eq. (17) can be consequently
expanded in powers of # and, in principle, they could be
solved at each order by mean of a “direct integration”. It is
conjectured that the obtained solutions represent the most
general case for systems of the depicted kind for which the
expansion exists.

We assume, following [10], that the representation for a
relativistic system is chosen so that in the nonrelativistic limit
it holds W® = 0and K = MR — tP,and J and P are
those given in Egs. (15) and (16).

@ Springer
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At the first order of the expansions (18), the constraints
on HD = HS]) + VD and KM = Kgl) + WO inherited
from Poincare algebra are

(P, HD1=0,
"  HO
[P, Kj 1= _’51'./0_2’

[, HV1 =0,

1 , 1
i K§D1 = ieijk ",
(HO, k1 +HD, kP1=0,
0 1 0 1 .k

(K K = K KV = —ieiji ;. (20)
The solution of the the above relations allows to identify the
relativistic correction V(1 to a phenomenological potential
v,

In particular, we focus on the P-dependent component
of such correction, i.e. the boost correction §V (P), which
provides the relationship between descriptions of the system
in different reference frames.

An expression for §V up to order # beyond the non-
relativistic limit has been derived by Friar [33].

Itis convenient to write it in terms of normalized canonical
Jacobi coordinates of momentum, ., and position p,, p,
which are related to the

physical variables pj, 3, r1,23 through the change of
coordinates

{na _ Pl;I’Z’

Pg =T1—T2;

2 +
Ty = 5[1’3 _ P12P2i|’

ri+ro .
Py, =T3— 1227

R = ritra+ra
o 2D
P =p,+pr+ps
Thus, for a system of three particles, 6V reads
Vo 0
SV(P) = ———— —ilxv, Hol — ilx0, V"], 22
(P) 2Gm)? i[xv, Hol —i[xo ] (22)
where
1 P
Xv(P)=——/ w-dP + H.c., (23)
6m 0

1
xo(P) = —W[(pa -Pm,- P

+panhP)+Hc]

1 1 2
+ W[(pa -Pm,-mp — pr - Pmy,

2 2
—}-gpb-Pna +HC

WI:(SI —S2)AP-m,
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+ (s3 — )AP~nb]. (24)

We identify V© in Eq. (22) with the leading order 3N
contact interaction parameterized by the LEC Ej in Eq. (1).

The vector w in Eq. (23) is a translationally invariant func-
tion of P and p,, j, 74,5 It satisfies Vp x w = 0, making the
integral in (23) independent of the path. As a minimal choice,
we set w = 0, so that y,(P) = 0, as in Refs. [11,12,34,35];
this corresponds to assuming the existence of an appropriate
unitary transformation absorbing w [14].

We evaluate 8V between 3N states ¥ and W’ as (V|
SV (P)|W). The details of the calculation can be found in
Appendix (C).

The result, expressed in terms of variables k; = p; — p;
and Q; = p; + p, withi =1,2,3,1is

SVZ_W[P +ZPX(k]—k2)'(O']—O'2)
i ki +k; o1 +0)
Lpo(hy— 5152 (g, = ZLT92) |
5t (B =57) (=257
(25)

When written in the basis of the 146 3N subleading contact
operators 0;, i = 1, ..., 146, Eq. (25) reads

Ey
48m?
However, when we use the basis of the 18 independent 3N
subleading contact operators O1_3, 0?_5, the same result
can be written as
Ey 2
8V=——=|=0f+05). 27
24m? (3 s 2) @7)
Since it is completely characterized by the low energy
constant Eq, we recognize 6V (P) as the boost correction of
our interest, in perfect agreement with Eq. (12).

8V = —

(—o0127 — 201 + 2075 — 2079). (26)

4 Conclusions

In this paper we derived the relativistic corrections of the
leading order 3N contact potential in an arbitrary frame
with two different approaches. The first approach, developed
within the framework of field theory, involves identifying
the operators that contribute to the covariant Lagrangian at
the zeroth-order in the low-energy expansion and afterwards
performing relativistic reduction; the result is represented by
Eqgs. (5) and (12) or, equivalently, by constraints on the LECs
E} parametrizing P-dependent interactions, Eqgs. (9, 10, 11).
The second approach, formulated within the context of rela-
tivistic quantum mechanics, is directly based on fundamental
principles of covariance and the constraints that arise from
them through Poincaré algebra; the result is Eq. (27). In both
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cases it is evident that the P-dependent boost correction is
entirely determined by the interaction at the leading order.
The expression for the boost correction is given by

SV(P) =

Ey 2
San <§0T * 05) ’ @8)

indicating overall agreement within the two approaches'.

The consistency between the two approaches supports the
validity of the minimal ansatz w = 0 made in Eq. (22).
Hence, it is possible to assume the existence of an appro-
priate unitary transformation absorbing w [14]. A similar
assumption has been made in the 2N case in Refs. [31] and
[13]; nevertheless, the validity of its extension for systems
composed of a N > 2 nucleons is not straightforward [11].

Furthermore, the results obtained in Eqs. (B94)—(B185)
provide a non-trivial check of the Fierz’s relations. In fact,
if there had been an error in the Fierz’s identities, as in Ref.
[16] where only 14 nonrelativistic operators were found, the
relativistic corrections would have had different expressions
for each operator thus precluding the unambiguous determi-
nation of the boost correction.

It is conjectured that the obtained solutions are the most
general for systems of the kind depicted for which the expan-
sion exists.

Any relativistic description of a system of interacting parti-
cles of finite mass and spin, whether exact or approximate,
should fall in this framework.

Funding Open access funding provided by Universita del Salento
within the CRUI-CARE Agreement.

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This is a theoretical
study with no data provided.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

1 Boost corrections to contact 3N interactions have been considered in
the supplemental material of [36] although no explicit expressions were
presented

Appendix A Non-relativistic expansions

Here we give the non-relativistic expansions of the operators
O; defined in Table 2 in terms of the 146 subleading 3N
contact operators o; and of the six leading order operators
0% listed in Ref. [16].

0,=0" - L 3075 — E0127 , (A1)
! 4m? 2
A )
0= 0;" — o) (076 + 077
1
+o078 — 0128 — 50129) , (A2)
03 =1+ B + 079 + ! (A3)
= o1 — 0 [0 —0 .
3 A2 \ 01— 075+ 079 + S0127
- o 1 1 1
O4= 05" + o) 03 + 5034 - 5035 — 076
1
—077 + 078 + 081 + 50]28) , (A4)
Os = 0§0) + L 02 — 078 + 080 + l0129 , (AS)
> 4m? 2
5—0(0)+ ! 0 l0 +1o
6= 05 a2 03— 5034+ So3s
1
—078 + 082 + 50128> , (A6)
0,=0" + L 01 — 2033 + 039 — 042
1 4m?
1
+ 075 + 2079 + 50127 ) (AT)
05 = 0" 1 : S oss +
= — |03 —z034 — =0 041 — O
8 3 a2 \ 03~ 5034 = 5035+ 041 — 0w
1
~+o078 + 081 + 082 + 50128> , (AB)

O = 0§O) +— (02 — 034 — 035 + 040 — 043 + 076
4m
1
+ 077 — 078 + 2080 + 50129 ) (A9)
O1p=-0" — L 201 4+ 075 + 2079 — l0127 ,
! 4m? 2
(A10)
01 =-0" - L 203 + 078 + 081 + 082 — l0129 ,
3 4m? 2
(Al1)
- o 1 1 1
Op=-03" — T2 \ 2 +o03 — 5034 + 035 + 076
1
+077 — 078 + 080 + 082 — 50128> , (A12)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

293  Page 8 of 22

Eur. Phys. J. A (2023) 59:293

0 —O(O)—L 02+o0 +10 —lo +o0
13 = 4m2 2 3 234 235 78

1
+ogo + 081 — 50]28> , (A13)
~ ©) 1 1
O14=-0," — ) 201 + 075 + 2079 — 70127 |
(Al14)
~ 0) 1
O15=—0;" — — | 203 + 078 + 081 + 082 — 0129
4m? 2
(A15)
016 = -0 — (20, 4 076 + 077
16 =—05 12 \ 202 076 + 077 — 078
1
+ 2080 — 0128 + 50129 | (Al6)
017 =-0" - L 201 + 075 + 2079 — l0127 ,
L am? 2
(A17)

O13=—-03" — T2 \ 2 03+ 5034 — 5035+ 078

1
+ogo + 081 — 50128) , (A18)
~ . 0) 1
019 =—03" — —5 | 203 — 034 + 035 + 076 + 077
dm
1
— 078 + 2087 — 70129 ) (A19)
- 1 1
_ 0)
O =—-0," — o) <04 — 5036
1 1 1
5039 = 5045 = 5049 = 079 — 083
1
—o0115 + 0130 + F0134 = 0137) , (A20)
- 1 1 1
)
021 =—05" — W(OG — 5038~ 5041
1 1 1
5048 = 5050 = 5081
1 1 1
— —08) — =084 — =0
5082 = 5084 — 5086
1 1 n 1 n 1
— =0 — <0 =0 Y
50116 = 5017+ S0132 + S 0133
! 1 1 e
—0 —0 — -0
50135 = 50139 — 70140
- 1 1 1
_ )
On=-0," — o) <05 — 5037 = 5040
1 1
5047 = 5051 — 080 — 085 — 01138
1
+o131 + 50136 ~ 0138) , (A22)

@ Springer

1
02 =205" + (2013 2017 + 2021

+ 036 — 039 — 042 + 045 — 049 + 053

+ 2083 — 20115 + 0130), (A23)
5 a0, 1
0oy = 205 +— 2014 — 2020 + 2024
4m
+ 038 — 041 — 044 + 048 — 050
+ 054 — 081 + 082 — 084
+ 2085 + 086 — 0116 — 0117
+ 0133 + 0139 — 0140), (A24)
brs =200 + (2 2019 + 2
25 =20, T2 \ 2015 — 2019 + 2023
+ 037 — 040 — 043 + 047 — 051
+ 055 + 2086 —20118+0131), (A25)

1
Oz = 20(0) + 4—2(2016 — 2018 + 202

+ 038 — 041 — 044 + 046 — 052
+ 056 + 081 — 082 + 3084

— 086 — 0116 — 0117 + 0132 — 0139 + 0140), (A26)

1
0
Oy7 = 205 ) o) (207 — 2010 — 036 + 039 — 045

+ 049 — 2075 + 20115 — 0134 — 20137), (A27)
PN R |
028 =204 o) 209 — 2012 — 038 + 041

— 048 + 050 — 054 + 056

— 2077 + 081 — 082 + 084

— 086 + 0116 + 0117 — 0135 — 0139 — 0140), (A28)
~ o 1
O =20, — o 208 — 2011 — 037

+ 040 — 047 + 051 — 2076

+ 20118 — 0136 — 20138>, (A29)

4m?2

— 046 + 052 + 054 — 056

1
03 =200 — —<209 — 2012 — 038 + 041

— 2078 — 081 + 082 — 084



Eur. Phys. J. A

(2023) 59:293

Page 9 of 22 293

O3

033

O34 =

O35

O36

037 =

+ 086 + 0116 + 0117

— 0135 — 0139 — 0140>’

= —20(0) ! 204 + 036 — 0
= ) T2 \ 204+ 036 — 039
+ 045 — 049 — 2079 — 2083 — 20115

+ 20130 + 0134 — 20137>,

o _ 1
= —-20:" — —=| 206 + 033 — 041 + 043
5 m2

— 050 — 08] — 082 — 084 — 086
— 0116 — 0117 + 0132

+ 0133 + 0135 — 0139 — 014o>,

= —20(0) ! 205 + 037 — 040 + 0O
= 4 T2 \ 205+ 037 =040 + 047
— 051 — 2080 — 2085 — 20118

+ 20131 + 0136 — 20138),

200 -1 (5
—205 Pl 06 1+ 038 — 041 + 046

— 052 — 081 — 082 — 084 — 086

— 0116 — 0117

+ 0132 + 0133 + 0135 — 0139 — 0140),

1
= 20(0) — —— {207 — 2010 + 2033
2 m2

— 036 — 039 + 2042 — 045 — 049
+ 2053 — 4075 — 2079

— 2083 + 20115 — 0134 — 20137>,

= 20;0) (209 — 2012 + 2035 — 033

4Am A2
— 041 + 2044 — 048 — 050
+ 054 + 056 — 2077 — 2073

— 081 — 082 — 084 — 086 1+ 0116
+ 0117 — 0135 — 0139 — 014o>,
— 20(0)

+ 2043 — 047 — 051 + 2055 — 4076 — 2080

— 2085 + 20118 — 0136 — 20138>,

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)

1
— (208 — 2011 + 2034 — 037 — 040
m

(A37)

~ © 1
O3 = 0, 4 — | 201 — 2033 + 039 — 02

1
+ 3075 + 3079 — 501z7>, (A38)
O30 = 00 ¢ ! +o3— 1 )
= — |02+03— z034a— =0
39 3 a2 \ 02T 03— S04 — 503
+ 040 — 043 + 076 + 077 + 078
1
+20g0 + 081 — 50128> , (A39)
Os= 00 + +o3— 2 )
= — |02+ 03— z034a— =0
40 = a2 \ 02 T 03— S034 — 503
+ 041 — 044 + 076 + 077 + 078
1
“+og0 + 081 + 082 — 50128> , (A40)

- 1
0
Oy4 = O§ ) + m<203 — 034 — 035 + 041 — 044 + 076

1
+ 077 + 078 + 031 + 2082 — 50129>, (A41)
Opn =-0{" - 1 301 + 3075 + 3079 — g0127
4m? 2
(A42)
PN N
O43 = —03" — —5 |02+ 203+ 076 + 077 + 078
4m
1
+ 080 + 081 + 080 — 0128 — 70129 ) (A43)
044 = —0(0) I — <02 + 203 4+ 076 + 077 + 078
1
+ 080 + 081 + 082 — 0128 — 50129 ) (Ad4)

- 1
Oys = —0(0) 2 <02 + 203 + 076 + 077 + 078 + 080

1
+ 081 + 082 — 0128 — 50129>, (A45)
045 = —09 — L (30, + 3015 + 3079 — >
46 = N a2 \ 301+ 3075+ 3079 = S0 |
(A46)
647 = —O(O) — L 207 + 03 + l034
3 4m? 2
1
- 5035 + 076 + 077
3
+o78 + 2080 + 081 — 50128 ) - (A47)

1
—034 + 035 + 076 + 077

1

(0)

—0;" — — (303 —
3 m<03 2 2

1
~+o078 + 081 + 2087 — 70128 = 0129) , (A48)

@ Springer



293  Page 10 of 22

Eur. Phys. J. A (2023) 59:293

~ 1
019 = -0y — o) <02 + 203 + 076 + 077

1
+ 078 + 080 + 081 + 082 — 0128 — 50129>, (A49)

- o | 1 1 1
050 =—0," — —5| 04+ 021 — 5036 — 5039 + 5042

4m? 2 2 2

1 1 1
T 5045 = 5049 — 5053 — 079 — 083
+ o115 + o119 + %0130 - 0137>, (AS0)

051 = -0 — L<06 + 02— l038 - l041
> 4m? 2 2

1 1 1
+ 5044 - 5048 - 5050

1 1 1
- 5056 - 5081 - 5082

1 1 1 1
- 5084 - 5086 + 50116 + 50117 + 0120

1 1 1
+ 50132 — S0139 — 5014()), (A51)

- o 1 1 1 1
052 =—04" — —5\| 05+ 023 — -037 — Z040 + 043

4m? 2 2 2
1 1 1
— =047 — =051 — =055 — 080 — O
) 47 ) 51 ) 55 80 85

1
+ o118 + 0121 + 50131 — 0138>, (A52)

- o 1 1 1 1
053 = =05 — —5| 06+ 024 — 5038 — 5041 + 5044

4m? 2 2 2
1 1 1 1 1
5046 = 5050 = 5054 = 5081 — 2082

1 1 1 1
- 5084 - 5086 + 50116 + 50117 + 0122

1 1 1
+ 0133 — 0139 — Z0140 |, (A53)

2 2 2
5 o, !
Os4 =20," + — +2013 — 2017 + 2021 + 036 — 039
4m
— 042 + 045 + 049 — 5053 + 2083 + 2091

+ 2099 + 20115 + 20119 + 0130), (A54)

~ 1
Oss = 20§0) + —(2014 — 2020 + 2024 + 038 — 041 — 044

4m?
+ 048 — 050 + 2051 — 054 — 2055
— 2056 — 081 + 082 — 084 + 2085 + 086 + 2092

+ 20102 + 0116 + 0117 + 20122 + 0133 + 0139 — 0140>,

(A55)

@ Springer

~ 1
Os6 = 204(10) + W(Qﬂls — 2019 + 2023 + 037

— 040 — 043 + 047 — 051 + 205,

— 3055 — 2056

+ 2086 + 2093 + 20101 + 20118 + 20121 + 0131>,
(A56)

- 1
0
Os57 = 20§ ) + o) (2016 — 2018 + 2022 4+ 038 — 041

— 044 + 046 + 2050 — 053 — 4054 — 056
+ 081 — 082 + 3084 — 086 + 2094 + 20100
+ o116 + 0117 + 20120 + 0132 — 0139 + 0140),
(A57)
5 o 1
058 = —20," — — (2013 — 2017 + 4021
dm

+ 036 — 039 + 045 — 049 + 2083

+20115 + 20119 — 0134) , (A58)

- 1
Osg = —20§O) T am? <2014 — 2020 + 2022 + 2024

+ 038 — 041 + 0438
— 050 + 054 — 056 — 081
~+ 082 — 084 + 2085 + 086 + 0116 + 0117

+ 20120 — 0135 + 0139 — 0140>, (A59)

- 1
O¢0 = —2050) ) (2015 — 2019 + 4023 + 037

— 040 + 047 — 051 + 2086 + 20118

+20121 — 0136) » (A60)

- 1
Og1 = —205(0) o <2016 — 2018 + 2022 + 2024 + 033

— 04] + 046 — 052 — 054 + 056 + 081
— 082 + 3084 — 086 + 0116 + 0117

+ 20120 — 0135 — 0139 + 0140), (A61)

- 1
0c2 = —205” + — <207 — 2010 — 2021 — 036 + 039
4dm
— 042 — 045 + 049 + 053 — 2075 — 20115

— 20119 + 0130 — 20137), (A62)

- 1
0
063 = —205( ) —+ 4,/”_2(209 — 20[2 - 2022 — 038 + 041

— 044 — 048 + 050 — 054 + 2056 — 2077



Eur. Phys. J. A (2023) 59:293

Page 11 0of 22 293

+ 081 — 082 + 084 — 086 — 0116

— o117 — 20120 + 0133 — 0139 — 0140>, (A63)

~ 1
Oss = —20;0) + m(%s — 2011 — 2023 — 037

~+ 040 — 043 — 047 + 051 + 055 — 2076 — 20118

— 20121 + 0131 — 20138>, (A64)
~ o, |1
O¢s = —205 +-— 209 — 2012 — 2024 — 038

dm

+ 041 — 044 — 046 + 052

+ 2054 — 056 — 2078

— 08] + 082 — 084 + 086 — 0116 — 0117

— 20122 + 0132 — 0139 — 0140), (A65)

1
Og6 = 20;0) + s (204 + 2021 + 036 — 039 + 042

+ 045 — 049 — 053 — 2079 — 2083 + 20115

+ 20119 + 0130 — 20137>, (A66)

1
O¢7 = 20§0) + m<206 + 2022 + 038 — 041 + 044 + 043

— 050 — 056 — 081 — 082 — 084
— 086 + 0116 + 0117 + 20120 + 0132 — 0139 — 0140>,

(A67)

1
Ogg = ZOiO) + Iz (205 + 2023 + 037 — 040 + 043
+ 047 — 051 — 055 — 2080 — 2085 + 20113

+ 20121 + 0131 — 20138>, (A68)

1
Ogy = 20§0) + m (206 + 2024 + 038 — 041 + 044 + 046
— 052 — 054 — 081 — 082 — 084 — 086
+ o116 + 0117 + 20122 + 0133 — 0139 — 0140),
(A69)
= o 1
O70=—-20," — ) (2013 — 2017 + 4021 + 036 — 039

4045 — 049 + 2083 + 20115 + 20119 — 0134) ,
(A70)

- 1
071 =200 — ) <2014 — 2020 + 4024 + 038 — 041

+ 048 — 050 — 081 + 082 — 084 + 2085

+ 086 + 0116 + 0117 + 20122 — 0132

+ 0133 — 0135 + 0139 — 014()), (AT1)

1
O = —204(10) a2 (2015 — 2019 + 4023 + 037

—040 + 047 — 051 + 2086 + 20118 + 20121 — 0136) ,
(A72)

1
073 = =20 - o) <2016 — 2018 + 4022 + 033 — 041

+ 046 — 052 + 081 — 082 + 3084 — 036
+ 0116 + 0117 + 20120 + 0132

— 0133 — 0135 — 0139 + 014()), (A73)

1
O74 = —2050) +— <207 — 2010 — 2021 — 036 + 039
dm
— 042 — 045 + 049 + 053 — 2075 — 20115

— 20119 + 0130 — 20137), (A74)

- 1
O75 = —20;0) +— <209 — 2012 — 2024 — 038 + 041
4dm
— 044 — 048 + 050 + 056 — 2077 + 081
— 082 + 084 — 08¢ — 0116 — 0117
— 20122 + 01320 — 0139 — 0140>, (AT5)
5 o, 1
076 = =20, + —5| 208 — 2011 — 2023 — 037 + 040
dm
— 043 — 047 + 051 + 055 — 2076 — 20113
— 20121 + 0131 — 20138>, (A76)
5 o, |1
O77 = —205 + — 209 — 2012 — 20720 — 038 + 041
dm

— 044 — 046 + 052 + 054 — 2078 — 031
+ 082 — 084 + 086 — 0116 — 0117

— 20120 + 0133 — 0139 — 0140), (ATT)
~ o, 1
078 =20, + —5| 204 + 2021 + 036 — 039 + 042
4m
+ 045 — 049 — 053 — 2079 — 2083 + 20115
+ 20119 + 0130 — 20137), (AT8)

~ 1
O79 = 20§0) + o) (206 + 2024 + 038 — 041 + 044

+ 048 — 050 — 054 — 081 — 082 — 084 — 086

@ Springer



293 Page 12 of 22 Eur. Phys. J. A (2023) 59:293
o 1
+ o116 + 0117 + 20122 + 0133 — 0139 — 0140 |, Og7 = 0¢ " — o) 2029 — 2031 + 2032 + 059
(A79) | 3]
5060 = 5061 + 5063

~ 1
Ogo = 20‘&0) +-— (205 + 2023 + 037 — 040 + 043
4m
+ 047 — 051 — 055 — 2080 — 2085 + 20113

+ 20121 + 0131 — 20138>, (A80)

1
031 = 20§0) + —2(206 + 2022 + 038 — 041 + 044
4m
+ 046 — 052 — 056 — 081 — 082 — 084 — 086

+ 0116 + 0117 + 20120 + 0132 — 0139 — 0140>,

(A81)
o 1
O =20," — — 207 — 2010 — 2021 + 2033
4m
— 036 — 039 + 042 — 045 — 049 + 3053 — 4075

— 2079 — 2083 — 20115 — 20119 + 0130 — 20137),

(A82)

1
Og3 = 20§0) - W<209 — 2012 — 2022 + 2035 — 033

— 041 + 044 — 048 — 050 + 054 + 2056

— 2077 — 2078 — 081 — 082 — 084 — 086 — 0116

— 0117 — 20120 + 0133 — 0139 — 0140), (A83)

1
Ogs =20 — —2<208 — 2011 — 2023 + 2034 — 037
4m
— 040 + 043 — 047 — 051 + 3055 — 4076

— 2080 — 2085 — 20118 — 20121 + 0131 — 20138>,

(A84)
o_ 1
Ogs =205 — o) 209 — 2017 — 2024 + 2035 — 033

— 041 + 044 — 046 — 052 + 2054 + 056

— 2077 — 2078 — 081 — 082 — 084 — 086 — 0116

— o117 — 20122 + 0132 — 0139 — 0140), (A85)
5 o 1
Og6 = Og " — ) 2029 — 2031 + 2032 — 059
+ 3 5 5 + 5 +3 3
—060 — =061 — =0 —~0 072 — 30
5060 = 5061 — 5063 + 5064 72 73
1
— o144 + 50145>, (A86)

@ Springer

1
- 5064 + 2069 + 072

1
—073 — 0144 + —0145), (A87)

2

Oss = O~ + —| 3030 + 3031 — 058 — 059 + 5060

4m?
L 061 — 206 + 206 +dor — 4
5061 = 5063 + 5064 + 4070 — 4071

3
+ o072 — 073 + —0145>, (A88)

2

- 1
Ogy = Oéo) -— (2029 — 030 — 2031 + 2032 + 058 + 059

4m?
3 1 . 3
— 2060 — =0 Z063 — =0
) 60 ) 61 ) 63 ) 64

1
+ 069 — 2070 + 071 — 50145 + 0146)7 (A89)

- 1
Oyp = —zoéo) il (2027 — 2028 — 2029 + 2030 + 4031

— 4032 + 060 + 3061 — 2062 — 3063
+ 3064 — 4069 + 4070 + 2072

— 2073 + 0144 + 20146>, (A90)
5 o 1
Og = _206 - 20727 — 2028 — 2029 + 4031
4m
— 4030 + 060 + 3061 — 2062
— 3063 + 3064 — 4069 + 2070 + 0144), (A91)
s o0 1
O9 = =04~ — — 3030 + 3031 — 3058 — 3059
4m
+ 3 3 3 + 3 + 6
5060 = 5061 = 5063 + 5064 + 6070
3
— 6071 + 3072 — 3073 + 50145>- (A92)

Appendix B Reduction to the minimal basis

Here we use the Fierz’s relations among the subleading 3N
contact operators derived in Ref. [16] to rewrite the non-
relativistic expansions of the 92 relativistic operators in terms
of the minimal basis of operators appearing in Eq. (1). Notice
that, as a further consequence of Fierz’ identities, the six
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Appendix C Details of the calculation of the boost correc-
tion from Poincaré Algebra

In this appendix, we present an outline of the calculation pro-
cess leading to the result of Eq. (27) for the 3N boost correc-
tion. Further details may be found in Ref. [37]. Starting from
Eq. (22), we calculate the matrix elements of § V (P) between
3N initial and final states W and W', i.e. (W|§V (P)|¥').

First of all, we remind that the leading contact potential
v © is an identity of spin and isospin, thus its matrix elements
between 3N eigenstates |py, o1, T1; py, 02, T2; P3, 03, T3)
(see Appendix D) are given by

. . 0
<plvals 71, p21621 2, p31037 ‘C3|V( )

’ ot ) .
1P’ 1,01, T15 P2, 02, T P35 03, T3)
3
= EoS(P — P H 8,01 87,7, + exchange terms;

v=1

(C186)

We will use Jacobi coordinates defined in Eq. (21).

We may adopt the following notation conventions: oper-
ators of momentum and position are indicated by m, s,
Pa.p> Tespectively, and their eigenvalues with g, ;, &, 5.
respectively (i.e.. Ta,p|qa,p) = du.p|9a.p) and Py 1€, ) =
§..1&,.5)). We introduce the shorthands ¢ = (q,, q,) and
9 = (q,.9,).dq = dq,dq, and dq’ = dq,dq),, V =
Y(P,q) and V' = V/'(P’,q’"). The notation [(q’,q”) —
(4", ¢)] indicates substitution of ¢’ with ¢” and ¢” with ¢
that precedes it inside the round brackets. We consider the
particles to be identical in the initial and final states ¥ and
W', while we treat them as they were distinguishable in the
intermediate states (see Appendix D).

During calculations we can ignore permutation terms,
using orthogonality and closure relations given by Egs.
(D210)—(D213).

Therefore, we may rewrite Eq. (C186) using Jacobi coor-
dinates as

(P.q,. qplVIP'.q 0. q'y) = Eod(P — P"), (C187)
suppressing spin and isospin indices in 3NV states labels and
neglecting the spin-isospin Kronecker deltas 6, 4/8;¢/.

The factor E( can be safely ignored during the calculation
process and later reintroduced, as it merely acts as a global
factor.

To proceed with the calculation of (W/|§V (P)|¥), we
write xo = xV + x@ + x®, with

M _

X0 |:pa-P7ta~P+pb~Pnb~P:|+H.c.,

4(3m)?
(C188)
@_ 1 .Pm, - 1 . P 2.,.% .Pr,?
X0 - 12m2 pa Ty Tp 2pb T 3Pb T,
+ H.c., (C189)
3 1
X0 Z_W Sa AP -mwyg+sp, AP -1y |, (C190)

where s, =51 — s> and s, = §3 — %
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We find the following intermediate results,

P2v© Eo
V|- |W)=———_ | dPdqdq’ V*V P>
(W] 2(3m)2| ) 2(3m2)/ qdq
(C191)
Ey
W[, VO Wy = — /de da' U w4 p?
{10 1) = =150 qdq
(C192)
— i (W [x0®, vOw) =0 (C193)

E
— W0, VONY) = i f dPdgdq' V"V
m

x [P A (g, —q))Sa

+ P A(g, —q)) - Sb), (C194)
leading to the final result in Jacobi coordinates,

(W |8V (P)|W¥) = —6E—02/deqdq’\Il/*‘~I’
1

x[P2+iPA(qa —q;)~sa+iP/\(qb—q§,)-Sb]
(C195)

In matrix elements such as those appearing in the above
Egs. (C191), (C192), (C193), (C194), exchange terms will
always be present, analogously as in Egs. (D207), (D208),
(D209), due to the symmetry of the operators under the
exchange of particles (see Appendix D). Such exchange
terms will be implicitly understood during calculations.

Equation (C191) follows straightly from (C187).

In this appendix, we undertake the calculations leading
to Eq. (C192); Egs. (C193) and (C194) are obtained with a
similar procedure.

It follows from Eq. (C187) that, for any operator X,

WX, VO w) = /deP’dqdq’dq"\I!’*\ll

X <P’7 q,|X|P’ q”) - (P,’ q”|X|Pa q)}

dPdP'dqdq’'dq" V* W

Il
—

X <P’3 q,|X|P’ ‘I”> - [(q,’ CI”) g (‘I”: 4)]i|
] (C196)

In Eq. (C196) we identify X = xo'", with xo" = (p,, -
Pr,-P+m,-Pp,-P)+(py-Pry-P+mp-Pp,- P).
Developing the calculation only for the component involving
Jacobi variables p,,, ., we get

1
—i(\I”I[—W(pu “Prg-P+mq-Pp,-P), v<0>]|\1/>

=] —F
4(3m)?
x[pg - Pa-P+mq-Pp, PP, q")

/deP'dqdq’dq”lI/*\I/[<P’, q'|
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-[@' 4" — 4", q)]]. (C197)

We insert the coordinates closure relation (D212),
(P'aQ'|(Pa “Pry,-P+my-Pp, 'P)|P,¢1")

=(P',q'1§,IP,q")-P(q",+q ) - P
= (P,a q,|]]"(R’E)‘Ea|P’ q”> : P(q”a + q,a) - P

= / dg,5(P — P')(5q," —q,") — eiba@a=0g_
-Pq",+4q' )P, (C198)

and we remind that since variables & , and ¢, are canonically
conjugate, it holds
5 : 4 !’
[elga'(q a—9q a)] s
994

. ” 5 . ” ’
elga‘(qa_qa)sa = — [elsa'(q a—q a)},
9qa

: "_ .
el q qa)sa =

(C199)

therefore, by substituting Eq. (C199) in Eq. (C198), and then
Eq. (C198) in Eq. (C197), and performing the integration of
Eq. (C197) with respect to P’ and qZ, we obtain

. 1
- l<q//||i—w(pa “Prg-P+mq-Pp, - P)7 V(O)i||\ll)
1
=——— | dPdqdq’dq" dE  V'* W
4(3m)2/ qdq'dq,d§,
5 P )
X {@[elgu Gaq 9 )] . P(q”a

+4'0)-P+[4d,d")— @G, 9] } (C200)

We now integrate the first term in Eq. (C200) by parts
with respect to ¢/,. The other term obtained by exchanging
[(@’,q9") — (¢”, @)] is treated in a similar way, integrating
it by parts with respect to ¢q,, and contributes in the same
way. We obtain

3
99,

/deqdq,dq,[’,dga \.Il/*\ll ; [eisa'(q;’*q;)].l)(ql; + q:’) . P

5 : ” ’
= / dPdqdq'dq’,d§,,P - %0 ,[\V*\Pe’g"'("“ 92 ("), + q}) - P}

a

- / dPdqdq'dq” dé, P (C201)

N [\V*\If(q’; +4q) - P]e"%‘('l”rq’v

a

=L+5h= /dpdqdq'\y/*xppz,

where

5 : ”n ’
n= [ agias, p- f[‘l’/*‘l’elg“'("“q“)<q’é+q;>"’ }

9a

3
=P ,[w’*wzq;.P]; (C202)

a
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I = —/dq';dEaP- - ,[\I//*\I’(q'é +ql)- Pi|el§a'(‘1 .—q', Appendix D Orthogonality and closure relations

a

=—I, + VU P2 (C203)

We take into account both terms in Eq. (C200) and find

. 1
_z(\y/||:_w(pa Py, -P+my-Pp,- p)’ V(O):||\IJ)

/ dPdqdq’ V' *w2P2. (C204)

= 4G3m)?

The component in Xél) involving Jacobi variables p,,, mp

makes an equal contribution. Thus, the final result is given
by Eq. (C192).

We observe that it would have been easier to write, instead
of (C199),

eiEaA(q’;—q’a)ga — _i%‘;,[eiéw(q’&q;)]’ (C205)
isa'(qniq,t’l) — 'i .sa'(qafq,c;)
e ga —+laq‘:r[el ]

In this case, by substituting Eq. (C205) in Eq. (C198), then
Eq. (C198) in Eq. (C197), and performing the integration by
parts with respect to g;’, we obtain

. 1
- ’(‘I’/|[—W(Pa Prg-P+mg-Ppy-P), V(O)}w)

=~ iGm / dPdqdq'dqdg,v"* ¥

0 P )
- [W(e”su @"a=4'd). P(g” + ¢ P
9a

+[@' 4" - ", q)]]
(C206)

1
=——— 1| dPdqdq’dq’}dE P
4(3m)2{/ qdq'dq ,dé,

9

dqy

[\p/*wisa«q’g*q@(qré - p]

B
- fdeqdq’dq’,ZdEaP : 871,[‘11’*\1'(:1’& +4q%)

a

.p]eiia-(qr(;—qz) + [(q',q") N (q”,q)]}

Since W is a square-integrable function, it is legitimate to
assume that the first term in the above equation and its coun-
terpart obtained by substituting (¢’, ¢”") — (q”, q) vanish
at the boundary when the integration domain becomes arbi-
trarily large. By carrying out a partial derivation and by con-
sidering all terms in xél we arrive again at the result (C192).

We define physical states in terms of the variables p,,,r,, 0,
7, as follows. We indicate a generic permutation of indices
1,2, 3 with o; = (Olil, o:iz, a?) and its sign with €4;:

Py, 01, T15 P2, 02, T2; P3, 03, T3)

= E €ai|Pgls Oyl Tyli Po2s 02y T2s Pads Ous Tad)s
o;

i
(D207)
Ir1, 01,715 12,02, T2; '3, 03, T3)

= z :6‘1:‘|ra.17 Ol Tal3 12,042, To25 T3, 0,3, toﬁ)'
1 13 1 1 1 1 13 1 1
o

With the shorthand notation y, € {r,, p,}, k, = (0y, 7)),
with v = 1, 2, 3, orthogonality relations can be written

. . ’ /. ’ ’. ’ /
<J’17K17 y2’K21 y3»K3|y11Ki 3 y27 K2a y 3’K3)

3
= l_[ 8(y, — ¥',)8,, + exchange terms, (D208)
v=1
and closure relations can be written
1
1= g[ > deIdyZdy3|y1vK1; Y2, K23 y3)
Kuieakes (D209)

X (Y1, K15 Yo, k23 ya,Ksl]-

In view of the above, Jacobi variables of momentum and
position satisfy the following orbital closure and orthogonal-
ity relations, where permutation terms are understood:

/deqadqblP, 9096 (Ps 44451 = L(P,q,.q,)}
(D210)

(P, q,.q,IP'sq,.q,) =58P — P)3(q,~q.)3(q,—q));
(D211)

/ ARAE,d8, R, 4. E,) (R, 0. £y = Lirg, 6,); (D212)

(R, £,,&,) IR, E & =38R — R)5(E,—£,)5(E,—&}).
(D213)
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